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Abstract

Organic light-emitting diodes (OLEDs) have been intensively investigated for the past two

decades as promising candidates for development of novel optoelectronic devices, such as thin

and flexible displays, low-cost lasers and efficient clean-energy lighting instruments. Despite the

rapid technological progress in this area, including the commercialization of OLED displays, the

device performance is still far from optimal, and a major scientific effort has been made in recent

years to understand the fundamental physical processes that determine the electrical and optical

properties of the devices in order to design durable efficient OLEDs with wide viewing angle.

Although the canonical electromagnetic model of dipole sources embedded in plane-parallel

stratified media is found to be suitable in this case, and is indeed intensively used to aid design

and analysis of these multi-layered devices, fundamental problems exist in the basic approaches

presented in the literature. First, the transition between the typical deterministic electromagnetic

sources to the realistic statistical molecular excitation (exciton) ensemble, is treated qualitatively

at best, and usually overlooked. Second, the exclusively-numerical approaches to the problem (and

the inverse problem) introduce undesirable complexity to the design and verification procedures,

and tend to obscure the underlying physical phenomena. Third, while the analysis of planar

devices is enabled via the canonical model, no rigorous formulation was presented for curved

devices, a configuration which attracts growing interest due to the emerging field of flexible

OLEDs (FOLEDs).

In our research we have approached these three gaps from a rigorous analytical point of view.

First, we have rigorously incorporated the exciton ensemble spatial and spectral distributions

into the canonical model, quantitatively formulating the interplay between coherence length

of the ensemble and the visibility of interference fringes due to weak microcavity effects. This

fundamental optical property, that we have later generalized to arbitrary ray-optical scenarios

involving partially-coherent sources, renders common artificial treatments of the thick substrate

unnecessary, while at the same time facilitates derivation of simple and intuitive closed-form

expressions for OLED emission patterns. Next, we have utilized these simplified expressions

to develop analytical methods to estimate the exciton spatial distribution mean position and

width from optical measurements, introducing a unique alternative to the cumbersome numerical

techniques that perform this important verification task to date. This was done by recognizing

that the main interference effects expressed in measured emission patterns arise from interference

between the source and its image, induced by the reflecting cathode; these obey Bragg’s condition,

thus can be formulated analytically. Finally, we have rigorously solved the electromagnetic

problem of a cylindrically curved flexible OLED, deriving closed-form analytical expressions for

the emission pattern, elegantly forming a complete analogy to the planar scenario. Our results,

1



2

coinciding with the geometrical optics approximation for realistic devices, reveal a fundamental

interplay between the radius of curvature and the substrate thickness which can be utilized to

increase the viewing angle as well as the outcoupling efficiency of FOLEDs.

Our work, dealing intimately with the issues presented by modeling of novel nanometric

spontaneous emission devices using a rigorous electromagnetic formalism, introduces a com-

prehensive set of analytical engineering tools for efficient design and verification, and provide

physical intuition regarding the main optical processes taking place in the device.



Abbreviations and Notations

1D : One-dimensional (Appears first in p. 41)

2D : Two-dimensional (Appears first in p. 24)

3D : Three-dimensional (Appears first in p. 60)

A (l) : Spectral broadening attenuation factor (Appears first in p. 102)

α : Dipole tilt angle with respect to the normal to the

layer interfaces

(Appears first in p. 47)

αc : Angle of departure from the source that leads to crit-

ical angle of incidence at the substrate/air interface

(cylindrical FOLED)

(Appears first in p. 183)

αν : Angle of incidence (in the lens) at the νth interface

of the lens problem

(Appears first in p. 103)

αq (θ) : Amplitude of a multiple reflection term (product of

reflection and transmission coefficients)

(Appears first in p. 90)

αn (ω) : Spectral distributions (eigenvalues) of coherent

mode representation (of partially coherent sources)

(Appears first in p. 101)

αl,m : Effective angle of propagation of cylindrical wave

(cylindrical FOLED)

(Appears first in p. 173)

αimg : Phase increment due to reflection at the metallic

cathode/active layer interface

(Appears first in p. 133)

α0 : Phase increment due to reflection at a perfect elec-

tric conductor

(Appears first in p. 133)

an : Radius of curvature of the nth cylindrical shell

(cylindrical FOLEDs)

(Appears first in p. 168)

∆an,m : Difference between the radii of curvature of the nth

and mth cylindrical shells (cylindrical FOLEDs)

(Appears first in p. 175)

A : Transformation matrix for angles of incidence in the

lens problem

(Appears first in p. 108)

A (r) : Spatial divergence factor (surface area of the light

sphere in 3D or perimeter of the light circle in 2D)

(Appears first in p. 124)

An (z′, kt) : Forward complex amplitude of the 1D Green’s func-

tion in the nth layer (n > 0)

(Appears first in p. 72)

Anode : Hole injecting electrode (Appears first in p. 16)

β : Longitudinal wavenumber (Appears first in p. 26)

βn : Longitudinal wavenumber in the nth layer (Appears first in p. 26)
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βν : Angle of refraction (in air) at the νth interface of

the lens problem

(Appears first in p. 104)

b : Decay rate (Appears first in p. 18)

b0 : Decay rate in homogeneous medium including non-

electromagnetic decay channels

(Appears first in p. 19)

b0,rad : Radiative decay rate in homogeneous medium the

absence of non-electromagnetic decay channels

(Appears first in p. 19)

btot : Total decay rate (Appears first in p. 19)

Bn (z′, kt) : Reversed complex amplitude of the 1D Green’s func-

tion in the nth layer (n > 0)

(Appears first in p. 72)

BE-OLED : Bottom-emitting organic light-emitting diode (Appears first in p. 16)

χair : Projection of the ray propagation direction in air

on the z-axis

(Appears first in p. 133)

χact : Projection of the ray propagation direction in the

active layer on the z-axis

(Appears first in p. 133)

χDR : Auxiliary projection parameter for the calculation

of ψDR

(Appears first in p. 134)

c : Speed of light in vacuum (Appears first in p. 28)

cn : Speed of light in the nth layer (Appears first in p. 26)

Cathode : Electron injecting electrode (Appears first in p. 16)

CCQMM : Combined classical and quantum mechanical micro-

cavity (model)

(Appears first in p. 21)

CPS : Chance, Prock and Silbey (authors) (Appears first in p. 20)

δ : 1D Dirac delta function (Appears first in p. 64)

δ2 : 2D Dirac delta function (Appears first in p. 65)

δ3 : 3D Dirac delta function (Appears first in p. 67)

d : Lens thickness or microcavity thickness (Appears first in p. 103)

dn : Position of the nth interface (on the z-axis) (Appears first in p. 61)

dν : Horizontal separation of the point of incidence at

the νth boundary from the adjacent lens edge (lens

problem)

(Appears first in p. 107)

D : Dielectric layer thickness (Appears first in p. 115)

Ds
n : Amplitude divergence factor of the sth ray in the

nth mode

(Appears first in p. 102)

DOS : Density of states (Appears first in p. 21)

ε : Permittivity (Appears first in p. 60)

~E : Electric field (Appears first in p. 61)

E [(z′ − 〈z′〉)m]: mth moment of the function f̄‖(z′, ω) about its

expectation value

(Appears first in p. 147)

EBL : Electron blocking layer (Appears first in p. 36)

EIL : Electron injection layer (Appears first in p. 37)

EL : Electroluminescence (Appears first in p. 21)
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EM : Electromagnetic (Appears first in p. 18)

EML : Emissive (active) layer (Appears first in p. 50)

EQE : External quantum efficiency (Appears first in p. 18)

ET : Energy transfer (Appears first in p. 29)

ETL : Electron transport layer (Appears first in p. 37)

Exciton : Bound electron-hole pair (neutral excitation quan-

tum)

(Appears first in p. 17)

EZ : Emission zone (Appears first in p. 22)

ϕ : Azimuthal observation angle (coordinate) (Appears first in p. 60)

ϕ′ : Azimuthal source angle (Appears first in p. 169)

|ϕ− ϕ′|view (R): Maximal visible angle (cylindrical FOLED) (Appears first in p. 182)

φsrc : Phase accumulated by the ray propagating at θ = 0

from the source to the cathode/organic interface

(Appears first in p. 133)

φ0 : Auxiliary phase in the calculation of ψDR (Appears first in p. 134)

ΦA : Anode work function (Appears first in p. 18)

ΦBI : Built-in potential (Appears first in p. 18)

ΦC : Cathode work function (Appears first in p. 18)

f (z′) : Spatial distribution of excitons (Appears first in p. 47)

f̄‖(z′, ω) : Normalized effective contribution of the HEDs to

the spatial exciton distribution

(Appears first in p. 146)

f̄
‖
asym(z′, ω) : Asymmetrical (left-decaying) normalized effective

contribution of the HEDs to the spatial exciton

distribution

(Appears first in p. 151)

f̄
‖
bi(z

′, ω) : Asymmetrical (bilateral) normalized effective con-

tribution of the HEDs to the spatial exciton distri-

bution

(Appears first in p. 161)

f̄
‖
sym(z′, ω) : Symmetrical normalized effective contribution of

the HEDs to the spatial exciton distribution

(Appears first in p. 151)

f̄⊥(z′, ω) : Normalized effective contribution of the VEDs to

the spatial exciton distribution

(Appears first in p. 150)

fν : The distance from the current (νth) point of inci-

dence and the new focus of the ray congruence (lens

problem)

(Appears first in p. 110)

F : Spatial distribution normalization constant (Appears first in p. 87)

Fb/F : Spatial broadening attenuation factor (Appears first in p. 90)

F̃b/F : Spatial and spectral broadening attenuation factor (Appears first in p. 91)

F&M : Felsen and Marcuvitz (authors) (Appears first in p. 21)

FOLED : Flexible organic light-emitting diode (Appears first in p. 23)

FP : Fit profile (numerical method) (Appears first in p. 51)

FRET : Förster resonance energy transfer (Appears first in p. 29)
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γν : Angle between the radius to the point of incidence

at the νth boundary and the lens axis in the lens

problem

(Appears first in p. 104)

γn : Impedance ratio or generalized impedance ratio at

the nth interface in the forward direction

(Appears first in p. 72)

γ̂n : Generalized impedance ratio at the nth interface in

the reversed direction

(Appears first in p. 73)

Γn : Local reflection coefficient at the nth interface in

the forward direction

(Appears first in p. 73)

Γ̂n : Local reflection coefficient at the nth interface in

the reversed direction

(Appears first in p. 74)

Γ̃s : Product of reflection and transmission coefficients

for the sth ray

(Appears first in p. 113)

g : 1D (characteristic) Green’s function (Appears first in p. 65)

G : Time domain 2D single excitation Green’s function (Appears first in p. 86)

Gens : Time domain 2D ensemble Green’s function (includ-

ing spatial distribution)

(Appears first in p. 87)

G : Grating constant (Appears first in p. 41)

G2 (~r, ~r ′) : 2D Green’s function (Appears first in p. 65)

G3 (~r, ~r ′) : 3D Green’s function (Appears first in p. 67)

G (~ρ, ~ρ ′) : 2D cylindrical Green’s function (cylindrical

FOLED)

(Appears first in p. 169)

Gens (~r, ω) : Frequency domain 2D ensemble Green’s function

(including spatial distribution)

(Appears first in p. 87)

GO : Geometrical optics (Appears first in p. 24)

GTD : Geometrical theory of diffraction (Appears first in p. 106)

ηesc : Escape efficiency (Appears first in p. 183)

ηext : External quantum efficiency (Appears first in p. 18)

η̄
‖
ext (z′, ω) : Spatially resolved effective contribution of the HEDs

to the EQE

(Appears first in p. 146)

η̄⊥ext (z′, ω) : Spatially resolved effective contribution of the VEDs

to the EQE

(Appears first in p. 149)

¯̄η
‖
ext (ω) : Total effective contribution of the HEDs to the EQE (Appears first in p. 146)

¯̄η⊥ext (ω) : Total effective contribution of the VEDs to the EQE (Appears first in p. 150)

ηelec : Electrical efficiency (Appears first in p. 19)

ηEM : Electromagnetic relaxation yield (Appears first in p. 20)

ηint : Internal quantum efficiency (Appears first in p. 17)

ηout : Outcoupling efficiency (Appears first in p. 17)

h
(i)
l,m : Ratio between derivative of Hankel function of the

ith kind at the lth layer side of the mth interface

and the Hankel function itself (cylindrical FOLED)

(Appears first in p. 170)

h (α) : Orientation distribution of excitons (Appears first in p. 47)
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~H : Magnetic field (Appears first in p. 61)

H
(i)
ν (Ω) : Hankel function of the ith kind and νth order (Appears first in p. 170)

H
(i)
l,m : Hankel function of the ith kind at the lth layer side

of the mth interface (cylindrical FOLED)

(Appears first in p. 170)

H
(i)′

l,m : Derivative with respect to the argument of Hankel

function of the ith kind, evaluated at the lth layer

side of the mth interface (cylindrical FOLED)

(Appears first in p. 170)

HBL : Hole blocking layer (Appears first in p. 36)

HIL : Hole injection layer (Appears first in p. 37)

HOMO : Highest occupied molecular orbital (Appears first in p. 16)

HTL : Hole transport layer (Appears first in p. 37)

I : IS interference self term (”intensity” reflection) (Appears first in p. 149)

I (~r) : Integrated intensity at ~r (over all spectral contribu-

tions)

(Appears first in p. 102)

¯̄I : Unit operator (applicable to functions) (Appears first in p. 70)
eI0 : Electric current (Appears first in p. 60)
mI0 : Magnetic current (Appears first in p. 60)
eI0l : Electric dipole moment (Appears first in p. 19)
eI⊥0 l : Vertical electric dipole moment (Appears first in p. 60)
eI
‖
0 l : Horizontal electric dipole moment (Appears first in p. 60)

IS : Image-source (interference) (Appears first in p. 26)

ISC : Inter-system crossing (Appears first in p. 19)

IES : Internal emission spectrum (Appears first in p. 50)

ITO : Indium tin oxide (substance) (Appears first in p. 16)

IQE : Internal quantum efficiency (Appears first in p. 17)

~J : Current density (Appears first in p. 61)

Js : Equivalent electric current for generalized transmis-

sion line equations

(Appears first in p. 88)

E~J : Current density which generates only TE fields (Appears first in p. 62)
M~J : Current density which generates only TM fields (Appears first in p. 62)

Jν (Ω) : Bessel function of the first kind (Appears first in p. 67)

κ : Extinction coefficient (Appears first in p. 86)
~k : Wavevector (Appears first in p. 26)

kn : Wavenumber in the nth layer (Appears first in p. 26)

kt : Transverse wavenumber (Appears first in p. 26)

K : Multiple reflection combination in the forward di-

rection

(Appears first in p. 89)

K̂ : Multiple reflection combination in the reversed di-

rection

(Appears first in p. 89)

KIS : Image source interference cross-term (cylindrical

FOLED)

(Appears first in p. 177)
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KWM : Simplified weak-microcavity multiple reflection com-

bination (cylindrical FOLED)

(Appears first in p. 177)

Lν : Distance from the previous focus, fν−1, to the cur-

rent point of incidence on the νth boundary (lens

problem)

(Appears first in p. 110)

λ± : Eigenvalues of A in the lens problem (Appears first in p. 108)

λn : Wavelength in the nth layer (Appears first in p. 30)

∆λ : Bandwidth in wavelength units (Appears first in p. 92)

Λ : Grating period (Appears first in p. 41)

lq (θ) : Optical propagation length of a multiple reflection

term

(Appears first in p. 90)

Lc : Coherence length (Appears first in p. 90)

Ln,m,l : Optical path of a ray propagating in the nth layer

from the mth cylindrical shell boundary to the lth

cylindrical shell boundary (cylindrical FOLED)

(Appears first in p. 177)

LED : Light-emitting diode (Appears first in p. 16)

L&K : Lukosz and Kunz (authors) (Appears first in p. 20)

LHS : Left hand side (of an equation) (Appears first in p. 148)

LUMO : Lowest unoccupied molecular orbital (Appears first in p. 16)

µ : Permeability (Appears first in p. 60)

µe : Electron mobility (Appears first in p. 156)

µh : Hole mobility (Appears first in p. 156)

mν : Interface divergence factor of the νth boundary (lens

problem)

(Appears first in p. 110)

M : Number of layers in the reversed direction or number

of terms in a truncated ray-series

(Appears first in p. 60)

Mn : Number of terms in a truncated ray-series of the

nth mode

(Appears first in p. 102)

Ms : Equivalent magnetic current for generalized trans-

mission line equations

(Appears first in p. 88)

¯̄M : Operator applicable to 3D Green’s function, defined

to facilitate the source decomposition into TE-only

and TM-only generating currents

(Appears first in p. 70)

MEH-DOO-

PPV

: poly[2-methoxy-5-(2-ethylhexyloxy)-1,4-

phenylene-ethenylene-2,5-dioctyloxy-1,4-

phenyleneethenylene] (substance)

Appears first in p. 91)

MLR : Mirror-like reflection (Appears first in p. 27)

ν : Enumerator of reflections/refractions or order of

Bragg interference or order of Bessel or Hankel

functions

(Appears first in p. 92)

νs : Saddle point position on the cylindrical normalized

transverse wavenumber axis (cylindrical FOLEDs)

(Appears first in p. 173)
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n : Refractive index (Appears first in p. 86)

n : Layer number or interface number (Appears first in p. 26)

N : Number of layers in the forward direction (Appears first in p. 60)

NRS-PPV : poly(2-methoxy-5-(30,70- dimethyloctyloxy)-p-

phenylene vinylene) poly[40-(3,7-dimethyloctyloxy)-

1,10-vinylene] (substance)

(Appears first in p. 150)

OLED : Organic light-emitting diode (Appears first in p. 16)

OPV : Organic photovoltaic cell (Appears first in p. 23)

p : Probability (Appears first in p. 18)

p (t′) : Temporal excitation dependence (Appears first in p. 86)

p (ω) : Spectral distribution of excitons (Appears first in p. 47)

P : Fringe prominence (Appears first in p. 149)

P̃ : Fringe prominence of an infinitesimally broadened

emission zone

(Appears first in p. 149)

P : Electromangetic power (Appears first in p. 18)

P0,rad : Radiative power dissipation in homogeneous

medium the absence of non-electromagnetic loss

channels

(Appears first in p. 19)

P0 : Power dissipation in homogeneous medium includ-

ing non-EM loss channels

(Appears first in p. 19)

ePn : Power radiated by a 2D or 3D elementary electric

source in unbounded medium with the nth layer

electromagnetic constituents

(Appears first in p. 77)

mPn : Power radiated by a 2D or 3D elementary magnetic

source in unbounded medium with the nth layer

electromagnetic constituents

(Appears first in p. 77)

Pnrad : Non-radiative (e.g., near field) electromagnetic

power dissipation

(Appears first in p. 19)

Prad : Radiative power dissipation (Appears first in p. 19)

Ptot : Total power dissipation (Appears first in p. 19)

PEDOT:PSS : poly(3,4-ethylenedioxythiophene)

poly(styrenesulfonate) (substance)

(Appears first in p. 150)

PEC : Perfect electric conductor (Appears first in p. 35)

PET : poly(ethylene terephthalate) (substance) (Appears first in p. 35)

Phonon : Thermal lattice vibration quantum (Appears first in p. 19)

PL : Photoluminescence (Appears first in p. 23)

Plasmon : Charge (plasma) oscillation wave quantum (Appears first in p. 30)

Polariton : Polarization oscillation wave quantum (Appears first in p. 30)

PPOLED : Plane-parallel organic light-emitting diode (Appears first in p. 16)

θ : Polar observation angle (Appears first in p. 61)

θc : Critical angle (Appears first in p. 180)

θn : Angle of ray propagation in the nth layer (Appears first in p. 26)
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θν : Angle of departure from the lens after the νth

boundary

(Appears first in p. 104)

θmax : Observation angle at which a local maximum of the

emission pattern or IS interference occurs

(Appears first in p. 134)

θmin : Observation angle at which a local minimum of the

emission pattern or IS interference occurs

(Appears first in p. 134)

θex : Observation angle at which a local extremum of the

emission pattern or IS interference occurs

(Appears first in p. 149)

qint : Intrinsic quantum yield (Appears first in p. 19)

Qlq ,l̂q ,l′,l̃pq (ν) : Second derivative of fast-varying phase factor for

steepest descent path evaluation procedure (cylin-

drical FOLEDs)

(Appears first in p. 174)

QM : Quantum mechanics (Appears first in p. 18)

R0 : Distance from the plane-wave source and the origin

(lens problem)

(Appears first in p. 111)

R∞ : Distance from the observation point to the origin

(lens problem)

(Appears first in p. 110)

ρν : Distance from the lens axis to the point of incidence

at the νth boundary (lens problem)

(Appears first in p. 107)

~ρ : Radial coordinate for cylindrical configurations (Appears first in p. 60)

~ρ ′ : Radial source coordinate for cylindrical configura-

tions

(Appears first in p. 169)

ρ̃ : 2D observation point for the plane-parallel OLED

case when compared to the cylindrical FOLED case

(Appears first in p. 175)

ρt : Transverse coordinate, centered around the source (Appears first in p. 60)

r : Radial coordinate (Appears first in p. 47)

~r : Observation point (Appears first in p. 60)

~r ′ : Source vector (Appears first in p. 61)

rs,qn : Local reflection coefficient of the sth ray in the nth

mode at the qth boundary

(Appears first in p. 101)

ract : Ratio between observation region and active layer

refractive indices

(Appears first in p. 134)

rimg : Ratio between active layer refractive index and cath-

ode extinction coefficient

(Appears first in p. 134)

rsub : Ratio between observation region and substrate

refractive indices

(Appears first in p. 134)

R : Radius of curvature (e.g., of a lens or of a cylindrical

FOLED)

(Appears first in p. 103)

Ropt : Optimal radius of curvature of cylindrical FOLEDs,

which maximizes the viewing angle

(Appears first in p. 182)

Rn : Total reflection coefficient at the nth interface in

the forward direction

(Appears first in p. 73)
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R̃n : Modified total reflection coefficient at the nth in-

terface in the forward direction (disregarding the

substrate/air interface)

(Appears first in p. 145)

R̂n : Total reflection coefficient at the nth interface in

the reversed direction

(Appears first in p. 73)

RHS : Right hand side (of an equation) (Appears first in p. 148)

RF : Radio frequency (Appears first in p. 98)

S s
n : Eikonal of the sth ray in the nth mode (Appears first in p. 101)

∆S s,s′
n : optical path difference between the sth and s′th

rays in the nth mode

(Appears first in p. 102)

σ : Conductivity (Appears first in p. 60)

S (~r, ω) : Spectral power density at ~r (Appears first in p. 101)

Sρ (θ) : 2D power density per unit solid angle (cylindrical

FOLED)

(Appears first in p. 171)

Sr (θ) : Power density per unit solid angle (Radiation pat-

tern)

(Appears first in p. 47)

ES
‖
r : TE-polarized power density produced by HEDs (Appears first in p. 47)

MS
‖
r : TM-polarized power density produced by HEDs (Appears first in p. 47)

MS⊥r : TM-polarized power density produced by VEDs (Appears first in p. 47)

SDP : Steepest descent path (asymptotic technique) (Appears first in p. 74)

SPP : Surface plasmon polariton (Appears first in p. 25)

τq (θ) : Optical propagation time of a multiple reflection

term

(Appears first in p. 90)

t̂ : Direction of the transverse coordinate ~ρt and

wavevector ~kt in the 2D plane-parallel or cylindrical

cases (defined differently for electric and magnetic

line sources)

(Appears first in p. 26)

t : Time (Appears first in p. 60)

t′ : Excitation time (Appears first in p. 86)

ts,qn : Local transmission coefficient of the sth ray in the

nth mode at the qth boundary

(Appears first in p. 101)

tDR : Direct ray transmission factor (for EM fields) (Appears first in p. 177)

tIS : Image-source transmission factor (for EM fields) (Appears first in p. 177)

TDR : Direct ray transmission factor (for EM intensity) (Appears first in p. 93)

TIS : Image-source transmission factor (for EM intensity) (Appears first in p. 93)

TWM : Weak-microcavity transmission factor (for EM in-

tensity)

(Appears first in p. 93)

Tn : Total transmission coefficient at the nth interface

in the forward direction

(Appears first in p. 73)

T̂n : Total transmission coefficient at the nth interface

in the reversed direction

(Appears first in p. 73)

TAH : Thermally assisted hopping (Appears first in p. 16)
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TE : Transverse electric (polarization) (Appears first in p. 21)

TE-OLED : Top-emitting organic light-emitting diode (Appears first in p. 16)

TIR : Total internal reflection (Appears first in p. 27)

TM : Transverse magnetic (polarization) (Appears first in p. 21)

u (ρ) : Heaviside unit step function (Appears first in p. 121)

U (~r, ω) : Monochromatic wavefunction amplitude (Appears first in p. 100)

v± : Eigenvectors of A in the lens problem (Appears first in p. 108)

ω : Angular frequency (Appears first in p. 26)

ω0 : Source spectral distribution center (Appears first in p. 87)

∆ω : Source spectral distribution width (Appears first in p. 87)

Ω : Argument of Bessel or Hankel functions (Appears first in p. 67)

Ωmin : Limit of outcoupled cylindrical waves on the nor-

malized transverse wavenumber axis (cylindrical

FOLED)

(Appears first in p. 67)

Ωl,m : Radial propagation phase related to the lth side of

the mth boundary (cylindrical FOLED)

(Appears first in p. 173)

wl,m : Cylindrical phase factors in the forward direction

related to the lth side of the mth boundary (cylin-

drical FOLED)

(Appears first in p. 172)

ŵl,m : Cylindrical phase factors in the reversed direction

related to the lth side of the mth boundary (cylin-

drical FOLED)

(Appears first in p. 172)

Wn : Cylindrical transmission geometric factors in the

forward direction related to the nth boundary (cylin-

drical FOLED)

(Appears first in p. 172)

Ŵn : Cylindrical transmission geometric factors in the re-

versed direction related to the nth boundary (cylin-

drical FOLED)

(Appears first in p. 172)

usn : Product of reflection and transmission coefficients

for the sth ray in the nth mode

(Appears first in p. 101)

W : Spatial distribution width (Appears first in p. 87)

W (~r1, ~r2, ω) : Cross-spectral density (Appears first in p. 101)

WG : Waveguided (mode) (Appears first in p. 28)

WM : Weak-microcavity (contribution) (Appears first in p. 27)

cos ξ : Measure for the ratio between the lens thickness

and radius (lens problem)

(Appears first in p. 79)

ξ : Orientation factor (Appears first in p. 124)

〈ξ〉ϕ : Azimuthally aveaged orientation factor (Appears first in p. 124)

X : IS interference cross term (Appears first in p. 149)

x̂y : Plane parallel to the layer interfaces (Appears first in p. 26)
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Xo,e
n : Odd and even cylindrical reflection geometric factors

in the forward direction related to the nth boundary

(cylindrical FOLED)

(Appears first in p. 172)

X̂o,e
n : Odd and even cylindrical reflection geometric factors

in the reversed direction related to the nth boundary

(cylindrical FOLED)

(Appears first in p. 172)

ψn (~r, ω) : Eigenfunctions of coherent mode representation (of

partially coherent sources)

(Appears first in p. 101)

ψDR : Effective phase addition due to refraction through

the substrate (direct-ray transmission contribution)

(Appears first in p. 133)

Yn : Wave admittance in the nth layer (Appears first in p. 60)

z : Coordinate along the axis perpendicular to the layer

interfaces (longitudinal coordinate), or the lens axis

(lens problem)

(Appears first in p. 20)

z′ : Exciton spatial position (along the z-axis) (Appears first in p. 20)

z′0 : Peak position of exciton spatial distribution (on the

z-axis)

(Appears first in p. 87)

〈z′〉 : Emission zone mean position (expectation value of

f̄‖(z′, ω))

(Appears first in p. 147)

Zn : Wave impedance in the nth layer (Appears first in p. 60)

Z̃n : Generalized wave impedance in the nth layer (Appears first in p. 71)
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Chapter 1

Introduction

In this Chapter we present the background and motivation to our research, and review the relevant

literature. The Chapter begins with an introduction of the operation principle, basic structure and

optical modelling concepts of organic light-emitting diodes, including a brief historical perspective

of the main classical approaches to this essentially quantum mechanical problem, namely sponta-

neous emission from a solid state device. Following a short summary of the current state of the

field, Section 1.1 presents the goals of the Ph.D. research. To complete the background required

to establish the motivation for the presented work, we summarize the main optical processes

that take place in organic light-emitting devices according to the literature (Section 1.2), survey

the techniques suggested to improve the outcoupling of light from the device to the observer

(Section 1.3), and review methods developed in recent years to reconstruct the spatial distribution

of emitters in the device active layer from optical measurements (Section 1.4).

15
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Organic light-emitting diodes (OLEDs) have been intensively investigated for the past two

decades as promising candidates for building blocks of novel optoelectronic devices, such as thin

and flexible displays, low-cost lasers and efficient clean-energy lighting instruments [1–11]. The

relatively simple and cheap large-area manufacturing procedures involving OLED production,

the prospects for wide viewing angle and high luminescence as in inorganic light-emitting diodes

(LEDs,) and the fast response compared to liquid crystal displays (LCDs) have made OLED

technology a very attractive one [4,6]. Indeed, OLED displays have lately become widely available

for commercial use in mobile phones, and there is rapid advancement in OLED technology for

flexible displays and large-area televisions [11–14]. However, OLED performance is still far

from optimal, and a major scientific effort has been made in recent years to understand the

fundamental physical processes that determine the electrical and optical properties of the devices

in order to design durable efficient OLEDs with wide viewing angle [15–28].

A standard plane-parallel (PP) OLED consists of several layers aligned one above the other,

the number and composite of which varies between designs. Nevertheless some functionalities

must be present in all OLEDs, thereby create similarity in layer composition, which we can

generalize to some extent. It is customary to divide PPOLEDs into two families, according to

the direction to which the optical emission is outcopuled: bottom-emitting (BE) OLEDs and

top-emitting (TE) OLEDs. In principal, a BE-OLED is composed of a metal layer, acting as

an electron injecting electrode (cathode); some organic transport layers, one of which is the

active layer (or emisive layer) where most of the radiative exciton recombination takes place; a

transparent conducting layer, mostly made of Indium Tin Oxide (ITO), acting as a hole injecting

electrode (anode); and a substrate layer of glass or plastic, on which the whole layer structure is

fabricated [4] (Fig. 1.1(a)). Due to the reflective cathode, the emission produced in the active

layer escapes the device through the substrate (hence, bottom emitting). TE-OLEDs have a

similar structure, however a very thin metallic cathode and a thick metallic anode are used,

such that the emission produced in the active layer is reflected by the anode and escapes the

device through the thin cathode (hence, top emitting) [11] (Fig. 1.1(b)). In both classes of

PPOLEDs1, the stack of organic layers and electrodes have a typical overall thickness of hundreds

of nanometers, whereas the substrate is usually much thicker, typically hundreds of microns.

The typical organic semiconductors used in OLEDs exhibit significant energetic and spatial

disorder, and conduction is commonly considered to be carried by thermally assisted hopping

(TAH) between localized molecular sites. Due to the nanometric distances between molecules

in the semiconductor, hybridized molecular orbitals are formed, and the states residing near

the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital

(LUMO) enable conduction of holes and electrons, respectively, via TAH. In contrast to inorganic

semiconductors, which are usually doped, the equilibrium charge carrier concentrations in organic

semiconductors is very low, and the operation concept of organic electro-optical devices is based

on charge injection from the electrodes. To that end, the anode and cathode are usually chosen

such that their work functions are aligned as much as possible with the HOMO and LUMO levels

1In this work we consider mainly BE-OLEDs, being the more popular configuration, and may refer to them
merely as OLEDs (without the prefix). Nevertheless, the general formulation of the EM relations in arbitrary
stratified media or cylindrical shell formation that are considered in Chapter 2 and Chapter 5, for example, are
valid for TE-OLEDs as well.
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Figure 1.1: Device structure of a typical PPOLED [11]. Note that the overall thickness of organic
layers and electrodes is usually submicron, while the substrate is orders of magnitude thicker,
typically more than 100µm thick. (a) Bottom-emitting OLED configuration. (b) Top-emitting
OLED configuration.

of the adjacent organic layers (sometimes referred to as the injection layers), respectively, to

reduce injection barriers [4, 29].

When forward bias is applied to the electrodes, holes and electrons are injected from the

anode and cathode, respectively, and are driven by the electric field and diffusion forces towards

the active layer (Fig. 1.2). Those electrons and holes which arrive at a close proximity to one

another (e.g., localized on adjacent molecules) are attracted by the electrostatic Coulomb force

and may form a bound electron-hole pair, also known as an exciton. The excitons, which are

electrically neutral excited species, undergo relaxation to the ground state in either a radiative or

a nonradiative decay process2. If a radiative (spontaneous) decay process takes place, a photon

is emitted and can either escape the device towards the observer or be lost by absorption before

it reaches the observation region (usually air).

In an optimized OLED, the voltage drop on the contacts is minimal, every electron and hole

which are injected form an exciton in the active layer, all relaxation processes are radiative, and

all the photons which are emitted in the active layer escape the device [4, 29, 30]. The first three

processes are related to the electrical characteristics of the device, and they determine its internal

quantum efficiency (IQE) ηint, defined as the ratio between the number of potentially-radiating

excitons3 produced in the active layer and the number of hole-electron pairs entering the device

from the electrodes. The last process is related to the outcoupling efficiency of the device ηout,

defined as the ratio between potentially-radiating excitons in the active layer and the number

2In this dissertation we refer processes which can be modelled by classical electromagnetic theory as radiative
or nonradiative according to their electromagnetic origin. If the processes originate in coupling of propagating
plane-waves, they are denoted as radiative; if they originate in coupling of evanescent waves, they are denoted as
nonradiative. The non-classical (or non-EM) decay channels modelled by the empirical constant qint introduced in
Eq. (1.4) are not considered nonradiative processes according to our convention.

3By potentially-radiating excitons we mean excitons that are capable of electromagnetic interaction with the
radiation field in a sense that they may be modelled by classical electromagnetic means. As their power may
couple also to nonradiative decay channels, i.e. via evanescent modses, we denote them ”potentially-radiating”.
This is in contrast to triplet excitons, for example, which are prevented from decaying via photon emission due to
selection rules, thus would not be considered potnetially-radiating excitons.
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Figure 1.2: Operation principle of OLED under forward bias, demonstrated on a band diagram
schematic (loss mechanisms ignored) [29]. (1) Electrons and holes are injected from the cathode
and anode to the LUMO and HOMO levels of the organic adjacent layers (injection layers). The
electrodes are chosen such that their work functions (ΦC, ΦA) are aligned as much as possible
with the respective molecular orbitals, to reduce injection barriers manifested by the built-in
potential (ΦBI). (2) Electron and holes are conducted via thermally assisted hopping, affected
by electric field and density of states, towards the active layer (emission layer). (3) Electrons
and holes arrive at close proximity to each other, and form an exciton with a significant binding
energy. (4) The exciton’s decay to the ground state results in the emission of a photon, which
completes the electroluminescence cycle.

of photons which escape the device towards the observation region. The product of these two

parameters defines the external quantum efficiency (EQE) of the device,

ηext = ηintηout. (1.1)

Evidently, the physical processes underlying OLED operation, namely conductance and light

emission, should be treated using quantum mechanics (QM). Specifically, in the context of

emission (the processes affiliated with ηout), a radiating exciton is a set of a negative charge and

a positive charge in close interaction (an electric dipole), that is coupled to the radiation field.

However, it can be shown that under reasonable assumptions, both the classical electromagnetic

(EM) dissipated power P of an harmonically oscillating electric dipole and the dipole decay rate

calculated from QM considerations b are proportional to the classical EM Green’s function of

the geometry under consideration (which is obtained from Maxwell’s equations) [31]. Therefore,

the probability of a dipole (exciton) to undergo a certain electromagnetic process, pEM, which is

given quantum mechanically by the ratio

pEM =
bEM

btot
(1.2)
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can actually be reproduced solely from classical entities via

pEM =
PEM

Ptot
, (1.3)

where bEM is the QM decay rate of the exciton via the EM process under consideration, btot is

the total decay rate of the dipole (accounting for all possible decay channels), PEM is the classical

power dissipation related to the EM process under consideration, and Ptot is the total dissipated

power.

The terminology ”EM processes” refers to processes that can be modelled by classical

electromagnetics, e.g. radiation, absorption, near-field (quasistatic) energy losses, etc. However,

in the QM environment, the exciton can also lose its energy via processes which do not have a

classical equivalent, for instance, intersystem crossing (ISC) to a spin state from which radiation

is less probable due to selection rules, or coupling to lattice thermal vibrations (phonons) [29].

These decay processes are accounted for by btot in the QM formalism. It is customary, however,

to relate these non-EM processes to an empirical quantity qint which stands for the intrinsic

quantum yield of the excitons, and is defined as the ratio between the spontaneous emission rate

of a dipole in a homogeneous active layer medium that is expected in the absence of non-EM

processes b0,rad and the (measured) spontaneous emission rate b0 (which is larger due to the

presence of non-EM decay channels in reality)4 [31, 32],

b0,rad = qintb0. (1.4)

Similarly, we introduce qint into the classical EM formalism Eq. (1.3) as an empirical quantity,

P0,rad = qintP0. (1.5)

As the radiation of a dipole in homogeneous unbounded medium can be readily computed given

the magnitude of the dipole moment (quantified by the product of the effective electric current

and length of the dipole eI0l), and as all EM power quantities are proportional to this value, it is

useful to normalize all power expressions by P0,rad which leads to the following expression for

the total dissipated power

Ptot

P0,rad
=

Prad

P0,rad
+
Pnrad

P0,rad
+

1− qint

qint
, (1.6)

where Prad is the EM power dissipated via radiation, Pnrad is the EM power lost via nonradiative

processes (e.g., near-field interactions), and, as discussed above, 1−qint
qint

P0,rad captures the non-EM

losses of dipole energy.

It should be noted that based on similar arguments, the classical EM calculations are found

to be valid also for predicting the angular distribution of the radiated power, also known as the

radiation pattern or emission pattern of the device.

Finally, we would like to further separate the IQE of Eq. (1.1) to a part related to electrical

losses (charge balance and spin-statistics), ηelec, and a part related to losses due to non-EM

4In unbounded homogenous medium qint can be evaluated by measuring the photoluminescence efficiency of
the active layer, i.e. the number of emitted photons divided by the number of absorbed photons.
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relaxation processes (related to qint) [24]. The yield of electromagnetic relaxation ηEM, i.e. the

ratio between the number of excitons which relax through EM processes (potentially-radiating

excitons) and the total number of singlet excitons, is thus defined by

ηEM =
Prad + Pnrad

Ptot
=

Prad + Pnrad

Prad + Pnrad + 1−qint
qint

P0,rad

, (1.7)

and the outcoupling efficiency can be defined as

ηout =
Pout

Prad + Pnrad
, (1.8)

where Pout is the useful part of the radiated power (e.g., reaches the observation point). Thus,

the EQE can be reformulated as

ηext = ηelecηEMηout. (1.9)

This analogy between the QM and the classical EM pictures of dipole emission was utilized

and thoroughly verified by Chance, Prock and Silbey (CPS) in their seminal work from the

late 1970s on molecular fluorescence near interfaces [32]. In that work they have formulated

the power relations for an arbitrarily oriented electric dipole positioned in a dielectric medium,

filling the half-space z > 0 and separated by a distance z′ from a metallic mirror5 filling the

half-space z < 0. Beginning from the classical picture of an harmonically oscillating charge with

a certain intrinsic damping (also reviewed by [31]), they have derived expressions for the lifetime,

oscillation frequency shift, power radiated towards the dielectric medium, power absorbed by

the metal, and power lost due to near-field coupling to the metal plasma, as a function of z′

and the optical constants of the dielectric and metal. This was done by using Hertz vectors

for the calculations, first acknowledging the effect of the field scattered by the inhomogeneous

configuration towards the dipole location on the radiative decay rate, and subsequently utilizing

the Poynting vector to associate the power loss to the dielectric and metal with physical processes:

radiation, absorption, and near-field coupling to the metal plasma. Special attention was given to

nonradiative energy transfer to the bulk or surface of the metal, and their effect on the lifetime

and radiative efficiency were explored6. They have investigated the variation of the phenomena

with dipole orientation, and extended the formalism using dyadic Green’s functions to allow

treatment of general stratified (even anisotropic) media, and higher multipoles of the sources. It

should be noted that the resultant expressions were presented in the form of spectral integrals,

and there was no attempt to evaluate them in closed-form. The numerically computed results

were compared to numerous experiments, showing an excellent agreement between the classical

EM theory and measurements.

In similar timing, Lukosz and Kunz (L&K) have published a series of theoretical papers

discussing emission by electric and magnetic dipoles near a dielectric interface [34, 35], later

augmented by Lukosz alone [36, 37], treating also the two-interface (three-layer system) problem

5Note that the metal-source separation is denoted in [32] as d, whereas we use the notation z′ for the same
quantity.

6Actually, CPS have considered the topic of nonradiative energy transfer earlier in a separate paper [33], where
they have also specifically referred to the relation between the classical model of near-field energy dissipation and
the QM model used by Förster in his theory on resonant energy transfer.
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[38]. They have used only two scalar potentials to express all the EM fields - one for transverse

electric (TE) fields and one for transverse magnetic (TM) fields [34]; this was different from

the CPS methodology, that used a vectorial formalism (following Sommerfeld [39]), calculating

the Hertz vector at each step and only then related it to the EM fields. The L&K approach

is advantageous in the sense that the TE and TM contributions to the fields and power are

immediately identified once the scalar potential solution is achieved. Moreover, in contrast

to the CPS work, they have also derived expressions for the radiation pattern of dipoles with

arbitrary orientation, and analyzed the (propagating and evanescent) plane-wave spectrum

which is produced by a dipole excitation. They have put great emphasis on the latter, and

interpreted the main contributions to the radiation by means of reflection, transmission and

interference of rays produced by the source and interacting with the dielectric boundaries. It is

worth noting that these observations are in the spirit of the modal analysis theory developed

by Felsen and Marcuvitz (F&M) [40], extensively utilized in this dissertation, which is also

based on decomposition of the vectorial fields to TE and TM components, and uses the spectral

representation of the sources and EM fields to solve the EM problem analytically. In contrast

with L&K, the modal analysis presented by F&M is applied directly on the EM fields, and

scalarization is achieved by systematic separation between their transverse and longitudinal

components in Maxwell’s equations, giving rise to a transmission-line-like formulation (See also

Subsection 2.1.2). In addition, while L&K declare at several instances the postponement of

general proofs for the validity of their two-scalar-potential approach, F&M rigorously develop

the modal analysis theory for applicable configurations. Moreover, the argumentation in the

F&M ray picture is also mathematically rigorous, and is based on asymptotic evaluation of the

spectral integrals, a step which was somewhat overlooked in the L&K derivation.

These two comprehensive studies of dipole radiation in thin films of CPS and L&K have

established the principal basis for modelling electro-optical devices based on spontaneous emission,

such as LEDs and OLEDs7. Although there is currently a vast number of papers presenting such

models, with or without experimental verification, most of the work relies on early investigations

by Benisty et al. on inorganic LEDs [41–43] and by Neyts on OLEDs [44]. Interestingly enough,

the two groups have published their work in 1998, and both have considered the effect of

microcavities on electroluminescence (EL). Both have utilized the spectral representation of

the sources for the derivation, and emphasized the different contributions of the vertical and

7Some altenrative approaches for the optical analysis of OLEDs can be found in the literature. Greenham
et al. [15], later followed by Kim et al. [17] used ray optics to get analytical formulae for the radiation pattern
and edge emission, as well as the outcoupling efficiency (including rough closed-form approximations). Lu and
Sturm stated in [19] that although the results of Greenham and Kim have been found to be confirmed in several
cases, they fail to predict the outcoupling efficiencies and microcavity effects within the OLED in most cases.
This is probably due to the simplistic ray-optical approximation used in [15,17], where the emitting species were
considered to radiate isotropically, an issue which does not come up when the rigorous models of CPS or L&K
are used. Lu and Sturm chose to apply the combined classical and quantum mechanical microcavity (CCQMM)
model suggested by Bulovic et al. [16] which circumvents this problem. The QM part of this model relates to
the coupling of the dipole field to radiative and waveguided modes, and is done by applying Fermi’s golden rule,
which considers the photonic density of states (DOS) of the respective mode. Nonetheless, due to difficulties in
introducing EM losses to the QM model, the coupling to the metal plasma (via nonradiative energy transfer and
surface plasmon modes) is calculated classically following CPS [32]. Both [16] and [19] apply the CCQMM model
to several OLEDs with different layer thicknesses and calculate numerically the radiation pattern and radiation
efficiency for these cases. We do not further relate to these alternative approaches as they do not follow a rigorous
derivation from first principles (Maxwell’s equations in our case), thus do not serve our purpose, certainly not
more than the rigorous models of CPS and L&K.
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horizontal dipole orientations on the power relations, both for TE and TM polarizations. In

contrast with the CPS and L&K work, these modern papers have focused on multi-layered

configurations, and have tried to provide analytical approximations for the contribution of the

various physical processes, namely, waveguiding, interference, and coupling to metallic plasma,

to the radiation efficiency. Neyts has used mainly a recursive formalism to construct the Green’s

function, whereas Benisty et al. have used mainly an iterative matrix formalism to that end.

Both author groups have referred briefly to the fact that the realistic devices contain an ensemble

of incoherent EL sources, with some distribution in space and energy. They also indicated that

interference induced by the interfaces of thick layers should be disregarded, however no author

has provided reasonable argumentation for that.

Since 1998, many groups have published their own results regarding the optical modelling

of OLED emission, relying mostly on a combination of the work of CPS, L&K, Benisty et al.,

and Neyts [24, 28, 45–52]. More than that, optical modelling software based on this work is now

available commercially, offering also integrated electrical and optical simulations [48,53–55].

Solving the spin statistics problem by introduction of efficient organo-metallic phosphorescent

emitters [9], along with the advancement in engineering organic materials that have balanced hole

and electron mobilities [10] has lead to devices with almost 100% IQEs, shifting the research focus

towards the optical performance of the devices. The recognition that the standard PPOLED

outcoupling efficiency limits the device EQE to around 20% have attracted great deal of interest in

investigating the relations between the OLED performance and the device structure, dimensions,

material composition and exciton distribution [24, 26, 28, 29]. Nonetheless, we have not found

evidence to efforts being made of simplifying the formulation results to closed-form analytical

expressions, which would provide greater insight and reduce the complexity of the design process.

This excludes the early work by Neyts and Benisty et al. [41, 44] and a recent work by Penninck

et al. [56], which have provided some closed-form approximations, which, however, have not

matured into a form of applicable engineering tools. Moreover, in all available studies, the thick

substrate layer had to be artificially excluded from the standard electromagnetic analysis as to

avoid spurious interference effects not observed in experiments, without rigorous argumentations

regarding the validity of this approach8.

In addition, it was soon acknowledged, by the use of numerical simulations, that along

modifications to the device structure and the introduction of complicated geometries (Section 1.3),

the distribution of the radiating species within the device, and especially with respect to the

cathode, has a crucial effect on the device performance [29,57,58] (See also Subsection 1.3.1).

Moreover, the growing commercialization of OLED technology has increased the industry demand

for verification tools. Motivated by these developments and inspired by the work of Granlund et

al. [59], numerous groups have began, more intensively since 2010, examining the possibilities to

evaluate the exciton spatial distribution inside the active layer, often referred to as the emission

zone (EZ), from optical measurements [48, 60–69]. Nevertheless, the methods developed by

these groups exclusively rely on the implementation of complicated numerical fitting procedures,

which require extensive data sets and substantial computational power, and tend to obscure the

8This excludes the paper by Kahen [45] which averages the single-source results over a few substrate thickness
values, and indicates that the motivation to do so is the small coherence length of the emitted light. While the
reasoning is qualitatively correct, the incorporation into the model is artificial and non-physical.
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underlying physical phenomena.

Lately, a growing interest in flexible OLEDs (FOLEDs) is evident, manifested in a vast number

of publications dealing with design and characterization of OLEDs fabricated on flexible substrates

[12–14, 27, 70–74], following early demonstrations back in the 1990s [75, 76]. Nonetheless, the

published research has mainly focused on the mechanical and fabrication challenges presented by

this novel architecture, whereas little attention has been given to the new optical degree of freedom

that is introduced by the bending applied to the device. The need for a rigorous electromagnetic

model for curvature effects on emission from multi-layered structures is emphasized by the fact that

introduction of repetitive bends, corrugation, or microlens to organic photonic devices9 has been

shown in numerous instances to significantly enhance OLED outcoupling efficiencies [29,74,78–84].

Often, no clear theoretical explanation is provided [74, 79]. Generally, qualitative ray-optical

intuition is given to explain the origin of enhancement [83,84], at times backed up with ray-tracing

simulations [78, 81], however no rigorous justification to using this approach is provided, and

quantitative description of the dominant optical processes is absent as well.

1.1 Research goals

The survey presented in the opening of this Chapter indicates the need for rigorous electromagnetic

analysis of OLED optical emission. The main goal of our research is to fill this gap, utilizing an

analytical approach to derive closed-form expressions for major performance parameters

of OLEDs, that would comprise a novel set of engineering tools for design and verification.

Reviewing the up-to-date literature, see above, we have identified three main issues for which

such an approach would be beneficial:

Rigorous incorporation of the exciton ensemble coherence properties into the EM

model. From an electromagnetic point of view, the general PPOLED configuration consists of

an ensemble of radiating sources (excitons) distributed along the active layer according to a spatial

distribution function, and oscillating harmonically with frequency distributed according to the

intrinsic photoluminescence (PL) spectrum, related to the chemical structure of the host molecules.

In order to obtain results consistent with experimental measurements, an accurate description of

the source ensemble should be incorporated into the EM model. This issue is directly related to

the ill treatment of the thick substrate layer in otherwise rigorous models. Combining the spectral

distribution of the sources into the electromagnetic model we were able to show that interference

effects originating in multiple reflections due to thick layers are dramatically attenuated when

the layer thickness is much larger than the exciton ensemble coherence length [85]. We have later

generalized our formalism to apply for broadband emission of partially-coherent sources in any

system configuration in which the geometrical optics approximation is valid, and have shown

that this tradeoff between layer thickness and coherence length is retained [86]. This renders

specialized treatments of the thick substrate layer unnecessary, forming a complete rigorous

theory capable of consistent modelling of source ensembles with pronounced statistical nature in

a variety of optical systems. Moreover, this tradeoff greatly simplifies the analytical model, in

9Similar effects have also been reported to occur in organic photovoltaic cells (OPVs), where bending has
increased the coupling of sun light into the active layer [77].
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the sense that multiple reflection terms in thick layers can be neglected, resulting in enhanced

physical clarity [85] and reduced computational complexity, especially for complicated layered

structures (e.g., arbitrarily bent FOLEDs) [87]. This subject is covered in Chapter 3.

Analytical estimation of emission zone characteristics from optical measurements.

Current methods to evaluate the spatial distribution of radiating excitons in the active layer consist

of performing a comprehensive set of optical measurements recording the angular distribution of

radiation as a function of wavelength and polarization, and then using an optical simulation to fit

an emission zone that produces the closest four-dimensional data (radiation as a function of angle,

wavelength, and polarization). The various algorithms differ mainly in the numerical fitting

procedures used, and the spatial basis functions which are used to approximate the emission

zone profile. We have developed a different approach to this problem, relying on the analytical

closed-form expressions we have derived in [85] for the emission pattern produced by a prototype

BE-OLED. In the simple version of our algorithm, we utilize an analytical derivation of the

emission pattern that relates the maxima and minima of the measured pattern to the center of the

emission zone, assuming the OLED under consideration has a structure similar to the prototype

device and that the emission zone is very narrow (i.e., the spatial distribution of the excitons

is a delta function) [88]. This algorithm highlights the fact that the interference between the

radiating excitons and their image induced by the reflective cathode (Fig. 1.1(a)) produces peaks

and valleys in the emission pattern in correspondence to the Bragg condition, directly related

to the distance of the excitons from the cathode. This yields a simple closed-form analytical

expression which relates the angles in which emission pattern extrema are measured to the

emission zone center, via the optical properties of the OLED material stack10, introducing a novel

engineering tool which forms an efficient alternative to the cumbersome numerical techniques

suggested in recent years by various authors. Lately, based on the same physical intuition, we

have further developed this algorithm to be able to process more general OLED structures and

exciton distributions, retaining the analytical approach and simple results11. This subject is

covered in Chapter 4.

Rigorous EM analysis of curvature effects on FOLED optical emission. Although

there have been quite a lot of research concerning flexible OLEDs in recent years, motivated by

the highly attractive application possibilities, very little work has been done in examining the

optical properties of bent FOLEDs. To fill this gap, we have presented a rigorous EM formulation

of the fields and power relations in cylindrically bent two-dimensional (2D) FOLEDs, which forms

an analytical framework for investigation of curvature effects on the EM radiation from such

devices [89]. Our derivation was conducted utilizing a unique tool, namely Felsen’s azymuthal

perfect absorber, which yields a complete analogy between the cylindrically bent FOLED and

the standard PPOLED, very useful for gaining physical intuition. Our analysis indicates that

for the typical realistic FOLED structure, the geometrical optics (GO) approximation can be

used to describe the far-field optical emission, and that the main curvature effects arise from the

10A simple applet based on the algorithm presented in [88] can be accessed via http://webee.technion.ac.il/

labs/orgelect/WhereIsMyEmissionZone.html
11A bundle of Matlab scripts implementing the augmented method can be accessed via webee.technion.ac.il/

orgelect/WhereIsMyEmissionZonePP.html

http://webee.technion.ac.il/labs/orgelect/WhereIsMyEmissionZone.html
http://webee.technion.ac.il/labs/orgelect/WhereIsMyEmissionZone.html
webee.technion.ac.il/orgelect/WhereIsMyEmissionZonePP.html
webee.technion.ac.il/orgelect/WhereIsMyEmissionZonePP.html
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variation of the angles of incidence at the substrate/air interface, related in closed-form to the

ratio between the radius of curvature and the thickness of the flexible substrate. The interplay

between these two critical dimensions can be harnessed to increase the number of outcoupled

photons relatively to the plane-parallel device, as well as to extend the viewing angle, due to an

enhancement of large-angle emission and reduction of total internal reflection. In addition, the

rigorous formulation of the connection between the ray-optical picture and the exact EM solution

which we have presented establishes a robust starting point for analysis of more complicated

(possibly repetitive) curved interfaces within OLEDs, structures which have become very popular

lately, proving to be useful for enhancing the OLED outcoupling efficiency. This subject is

covered in Chapter 5.

Before we dive into the rigorous detailed solution of the OLED emission problem which is the

first step in pursuing the research goals, it would be useful to provide a more thorough literature

survey regarding the current understanding of the optical aspects of OLED operation and design.

The overview presented in following Sections (Section 1.2-Section 1.4) is qualitative in nature,

and aiming at laying an intuitive framework regarding the major electromagnetic phenomena in

these devices, which we may relate to later on in this dissertation.

1.2 Main optical processes affecting OLED emission

In order to describe the main optical phenomena taking place during OLED operation, we first

consider the radiation of a single electric dipole, representing a localized exciton, situated in the

active layer of a typical BE-OLED structure (Fig. 1.1(a)). As was mentioned in the opening

of this Chapter, it is customary to divide the decay processes that the exciton may undergo

into three groups: radiative, nonradiative, and non-classical (non-EM). In this Section, we focus

on qualitative description of the dominant (classical) radiative and nonradiative processes that

affect the OLED emission. The non-classical (non-EM) decay channels are ignored for the time

being12, and their effect may be introduced to the power balance via the empirical parameter

qint following Eq. (1.6).

The most significant components in the optical environment formed by a typical BE-OLED

structure are the metallic cathode, which is highly lossy, thus very reflective; the (almost

transparent) organic stack and anode, often sharing similar refractive index values and having an

overall thickness which is comparable with the emission wavelength; the transparent substrate,

usually several orders of magnitude thicker than the organic stack and having a lower refractive

index; and air, with the lowest refractive index in our scenario, where the observation point is

located. The lossy cathode exhibits significant mirror-like reflection, while the refractive index

profile of the other layers promote trapping of the light within the device. The nanometric

dimensions of the organic stack and anode may also accommodate waveguided light, whereas

free charges in the metallic cathode may give rise to build-up of surface plasmon polaritons

(SPPs) [26].

12Brief discussion of the effects of realistic qint values appear towards the end of Subsection 1.2.3.
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In order to understand the interaction of the time-harmonic dipole field with this structure

in more detail, it is useful to utilize the spectral representation of the sources [24,28,44,56,57].

Qualitatively speaking, an EM point source embedded in stratified media can be represented

by a set of propagating and evanescent plane-waves with cylindrical symmetry around the axis

perpendicular to the layer interfaces and passing through the source, z (Fig. 1.4). The plane-waves

are characterized by a 2D transverse wavenumber kt (in the x̂y plane) which is continuously

scanned from zero to infinity in magnitude, and a longitudinal wavenumber βn =
√
k2
n − k2

t ,

where the magnitude of the wavevector ~kn = βnẑ + ktt̂ is dictated by the EM oscillation angular

frequency ω and the speed of light in the nth layer cn via kn = ω/cn (t̂ is the direction of the 2D

wavevector in the x̂y plane). If the nth layer contains negligible losses, the plane waves for which

0 < kt < kn are propagating in the nth layer and can be regarded as rays (={βn} ≈ 0), where

the value of the transverse wavenumber defines the angle of propagation in the nth layer θn via13

sin θn = kt/kn; the plane waves for which kt > kn have an almost pure imaginary longitudinal

wavenumber in the nth layer (<{βn} ≈ 0), thus are representing evanescent waves (decaying in

the z direction).

1.2.1 Radiative optical processes

Rays produced in the active layer interact with the main interfaces of the layered structure

according to the laws of geometrical optics. More specifically, upon incidence at a certain interface,

the ray would be partially reflected and partially transmitted, with the reflection and transmission

coefficients given by the Fresnel formulae (polarization dependent), and these multiply-reflected

rays would interfere [90]. Neyts [44], following Lukosz [38], distinguishes between two categories

of interference: wide-angle interference, which is a consequence of interference between the direct

ray and a reflected ray that propagate in the same direction, and multiple-beam interference,

which occurs between multiple reflections (of different order) of the same ray between two parallel

interfaces (Fig. 1.3)14.

In BE-OLEDs, the wide-angle interference occurs predominantly due to the interaction

between the source and the metallic cathode, which induces a very large reflection coefficient at

the metal/organic interface. This can be interpreted as the source-dipole interacting with an

image-dipole induced by the relaxation of free charges in the metal [91], thus we refer to this

process as the image-source (IS) interference [85]. The nature of this interference (constructive or

destructive) is highly dependent on the optical path between the source and the cathode/organic

interface [44, 58]; the appearance of interference fringes in the emission pattern therefore also

depend on the separation between the source and the cathode [88].

As for multiple-beam interference, the most cardinal contribution to this effect in BE-

OLEDs arises from rays bouncing back and forth between the substrate/air interface and the

cathode/organic interface, being the most reflective boundaries in a typical device. Although

reflection is quite strong from the cathode side, the substrate/air interface exhibits a rather

13A more rigorous derivation of the relation between the transverse wavenumber and the angle of propagation is
given in Chapter 2.

14In the plane-parallel configuration, these are the only rays that interfere meaningfully, as rays propagating in
non-parallel directions form arbitrary phase differences along a given transverse plane thus would not contribute
to the overall power balance.
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Figure 1.3: Ray interference phenomena taking place in stratified media [44]. (left) Wide-angle
interference denotes interference between a direct ray and a reflected ray propagating in the
same direction. The phase difference between the rays, and thus the critical dimension for
the interference phenomenon, are determined by the optical path between the source and the
reflective boundary (denoted by z− in the figure). (right) Multiple-beam interference denotes
interference between a ray and its (higher order) repetitive reflections between the same two
parallel boundaries. The phase difference between the rays, and thus the critical dimension for
the interference phenomenon, are determined by the optical path between the two reflective
interfaces (denoted by de in the figure).

moderate reflection15, so the overall part of the device which is stacked between these two

interfaces can be seen as the interior of a rather weak cavity (i.e., with significant part of

the power leaking out of the cavity to the observation region). The second contribution in its

dominance to multiple-beam interference similarly originates from multiple reflections between the

cathode/organic interface and the anode/substrate interface, the latter usually exhibiting weak

reflection. Following Bulovic et al. [16], we refer to both multiple-beam interference phenomena

as the weak-microcavity (WM)16 contribution [85]. It should be noted that as the reflection at

one of the boundaries is weak, the power carried by the reflected rays would decay as the number

of reflections increases (most of the power would escape to the adjacent layer), and consequently

the effect of high order multiple reflections on the interference phenomenon is negligible. The

nature of the interference, of course, is dictated by the optical path between the two boundaries.

We further utilize the ray analogy of the plane-waves propagating in the nth layer of the

device, with transverse wavenumber 0 < kt < kn and propagation angle sin θn = kt/kn. In

case the nth layer is denser than the adjacent (n+ 1)th layer (kn+1 < kn), for a large enough

value of kt the angle of incidence at the interface between the two layers would exceeds the

critical angle. According to Snell’s law, this occurs when kn+1 ≤ kt < kn, in which case the ray

is totally internally reflected (TIR) from the interface back to the nth layer. Similarly large

reflection occurs when the adjacent layer is highly lossy; in this mirror-like reflection (MLR)

case, an additional phase shift is accumulated at each incidence upon the lossy interface. Now

let us consider a ray propagating in the nth layer at a certain angle which is such that the

15As reflection coefficients vary with the angle of incidence, the differentiating between levels of reflection, e.g.
strong or weak, should be considered as an averaged effect, after weighing the reflection according to the angular
distribution of the rays departing from the source. In any case, these vague definitions suffice for our restricted
qualitative discussion.

16We use this nomenclature regardless the size of the cavity, although the prefix ”micro” is probably more
suitable to describe the multiple reflections between the cathode/organic and the anode/substrate interfaces, as
the organic stack and anode have overall thickness of less than a micron.
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ray undergoes TIR or MLR at both boundaries of the nth layer17. The ray would be multiply

reflected between the two boundaries and multiple-beam interference will take place. However,

due to the TIR or MLR phenomena, the reflected ray amplitudes are hardly attenuated18, and we

must consider the interference of all multiply reflected rays. As in principle, an infinite number

of interfering rays with similar amplitudes must be taken into account, the result of arbitrary

phase accumulation upon a single cycle of reflections would be destructive interference of all

rays. Only in certain situations, for which the angle of propagation in the nth layer θn together

with the phase addition due to MLR would sum to a phase which is an integer multiple of 2π,

constructive interference would take place and finite fraction of the source power would couple

to this ”collective ray” (associated with a specific value of θn). All such possible θn form a

discrete set of transverse wavenumbers kt which satisfy the constructive interference condition

(also known as the dispersion relation of the waveguide) for the cavity under consideration, and

are referred to as waveguided (WG) modes.

Due to the typical refractive index profile (See, e.g. Table 3.1), BE-OLEDs contain two

main cavities that may accommodate WG modes19 the one formed by the cathode/organic and

substrate/air interfaces and the other formed by cathode/organic and anode/substrate interfaces.

It can be shown that the number of WG modes supported by a weak cavity is proportional to

the ratio between the optical thickness of the cavity and the emission wavelength [28]. As the

cavity consisting of the organic stack and anode has a thickness comparable to the emission

wavelength, a clear, finite set of discrete WG modes would exist. However, the number of WG

modes supported by the cavity which includes also the substrate is very large due to the typical

macroscopic thickness of the substrate. Thus, these WG modes appear to be very dense on

the wavenumber axis, and are approximated well by a continuum. For that reason, the modes

waveguided in the substrate, organic stack and anode, are usually termed substrate modes, and

are considered by most authors to be a different phenomenon from the WG modes of the organic

stack and anode alone (e.g., [26, 28]). In other words, as the substrate is very thick with respect

to the wavelength, in the close proximity of each propagation angle (which is above the critical

angle) we may find an angle that satisfies the constructive interference condition. Thus, above

the critical angle, we may assume that every ray simply undergoes TIR upon reflection at the

substrate/air interface.

To complete the discussion in radiative processes that are related to the exciton EM decay,

we should mention two more phenomena: outcoupled radiation and absorption. The former

relates to these rays which are associated with transverse wavenmbers which are smaller than

the observation region wavenumber, kt < ω/c, where c is the speed of light in vacuum. Following

Snell’s law, these rays would be partially transmitted through all the layers of the BE-OLED

from the active layer to air. This occurs either by direct transmission through all the layers,

which we refer to as the direct ray (DR) contribution, or via multiple reflections between internal

17These do not have to be the immediate boundaries of the nth layer, however considering reflection at adjacent
boundaries is the simplest case to analyze.

18In the ideal case of TIR or MLR in the interface between two lossless dielectric or perfect condutor layers, the
amplitude of the reflected rays is not attenuated at all. However, in realistic scnarios, in which both metals and
dielectric present finite losses, some attenuation to the reflected ray amplitudes is expected.

19The waveguiding requirement is that effective refractive index inside the cavity is larger than that of the
surrounding dielectrics.



29

boundaries which are followed by successive transmissions, a phenomenon which is related to

the multiple-beam interference discussed earlier. These rays comprise the outcoupled radiation,

which is the useful part of the EL power produced by the source, in the context of the OLED

application.

The second phenomenon relates to the attenuation of the ray field upon propagation due to

the finite absorption exhibited by the dielectric and metallic layers in the device. In the interior

of BE-OLED formations, this absorption arises mainly from the active layer and anode: the

former, due to molecular absorption, usually blue-shifted with respect to the emission spectrum;

the latter, due to free charges which gives rise to conduction losses. From the point of view of the

OLED application, this is a minor loss mechanism, as the absorption coefficients of these layers

are not very large; indeed, for practical calculations we usually neglect the lossy property of

non-metallic layers. In addition, upon partial reflection from the cathode/organic interface, the

fraction of energy which is not reflected back to the device is considered to be absorbed in the

conductive cathode (the cathode is usually thicker than its absorption length). The important

issue to note regarding absorption is that while absorption at a single passage or reflection may

not be very large, when multiple reflections are considered, power decay due to this mechanism

(e.g., for WG modes) may become significant.

1.2.2 Nonradiative optical processes

The nonradiative processes that affect the OLED emission originate in the evanescent part of

the source spectrum, kt > kn. These waves exponentially decay away from the source along the

z-axis, therefore may only interact with media which are relatively close to the source. There

are two main phenomena through which the source power can be transferred via evanescent

waves: near-field energy transfer (ET) and coupling to SPPs. Near-field ET is a rather general

phenomenon, which is related to the nonradiative part of the dipole field, i.e. the terms in

the field expression that decay faster than 1/r, where r is the distance from the dipole. In

molecular photophysics, ET is usually associated with Förster (Förster resonance ET - FRET),

which analyzed quantum mechanically the coupling between an excited dipole (donor) and a

ground-state dipole (acceptor), for which one of the outcomes is a transfer of the energy from

the donor to the acceptor. CPS have shown, however, that this process can be treated classically

yielding the same results [33]. Using their approach, the near-field induced by the source is

dissipated by a nearby conductive medium simply due to Ohm’s law. The electric field induced by

the source generates currents in the conductive medium, which perform work (dissipate energy)

under the same electric field that produced them. Similar effect can be formulated for lossy

dielectrics (maybe more appropriate to describe molecular FRET). In an unbounded medium,

the efficiency of FRET decays as 1/r6 if single dipole-dipole interaction is considered, or 1/z4

if the excited dipole is coupled to a 2D layer of acceptors, where z is the distance between the

source and the acceptor plane20. Indeed, Celebi at al. [49] have shown that these dependencies

are reproduced classically when all the evanescent wave contributions are taken into account.

The other nonradiative decay channel is associated with surface waves that propagate along

20For examples of the effects of geometrical arrangement of the interacting dipoles on the spatial decay of the
Förster energy transfer rate see, for example, [92, 93].
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the interface between a conductive layer and a dielectric layer. For certain values of the transverse

wavenumber, the electromagnetic field oscillation at the dielectric side of the interface (polariton)

are perfectly correlated with charge oscillations in the conductive side of the interface (plasmon)

such that a propagating surface wave can be sustained (SPP). For realistic conductive media,

finite losses are present, and the SPP power dissipates as the wave propagates along the surface.

It can be shown that in order to allow the evolution of such a wave in a metal/dielectric planar

interface, the real part of the permeability of the metal should be negative at the emission

wavelength, and the evanescent wave arriving from the source should be TM polarized [56].

Although SPPs originate from an evanescent wave in the active layer, efficient coupling of the

source to these modes can be achieved even for sources separated from the metal/dielectric

interface by a distance of the order of the emission wavelength in the medium, λn [56, 57].

In BE-OLEDs, the significant nonradiative decay processes occur due to the nanometric

dimensions of the organic stack, which position the source in a subwavelength distance from

the metallic cathode. As demonstrated by the analytical approximations of Penninck et al. [56]

and the numerical simulations and measured results of Meerheim et al. [26], the near-field

ET to the metal and the coupling to SPPs in the cathode/organic interface decrease as the

source-cathode separation grows larger. Nonetheless, due to the typically low mobilities of organic

semiconductors, extending the thickness of the organic stack to allow such large separations

increase the electrical losses (decrease the IQE), thus a tradeoff exists in the overall OLED

performance.

A schematic description of the optical processes discussed so far is presented in Fig. 1.4,

associated with the relevant spectral regions on the wavenumber axis.

1.2.3 Effects on outcoupling efficiency and emission pattern

Once we have reviewed the dominant electromagnetic phenomena, we now turn to discuss their

effects on OLED optical performance, where we refer to two aspects separately: the OLED

outcoupling efficiency, and the angular distribution of outcoupled light (emission pattern). The

distinction is such that while the former is related to the balance between power provided to

the system and the radiated power, with the latter we are only concerned with the angular

distribution itself as a normalized quantity, without considering the overall (integrated) radiated

power.

The optical processes which affect the OLED emission patterns are related only to propagating

waves which escape the device (and form the outcoupled radiation). Among the processes that

we have reviewed so far, only the processes which consider partially reflection from all interfaces

(0 < kt < ω/c) may contribute to this emission. In our formulation we distinguish between three

different contributions: the image-source (IS) interference, the weak-microcavity (WM) multiple

reflections, and the direct-ray (DR) contribution [85]. We have already discussed these processes

when referring to wide-angle and multiple-beam interference phenomena, which we related to

the IS and WM interactions, respectively. Indeed, the effect on the angular distribution of the

outcoupled radiation is via interference (IS and WM) and partial-transmission properties (DR and

WM). This topic is covered in detail in this dissertation and especially in Chapter 3, thus we will

just briefly state that due to the differences in the critical distances which define the interference
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Figure 1.4: Schematic description of dominant optical processes in OLEDs, associated with
the relevant spectral regions on the wavenumber axis. (top) Prototype OLED configuration
with embedded (tilted) electric dipole at z = z′. Spectral decomposition of the source to
propagating (short arrows) and evanescent (blue exponentials profiles) waves is depicted: small
angle propagating waves (red arrows) contribute to outcoupled radiation, undergoing wide-angle
interference (dashed red arrow) or multiple-beam interference (solid red arrow); propagating
waves at angles larger than the substrate/air interface critical angle (green arrows) are coupled
to substrate modes; propagating waves at angles larger than the anode/substrate interface
critical angle (magenta arrows) are coupled to WG modes; evanescent waves may couple to the
metal plasma via near-field ET (blue exponential profiles with dashed frame) or SPP modes
(blue exponential profiles with solid frame) accompanied by charge oscillations in the metal.
(bottom) Association of the spectral regions of the wavenumber axis with the optical processes,
shown as typical dependency of the 1D Green’s function |g (kt)| (proportional to the EM fields,
See Subsection 2.1.4) in the transverse wavenumber kt: the range 0 < kt < (ω/c) corresponds
to outcoupled radiation; the range (ω/c) < kt < (ω/c) nsub corresponds to substrate modes;
peaks in the range (ω/c) < kt < (ω/c) nact correspond to WG modes; the range kt > (ω/c) nact

corresponds to near-field ET to the metal, where peaks in that range correspond to SPPs.
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properties in typical BE-OLEDs, the IS process is responsible to the slowly-varying envelope of

the emission pattern (subwavelength source-image separation), whereas the WM interference

is responsible to the rapid oscillations of the emission pattern with angle (many-wavelength

substrate thickness), if any exist21.

On the other hand, when the outcoupling efficiency is considered, the ratio between the

outcoupled power and the total dissipated power must be considered, thus all optical processes

must be taken into account. We recall that the total EM power dissipation of a dipole BE-

OLEDs is due to coupling to WG modes in the organic stack and anode, coupling to substrate

modes, absorption, outcoupled radiation, near-field ET to the metal and coupling to SPPs at the

metal/organic interface. This total dissipated power varies as the structure or the dipole position

within the structure varies, due to what is known as the Purcell effect, which relates the rate of

dipole EM energy dissipation to the photonic DOS [94]. This effect was classically formulated

by CPS [32], where they have shown that upon consideration of a simple mechanical model of

harmonically oscillating charges for the dipole, the electromagnetic field induced by the structure

due to the presence of this dipole, modifies the field at the dipole position; this field modification,

in turn, affects the dipole oscillations (and thus varies the rate of energy dissipation). However,

if we do not consider the intrinsic quantum yield qint, the overall dipole energy decay rate does

not affect the EQE directly (as the rate of all EM processes is proportional to P0,rad, See Eqs.

(1.6)-(1.9)), and only varies the lifetime of the dipole. We will refer to this issue in the end of

this Subsection.

The relative contributions of the different optical processes to the dissipated power in a

typical BE-OLED, simulated and measured by Nowy et al.22 [24], are presented in Fig. 1.5(a).

The plot presents the variation of the various process efficiencies (power coupled to the process

divided by total dissipated power) with variance of the active layer thickness (defined in [24] as

x). This variation affects both the separation between the cathode and the source, assumed to

be located at the middle of the active layer, and the thickness of the weak microcavity formed

by the organic stack and anode. The figure shows that at small active layer thicknesses, the

source is very close to the cathode, and almost all dipole energy couples to the metal plasma via

near-field ET or in the form of SPPs (cyan). This results in almost zero outcoupled radiation

(black), which means very low EQE from the OLED application point of view.

As the active layer thickness grows, the evanescent coupling to the metal plasma decreases,

which lets the outcoupled radiation (black) and substrate mode coupling (red) to increase.

Moreover, we observe oscillations in the outcoupled radiation and complementary oscillations in

the substrate mode coupling as we increase the source-cathode separation. This effect originates in

the IS (or wide-angle) interference, which varies the angular distribution of the propagating waves

inside the active layer, producing angular regions with constructive or destructive interference

(depending, of course, on the source-cathode separation). When the interference pattern is

such that most of the power (in the active layer) is directed in the forward direction (θ ≈ 0,

perpendicular to the interface planes), reflection coefficients at the various boundaries would be

smaller (according to Fresnel), and more power would be outcoupled to the observation region.

21For detailed discussion, See Subsection 3.1.3.
22Similar phenomena are observed in the data simulated and measured by Meerheim et al. [26] (See Fig. 3

therein).
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Figure 1.5: Variation of relative contribution of optical processes to the exciton decay rate with
modification of the active layer thickness, for (a) ideal unity intrinsic quantum yield (qint = 1)
and (b) non-ideal low intrinsic quantum yield (qint = 0.2) [24]. In the simulated device (see inset
for device structure), changing the active layer (Alq3) thickness has two main effects: it modifies
the source/cathode separation (the cathode is formed by the Al/Ca bi-layer), and varies the
thickness of the weak microcavity formed by the organic stack and anode. The excitons are
assumed to be located in the middle of the active layer. The efficiencies of the various processes
(power coupled to a given process divided by total dissipated power) are presented: outcoupled
radiation (black), substrate modes (red), the sum of outcoupled radiation and substrate modes
(green), WG modes (purple), near-field ET and SPPs (cyan), and absorption (magenta).

This also means that less power occupies the regions on the wavenumber axis that may contribute

to the build-up of WG and substrate modes. This explains both the oscillatory nature of the

outcoupled radiation curve (as interference pattern peaks going periodically from small θ values

to large ones) and the complementary oscillations of the substrate mode coupling.

It is hard to analyze the evolution of WG modes (purple), as the active layer thickness

variation modifies both the weak microcavity thickness and the source position within the

microcavity (both affect coupling to WG modes). However, we do notice that as we increase

the microcavity thickness, more WG modes can satisfy the dispersion relation, and a general

increase in the WG mode coupling is observed.

As mentioned in the beginning of this Subsection, the total rate of energy dissipation (which

defines the lifetime of the dipole) becomes important when a realistic intrinsic quantum yield is

taken into consideration. This statement becomes clearer if we write Eq. (1.9) in a more explicit

form (following Eq. (1.6))

ηext = ηelec
Pout

Prad + Pnrad + 1−qint
qint

P0,rad

= ηelecηout
1

1 + 1−qint
qint

P0,rad

Prad+Pnrad

, (1.10)

where we recall that 1−qint
qint

P0,rad is a function of the dipole moment magnitude eI0l and the active

layer alone, and does not vary with neither the structure, nor the position of the dipole within the

structure. Modifications of structure or dipole position do affect, however, the values of the total
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dissipated EM power Prad +Pnrad, due to the Purcell effect. It is now clear that when the intrinsic

quantum yield is significantly smaller than unity, it is worthwhile to promote EM processes that

shortens the dipole lifetime (increases Prad + Pnrad so that the last factor in Eq. (1.10) do not

get much smaller than unity), providing these do not deteriorate the outcoupling efficiency.

The effect of low intrinsic quantum yield is demonstrated by Fig. 1.5(b). This Figure presents

another set of data simulated by Nowy et al. [24], referring again to the relative contributions of

the various optical processes to the exciton decay rate of the same device as in Fig. 1.5(a), however

now a deteriorated intrinsic quantum yield of qint = 0.2 is considered. It can be observed that

the general qualitative conclusions we made regarding the contribution of the various processes

remain valid for this case as well. Nevertheless, some important quantitative differences do

exist, of which we will mention two. First, we note that the efficiency scale is much smaller in

Fig. 1.5(b), and the maximal EQE achievable for this device is less than 5%. This is due to

the fact that the low intrinsic quantum yield indicates that at any active layer thickness, the

non-classical decay channels form a very dominant loss mechanism. Second, we note that while

for the case of qint = 1 considered in Fig. 1.5(a), the second maximum of the outcoupled radiation

(black) (x ≈ 240nm) is a global maximum of the curve, for qint = 0.2 considered in Fig. 1.5(b)

the first maximum of the outcoupled radiation (black) (x ≈ 80nm) is a global maximum of the

curve. The reason for that is that in the qint = 0.2 case, the shorter lifetime of the dipole at

x ≈ 80nm compensates the decrease in qint, such that even though ηout is slightly deteriorated

(with respect to x ≈ 240nm) the overall EQE is larger (Eq. (1.10)). This example demonstrates

that when the non-classical losses are significant, the importance of the dipole lifetime increases,

and the detailed optimization of the device must consider this parameter as well.

So far we have referred to the optical processes taking place in OLEDs due to the interaction

of the fields generated by a localized source with the layered structure, without truly getting into

the specific nature of this localized source. We have already mentioned in the opening to this

Chapter that the radiating excitons can be well modelled by electric point dipoles. The dipole

orientation is determined by the direction of the dipole moment formed by the local spatial

distributions of the bound electron and hole in the excited molecular state, which are related to

the specific host molecule properties. For instance, in polymeric active layers which are usually

cast by spin-coating, the polymer chains are preferentially formed parallel to the substrate plane.

Consequently, the charges comprising the exciton are often separated along the polymer backbone

and the dipole ensemble would have a horizontal alignment preference [63]. Due to the absence

of such directed formation in deposited small molecule organic semiconductors, dipoles excited in

this type of active materials are usually a priori considered to have no favourable orientation23,

i.e. 1/3 of the dipoles in the ensemble would be vertically aligned and 2/3 of the dipoles would

be horizontally aligned, with respect to the OLED layer interface planes. Such an orientation

distribution is denoted random or isotropic.

In the context of the optical interaction of the dipoles with the EM environment formed by the

OLED structure the horizontal and vertical electric dipoles (HED and VED, respectively) display

significant differences. First, in stratified media, VEDs only produce TM-polarized fields, whereas

HEDs produce both TE-polarized and TM-polarized fields [96–98] (See also Subsection 2.1.3).

23This is not a trivial assumption, and in some cases it has been shown that also dipoles of small molecule active
materials do possess orientation preference [69,95,96].
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This means that VEDs are relatively more prone to coupling to SPP modes, as only TM-polarized

evanescent fields may couple to these modes [56] (See also Subsection 1.3.6). Second, from

the point of view of the IS interference, the VEDs and HEDs exhibit almost complementary

interference patterns, as their image symmetry is reciprocal [63, 65, 97]. More specifically, due to

the orientation difference, the VED forms a parallel image dipole in front of a perfect electric

conductor (PEC), whereas the HED forms an anti-parallel image dipole. As the metallic cathode

acts as a (non-ideal) mirror, variation of the source-cathode separation reveals that when VEDs

undergo constructive interference, HEDs undergo destructive interference, and vice versa (See

Subsection 3.4.3). Third, due to the intrinsic radiation pattern of the dipole, i.e. the angular

distribution of power in unbounded homogeneous medium, the propagating plane-waves produced

by VEDs and HEDs have different non-isotropic weighting functions [40,97]. Dipoles do not emit

to the direction of the dipole moment, and emit mostly perpendicular to that direction. Thus,

VEDs produce very little emission towards small θ angles, which are most favourable in terms of

outcoupling efficiency (small reflection coefficients). For the same reason, VEDs are also more

prone to coupling to WG modes, which require plane-waves in angles above the critical angle.

As a result of these differences, highlighted by the simulation results of Brütting et al. [29,95]

presented in Fig. 1.6, HEDs usually contribute much more to the outcoupled radiation than

VEDs.

Figure 1.6: Variation of relative contribution of optical processes to the exciton decay rate with
modification of the ETL thickness (corresponding to the source-cathode separation and the
microcavity thickness), for (a) horizontal electric dipole and (b) vertical electric dipole [29],
corresponding to the device presented in Fig. 1.5. The three main differences in optical interaction
with the OLED structure are observable: VEDs couple more to SPP modes due to the exclusive
TM-polarized fields (blue), outcoupled radiation shows complementary interference peaks (black),
and when the microcavity thickness is large enough to enable waveguiding, the VED coupling to
WG modes is more significant (green). As a result of these differences HEDs usually contribute
much more to the outcoupled radiation than VEDs.

Another important merit of the data presented in Fig. 1.5 is that they provide an estimation of

the typical outcoupling efficiencies that standard BE-OLEDs exhibit. If we consider the ideal

scenario of perfect intrinsic quantum yield shown in Fig. 1.5(a) and design the OLED at the
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peak of outcoupled radiation, around x ≈ 240nm, the outcoupling efficiency is around ∼ 18%,

and the rest of the power is divided between WG modes (∼ 28%), substrate modes (∼ 22%),

evanescent wave coupling to the metal plasma (∼ 17%), and absorption (∼ 15%). The fact that

even without considering non-classical losses, standard BE-OLEDs EQEs are limited to ∼ 20%

due to limited outcoupling efficiency, highlights the need to optimize this parameter. In the

following Seciton, we present a literature survey of the techniques developed in recent years to

enhance OLED outcoupling efficiency in the view of the interplay between the various optical

processes as presented above.

1.3 Enhancement of OLED outcoupling efficiency

The techniques developed in order to challenge the inherent low outcoupling efficiencies in

standard OLEDs aim at suppressing undesirable decay channels such as coupling to WG, SPP or

substrate modes by modifying the OLED design parameters: structure, material composition,

and exciton distribution. In some cases it seems more intuitive to describe the improvement as

originating from coupling of the undesirable loss mechanism to outcoupled radiation rather than

suppression of the non-outcoupled process; at others, the enhancement of useful radiative decay

rate seems the appropriate interpretation. In general, this is just a matter of semantics, however

we remind the readers that when non-classical losses are present, the absolute rate of the optical

relaxation processes is also important, and only their relative fractions of the total relaxation

rate (See Subsection 1.2.3). In these cases, suppressing an EM loss channel by decreasing the

coupling rate to this channel may not bring an overall improvement in EQE as large as the

enhancement of the desirable radiation process.

1.3.1 Emitter position optimization

The first step of enhancement that we discuss is done by optimizing the radiating exciton position,

or the emission zone profile. This property can be controlled by designing electron blocking

layers (EBL) and hole blocking layers (HBL) that would be placed around a thin active layer to

reduce the probability that recombination occurs out of that region, where holes and electrons

will be forced to reside in close proximity. The principal design rules for this procedure stem from

the effect of the IS interference on the angular distribution of the power inside the active layer,

and the effect of the cathode-source separation on the near-field coupling to the metal plasma.

As we have mentioned briefly in Subsection 1.2.3, when the IS interference promotes radiation

towards small θ angles, less reflection occurs in the interfaces which separate the active layer

from the observation region. This yields an oscillatory behaviour of the outcoupling efficiency

as the source is being drawn away from the cathode. It would be, thus, beneficial to locate the

source in one of the peaks of these oscillations.

Fig. 1.7 presents simulated and measured outcoupling efficiencies as a function of metal-source

separation from a work by Lin et al. [58]. In Fig. 1.7(a), the relative fractions of exciton power

coupled to the various optical processes are presented, showing trends very similar to those

presented by Nowy et al. [24] (See Fig. 1.5), including the oscillatory nature of the outcoupled

radiation (solid line) and the complementary oscillations of the substrate modes (dashed line)
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Figure 1.7: Variation of outcoupling ef-
ficiency as a function of the thickness
of the layer separating the active layer
from the metal [58]. Device structure is
glass/ITO(120nm)/Bphen:Cs(5wt%, 20nm)/Bphen
(20nm)/Alq3 :C545T (1wt%, 20nm)/α-
NPD (40nm)/m-MTDATA:F4-TCNQ
(1.5wt%, xnm)/Ag(100nm)a. (a) Relative
fraction of exciton power coupled to the various
optical processes: outcoupled radiation (solid),
substrate modes (dashed), WG modes (dotted),
and coupling to the metal plasma (dash-dotted).
(b) Calcualted outcoupling efficiency as a
function of metal-source separation (solid line).
Black squares denote measured results.

aThe device under test is of the inverted type in the
sense that the anode is metallic and the cathode serves as
the transparent electrode; however, the results are valid
to the standard device as well. Details regarding the
material composition can be found in [58].

discussed Subsection 1.2.3. Interestingly, Fig. 1.7(b), showing simulated (solid line) and measured

(black squares) outcoupling efficiencies, reveals that the second peak of the outcoupling efficiency

curve (antinode in terms of the IS interference process) is greater than the first one. This is

due to the fact that the lossy coupling to the metal plasma, either via near-field ET or to SPPs,

is reduced exponentially with increasing metal-source separation (Fig. 1.7(a)), improving the

overall efficiency in peaks which are farther away from the metallic electrode. Therefore, from

an optical point of view, it would be best to design the OLED such that the emission zone is

located around this second peak. However, this requires quite thick (≥ 200nm) organic layers

that allow efficient charge transport. Indeed, to enable reasonable electrical operation for such a

device, Lin et al. [58] have used doping agents to fabricate hole and electron injection layer (HIL

and EIL, respectively) and hole and electron transport layers (HTL and ETL, respectively), that

would promote injection and transport along these thick layers.

1.3.2 High refractive index substrate

Similar technique of using doped transport layers to allow optimized second-antionde EZ location

was used by Mladenvoski et al. [25] and Reineke et al. [10] as one of the steps executed towards

demonstration of highly efficient devices. However, they have fabricated their devices on a

substrate with a relatively high refractive index (higher than that of a regular glass substrate),

which is rather similar to the refractive index of the organic stack and ITO anode. This reduces

the losses due to WG modes, as the refractive index profile that is formed in the device does not

promote waveguiding in the organic stack and anode layers, and the WG modes are transformed

into substrate modes. As demonstrated by the comparison of simulated results by Mladenovski

et al. [25] presented in Fig. 1.8, the increase of substrate refractive index on its own would not

yield significant improvement of the outcoupling efficiency, as the main effect would be a change

in the balance between WG modes and substrate modes, both trap power inside the device.



38 CHAPTER 1. INTRODUCTION

Figure 1.8: Effect of refractive index of the sub-
strate on coupling of exciton power to the various
optical processes [25]. A comparison between
simulation results for two BE-OLEDs with iden-
tical structure, substrate/ITO/HTL/EBL/hole
transporting emission layer/electron transport-
ing emission layer/HBL/ETL/cathode, differing
only in the substrate refractive index: losses
to the metal (gray), losses due to WG modes
(green), power trapped in the substrate (blue),
and outcoupled radiation to air (red).

Indeed, it is reported in [25] that the simulated outcoupling efficiencies of the low-index and

high-index substrate OLEDs were 24% and 20%, respectively (Fig. 1.8). Similarly, the measured

EQEs presented in [10] for low-index and high-index substrate devices were 13.1% and 14.4%,

respectively. To improve the outcoupling efficiency, another element which reduces the TIR at

the substrate/air interface is required.

1.3.3 Index matched half-sphere

Indeed, in order to demonstrate enhancement of outcoupling efficiency, both research groups have

measured the OLEDs with a large-sized index-matched half-sphere attached to the substrate. As

demonstrated schematically in the ray-tracing prepared by Reineke et al. [10] and presented in

Fig. 1.9, the index-matching between the substrate and the half-sphere allows the rays arriving

the substrate (that in the standard device would be partially or totally reflected to form trapped

substrate modes) to cross to the half-sphere without any refraction or reflection. Due to the

large size of the half-sphere with respect to the active area of the device, the rays approach the

half-sphere/air interface with very small angles of incidence, reducing almost completely the

reflections from that interface. The overall effect is that upon attachment of index-matched half-

sphere, almost all substrate modes can be outcoupled to air. Combining this with a high-index

substrate, which suppresses the evolution of WG modes in the organic stack and anode, the WG

modes and substrate modes of the original device are transformed into outcoupled radiation in

the modified OLED, yielding an almost 3-fold increase in EQEs (from 13.1% to 34% in [10], and

from 15% to 42% in [25]).

1.3.4 Patterned substrate and embedded scatterers

An alterntive technique to extract substrate modes out of the device, also applied in [10], is to

pattern the surface of the substrate in a periodic or random manner (See Fig. 1.9). This concept

appears in the literature in many forms (usually independently from the high-index substrate

technique), dating back to inorganic LEDs [99], and including microlens arrays fabricated

on the substrate/air interface [10, 78, 82, 100–103] or scattering entities introduced into the

substrate [104–107]. In general, these structures introduce randomness to the angles of incidence

of rays originating in the active layer and impinging upon the substrate/air interface (Fig. 1.10).

With surface texturing or microlens array this is achieved by modifying the curvature of the
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Figure 1.9: Schematic description of the outcoupling enhancement concept of high-index substrate
and an index-matched half-sphere or patterned surface [10]. (left) Schematic ray-tracing for
low-index (red) and high-index (green) substrate. The high-index substrate is matched with the
organic stack and anode, thus rays that were trapped in the organic stack and anode (lost to
WG modes) in the low-index substrate OLED can escape to the substrate (increase the coupling
to substrate modes). (right) Schematic ray-trcing of OLED with an index-matched half-sphere
or patterned surface attached to the low-index (red) or high-index (green) substrates. The
half-sphere reduces dramatically the angle of incidence of the rays at the substrate/air interface,
thus the power residing in substrate modes in the original device is almost fully outcoupled to
the observation region. The patterned surface substrate induces a similar effect, however now
the substrate mode escape probability increases due to the randomness of the angle of incidence
at the corrugated surface.

interface, such that direct rays that would have met the planar boundary at large angles of

incidence, now have a probability to a reduced reflection at the curved surface. When embedding

scatterers into the substrte, the rays are scattered in random directions, thus, again, increasing

the probability to reduced angle of incidence at the planar boundary, hence reduced reflection.

These substrate mode extraction methods are far more suitable for large area production than

the methods using half-sphere24, however they are less efficient [29]. For example, Liu et al. [107]

have measured an enhancement of ∼ 60% in EQE via the introduction of porous scattering

entities, and Bocksrocker et al. [82,83] and Moller et al. [78] have presented a similar enhancement

values for a microlens array. For comparison, in [10], the EQE with microlens array was 26%,

whereas using the half-sphere instead yielded EQE of 34%.

24We recall that the pixel active area must be much smaller than the half-sphere cross-section to allow reduced
reflection at the half-sphere interface.
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Figure 1.10: Illustration of substrate mode extraction techniques based on surface modification
or scattering entities [29]. Schematic ray tracing illustrates the effect on rays that would be
outcoupled in the standard non-modified device (black) and rays that would be trapped in
the standard device (red). (a) Microlens array fabricated on the substrate/air interface. (b)
Scattering entities introduced into the substrate.

Introduction of scattering structures is also beneficial when applied to the anode or organic

stack. In that case the aim is again to outcouple the WG modes into the substrate. By introducing

low refractive index grid (n ≈ 1.05) into the organic stack, Sun and Forrest [103] have shown

that WG modes can transform into substrate modes due to scattering in the organic stack and

anode. Based on the ray picture of the waveguiding phenomena (See Subsection 1.2.1), rays

which belong to the WG mode form a large angle of incidence at the anode/substrate interface

(above the critical angle). Sun and Forrest attributed the increase in outcoupling to the substrate

to the refraction occurs in the interface between the organic host and the low-index grid, which

may produce an effective turn of the ray such that its trajectory now forms a small angle of

incidence and thus can be outcoupled to the substrate, or even to air (Fig. 1.11). The periodicity,

width and refractive index of the grid have been optimized such as to yield a 3-fold efficiency

enhancement when combined with microlens array to outcouple substrate modes [103,108,109].

These detailed investigations indicate that in order to avoid modification of the outcoupled

spectrum, the periodicity of the grid should be at least 2µm.

1.3.5 Grating assisted coupling

In many papers, however, authors have deliberately introduced corrugation with submicron

effective periodicities into the organic stack or anode. This could be performed by either structured

deposition of periodic gratings [82,110], or by spontaneous formation of corrugations with only

effective periodicity and local disorder [74, 111]. In both cases, the outcoupling enhancement

concept is to couple the wavenumber gap between the WG modes and the substrate or outcoupled

modes via the corrugation periodicity, a concept which is widely used in electro-optical engineering

and known as mode coupling via Bragg grating [112]. This concept is described schematically in

the dispersion diagram of Fig. 1.12, presented by Hauss et al. [110]. The conceptual diagram

shows the radiation angular frequency ω as a function of the transverse wavenumber kt for the

modes propagating in the active layer (red), with the air light line and glass line plotted as well

(blue). As dicussed in the opening of Section 1.2, the WG modes are discrete and lie below both

light lines, with a transverse wavenumber βt larger than ω/c at the relevant emission frequency.

The transverse wavenumbers that can sustain outcoupled radiation must be above the air light

line, such that they are small enough to enable propagating waves in air. According to the
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Figure 1.11: Structure and concept of outcoupling efficiency enhancement of a low refractive
index grid embedded in an OLED [103]. (left) Cross-section of the modified device, presenting
a schematic ray-tracing. Ray A and B form large angles of incidence at the anode/substrate
interface thus should suffer from TIR (WG modes); however, scattering from the low index
wire produces an effective turn of the rays such that its trajectory now forms a small angle of
incidence and thus can be outcoupled to the substrate, or even to air. Ray C, which originally
has a small angle of incidence, is unaffected by the structure and outcouples to the substrate.
(right) Device structure and fabrication method: low-index grid is patterned on the ITO anode,
and the organic layers and metallic cathode are deposited subsequently.

grating coupler theory, a grating with a period Λ enable transition of energy between two modes

with transverse wavenumbers kt,1 and kt,2 if

kt,1 = kt,2 ±mG, (1.11)

where G = 2π/Λ is the grating constant and m is an integer, related to the order of diffraction

or scattering which implements the coupling. In order to couple the WG mode βt to outcoupled

radiation kt,0 < ω/c via a low-order diffraction term25, the grating constant is such that the

periodicity Λ is submicron for OLEDs (for example, in [110] Λ = 375nm and in [111] Λ ≈ 410nm).

The angles to which the outcoupled power is radiated depend on the value of kt,0 via26

sin θ =
kt,0
ω/c

. (1.12)

The structures fabricated by Hauss et al. [110] are schematically depicted in Fig. 1.13,

including a reference OLED (left) and two modified devices which include one-dimensional

(1D) gratings in the active layer (middle and right). The gratings are made of gold, and were

fabricated using laser interference lithography, where the interference pattern is used to define

25Usually the coupling gets weaker as the diffraction order gets larger.
26See also Section 1.2
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t t

Figure 1.12: Conceptual dispersion diagram demonstrating the outcoupling of WG modes via an
embedded grating [110]. The diagram shows the radiation angular frequency ω as a function of
the transverse wavenumber kt for the modes propagating in the active layer (red), with the air
light line and glass line plotted as well (blue). The WG modes are discrete and lie below both
light lines, with a transverse wavenumber βt larger than ω/c at the relevant emission frequency.
The transverse wavenumbers that can sustain outcoupled radiation must be above the air light
line, such that they are small enough to enable propagating waves in air. The grating constant G
can be used to couple the two modes, transforming WG modes into outcoupled radiation (arrow
1) or outcoupled radiation into WG modes (arrow 2).

nanometric scale features. In their work they have shown that the fine details of the grating

structure (e.g., its height) affect the coupling effect dramatically. As the overlap between the

unperturbed WG mode and the grating determines the coupling strength and direction (either

outcouple WG modes or incoupled radiative modes - arrows 1 and 2, respectively, in Fig. 1.12).

Indeed, in their investigation they have shown that in device 1 the WG modes outcoupling is

enhanced, whereas in device 2, increaseds incoupling into WG modes (decreased outcoupling

efficiency with respect to the reference device) is observed. Using such periodic gratings, matched

to mode coupling, leaves a distinct spectral and angular signature, as can be identified in the

spectrally resolved emission patterns measured therein (Fig. 1.13), which is what Sun, Slootsky

and Forrest [103,108,109] have tried to avoid using their 2µm periodic low-index grid.

Another option to avoid significant changes in spectral and angular responses due to the

introduction of outcoupling mechanisms is to use a quasi-periodic perturbation. Koo et al. [111]

have implemented such a structure using buckles, spontaneously formed upon Aluminium

deposition over PDMS after cooling, later used as a mould for imprinting the nanometric pattern

into UV curable resin which formed the basis for the corrugated device (Fig. 1.14(a)). As

demonstrated by the spatial analysis conducted by Koo et al. [111] and presented in Fig. 1.14(b)-

(e), the buckling pattern contains effectively many periodicities, thus, referring to Eq. (1.11) and

Eq. (1.12), the WG modes can outcouple to useful radiation in a range of angles and frequencies.

This is verified by the measured spectral and angular responses, presented in Fig. 1.14(f)-(h),

which show a continuous enhancement over both wavelength and angle domains. Similar results

were obtained by Park and Jeon [74], where the spontaneous buckling occurred directly on the

completed OLED (no imprinting was used), fabricated on a flexible substrate. Buckle periodicity

distribution were also around 450nm, and no significant change in emission pattern or spectrum

with respect to the reference OLED was observed, despite the 3-fold enhancement in outcoupling
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Figure 1.13: OLEDs with embedded metal gratings for outcoupling of WG modes [110]. (top)
Schematic description of the devices. The reference OLED is composed of a glass substrate,
ITO anode, PEDOT injection layer, SuperYellow organic fluorescent active layer (120nm), and a
cathode composed of a thin Calcium layer below a thick Aluminium layer. Two OLEDs with
embedded gold gratings have been fabricated and characterized (device 1 and device 2), differing
in the height of the gold grating columns, and the active layer thickness. (bottom) Measured
spectrally resolved emission patterns of the reference and modified devices. Compared to the
relatively smooth response of the reference device, device 1 and 2 which implement the grating
couplers exhibit abrupt changes at specific angles for most wavelengths, where the mode matching
is maximal.

efficiency.

A related modification to the substrate was introduced by Bocksrocker et al. [83] in the form

of spheres with ∼ 1.5µm radius which were spin coated on the glass substrate before standard

BE-OLED fabrication. The result is that locally, the OLED is no longer planar, and it can be

referred to as a series of consecutive curved OLEDs (radius of curvature of ∼ 0.8µm), in which

the substrate is also spherical Fig. 1.15. This modified device shows a ∼ 3.7-fold improvement

in EQE, for which the authors did not provide any rigorous explanations. Their hypothesis

was that the bending in the organic stack and anode gave rise to radiation of the WG modes

(possibly acting as an extremely bent waveguide), and that the curved cathode formed a curved

mirror, which redirected the rays emitted from the source in a manner which may increase the

outcoupling of substrate modes27. We believe that our rigorous analysis of curvature effects on

FOLED emission, that will be discussed in detail in Chapter 5, provides a good starting point

for an analysis of such a structure28 [89].

27Similar effects have also been reported to occur in OPVs, where repetitive bending has increased the coupling
of sun light into the active layer [77].

28However the radius of curvature considered by us in [89] is much larger than ∼ 1.5µm and the structure
we consider is convex with respect to the direction of emission, the general formulation aspects as presented in
Subsubsection 5.1.2.1 and Subsubsection 5.1.2.2 should be similar for analyzing the device by Bocksrocker et
al. [83].
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Figure 1.14: OLED with spontaneously formed buckles for outcoupling of WG modes [111]. (a)
Schematic description of the device. (b)-(e) Atomic force microscope (AFM) images of Aluminium
buckles formed on PDMS substrate after cooling, with the deposition processes taking place
once, twice or three times, respectively. (e) Spatial Fourier analysis of the dominant periodicities
(wavelengths) exhibited by the patterns presented in subfigures (b) [black], (c) [red], and (d)
[blue]. (f) EL spectra of double (red) and triple (blue) buckling OLEDs. The reference OLED
spectrum is presented in black. (g) Outcoupling enhancement ratio as a function of wavelength
for double (red) and triple (blue) buckling. (h) Emission patterns of double (red) and triple
(blue) buckling OLEDs. The reference OLED emission pattern is presented in black.
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Figure 1.15: Micro-spherically textured OLEDs [83]. (left) Scanning electron microscope (SEM)
image of a cross-section of the fabricated device, where the OLED is actually bent. (b) SEM
image of the monolayer of micro-spheres which were spin-coated on the substrate to enable the
fabrication of the textured device.

Similarly to their effect on WG modes, gratings which are designed to match the SPP

wavenumber to the outcoupled radiation wavenumbers can enhance outcoupling of SPP modes.

This effect has been demonstrated in the early 2000s by Worthing and Barnes [113] and by Feng

et al. [114], where they used 2D gratings to improve the outcoupling enhancement. In order

to design an efficient 1D grating coupler one has to use Eq. (1.11) again, where now the WG

mode wavenumber should be replaced by the SPP wavenumber29. Frischeisen et al. have shown

recently [115] that an outcoupling enhancement of SPP modes via a 1D grating with Λ = 833nm

which match well the difference the wavenumber difference for SPPs formed on the interface

between Alq3 and the Silver cathode. The measured spectrally resolved emission patterns reveals

that outcoupled radiation is enhanced in directions corresponding to scattering orders between

|m| = 1 and |m| = 5 (Eq. (1.12)). They emphasize there the fact that only p-polarized (TM)

radiation couples to SPPs, thus the SPP outcoupling affects only this polarization of the emitted

power (Fig. 1.16(a)). Nonetheless, when the s-polarized (TE) radiation patterns are measured

versus emission wavelength, the same gratings prove to be efficient also in outcoupling of WG

modes (Fig. 1.16(b)).

1.3.6 SPP mode outcoupling

We have found two more original techniques to reduce efficiency losses due to coupling to the

metal plasma in papers that were recently published and are worth mentioning as well, both

from the group of Prof. Kim from Seoul National University in South Korea. The first is to

avoid using highly conductive metals in the device architecture (e.g., using conductive oxides for

both anode and cathode) [116], decreasing drastically losses to SPPs. The electrical properties of

such devices, though, should be carefully tailored as not to deteriorate the overall EQE. The

second, is to use horizontally oriented emitters [96], following a previous work by Frischeisen et

al. [117]. As only TM-polarized fields can couple to SPP modes [57], dipoles which are oriented

vertically to the OLED planes, which emit only TM-polarized fields, couple more efficiently to

SPPs [56,117]. Thus, using active materials in which horizontal orientation is more favourable,

reduces the overall relative coupling to SPPs, and may lead to EQEs of more than 45% without

29For 2D gratings the mode matching conditions have two scattering order parameters, and their exact form
depend on the 2D lattice structure (See, e.g., [114] for further details).
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Figure 1.16: Measured spectrally resolved PL emission patterns of organic stack with metal
corrugation matched for outcoupling of SPP and WG modes [115]. (a) TM-polarized measurement
demonstrating SPP mode outcoupling. The dotted curves correspond to the calculated SPP
modes dispersion curves after coupling with the mth scattering order of the Λ = 833nm grating
formed by the Silver corrugation over an Alq3 fluorescent layer. (b) TE-polarized measurement
demonstrating WG mode outcoupling. The dotted curves correspond to the calculated WG
modes dispersion curves after coupling with the mth scattering order of the Λ = 833nm grating
formed by the Silver corrugation over an Alq3 fluorescent layer.

any additional enhancement mechanism, if the orientation distribution and intrinsic quantum

yield can be tuned at will. Kim et al. [96] have demonstrated a working device with 30% EQE,

consistent with calculations considering the favourable horizontal orientation30.

The overview given above covers the major outcoupling enhancement techniques which are

presented in the current literature. As introduced in Subsection 1.2.3 and highlighted by

Subsetions 1.3.1 and 1.3.6, the radiating exciton ensemble properties, namely, the spatial

distribution and orientation preference of the emitters in the active layer affect dramatically

OLED outcoupling efficiencies. As these quantities are hard to simulate or measure directly,

researchers in recent years have developed various methods to evaluate these electrical properties

from optical measurements. In the following section we present a literature survey of the available

methods and discuss their characteristics.

1.4 Accessing exciton ensemble properties by optical measure-

ments

The tight relation between the spectral, spatial and orientation distributions of the emitter and

the spectral, angular and polarization dependency of the power radiated from OLEDs have given

rise to the idea that optical measurements can provide significant information regarding the

exciton ensemble properties that produced it. Procedures that may enable reconstruction of the

EZ profile and estimation of the orientation preference (sometimes also the intrinsic quantum

yield) are very valuable in the view of their importance for device design (See Section 1.3), as

well as the information they provide on the electrical processes underlying the OLED operation

30It should be noted that also the coupling to WG modes is more pronounced for HEDs, thus the outcopling
enhancement is due to the combined effect of reduced WG and SPP mode outcoupling
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(e.g., charge transport, charge recombination, exciton diffusion, etc.), which are still subject to

intensive studies [118,119].

Excluding the methods developed by us [88] and would be covered in Chapter 4, all the

evaluation methods that are presented in the current literature are purely numerical. They rely

on the fact that variation in the single exciton properties is related to variation in the outcoupled

radiation via

Sr
(
θ; z′, α, ω

)
= MS⊥r

(
θ; z′, ω

)
cos2 α+

[
ES‖r

(
θ; z′, ω

)
+ MS‖r

(
θ; z′, ω

)]
sin2 α, (1.13)

where Sr(θ;α, z
′, ω) is the radiation to air31 towards the angle θ due to a single dipole tilted by

an angle α with respect to the z-axis, located at z = z′, and oscillating at an angular frequency ω.

The TM- and TE- polarization components are denoted by M and E left superscripts, respectively,

and the HED and VED contributions are denoted by ‖ and ⊥ right superscripts, respectively [97].

Consequently, the polarization resolved radiation pattern as a function of frequency due to an

ensemble of excitons having a spectral distribution p (ω), a spatial distribution f (z′), and an

orientation distribution h (α) is thus given by32 [65]
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for TE- and TM- polarized radiation, respectively, where the active layer occupies the range

z ∈ [d−1, d1] and we use the notation ηout (z′, α, ω) to emphasize the dependency of the outcoupling

efficiency in the dipole location, its orientation and oscillation frequency (See also Subsection 1.2.3).

As the terms in Eq. (1.13) can be calculated theoretically for every z′, α, and ω, measuring the

spectrally resolved emission patterns for both polarizations provides a multidimensional data set

which can be numerically fit to evaluate f (z′) and estimate h (α)33. Of course, it is possible to

utilize only a part of this comprehensive data set, e.g. to measure non-polarized emission or to

integrate over the angular or spectral domains; as shall be demonstrated by the following survey,

this usually requires a priori knowledge or assumptions regarding the nature of the distributions.

It should be noted that if the intrinsic quantum yield is significantly smaller than unity, the

factor ηEM (qint, z
′, α, ω) should be introduced to Eq. (1.14) and Eq. (1.15) (See Eq. (1.10), and

also the more general formula in Subsubsection 4.2.2.4).

31The radiation to air towards the angle θ is the projection of the Poynting vector on the radial coordinate r̂.
32We assume here that all distribution functions are normalized such that their integral on the relevant domain

equals to 1.
33There is also an interest to evaluate the spectral properties of the exciton ensemble. However, these properties

can be roughly estimated by PL measurements, thus we distinguish between them and the spatial or orientation
properties, for which no direct estimations exist.
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1.4.1 Spectral and angular measurements

One of the first references34 we found in the literature to such a method was in a paper by

Wan, Greenham and Friend [122]. After investigating anisotropy properties of polymeric OLEDs

by means of PL measurements, the authors desired to confirm the deduced anisotropy via EL

experiments. In order to be able to compare results simulated using an optical model to the

measured EL data, an estimation of the exciton spatial distribution was required. To that end,

the authors have calculated forward emitted spectra of three different forms of distribution

functions: one peaking at the anode and decaying exponentially towards the cathode, the other

peaking at the cathode and decaying exponentially towards the anode, and the third was a

Gaussian centered around the middle of the active layer (Fig. 1.17). Subsequently, the calculated

spectra were compared to the measured spectrum of the forward radiated power.

Figure 1.17: Estimated emission zone profile by testing three different profiles (A)-(C) and
comparing the expected spectra with the measured ones (a)-(c) [122]. (left) The three distribution
functions that were considered: an exponential peaking at the cathode side and decaying towards
the anode (A), an exponential peaking at the anode side and decaying towards the cathode (B),
and a Gaussian centered around the middle of the active layer (C). The spatial axis presents the
distance from the anode. (right) Comparison between measured (open triangles) and simulated
(solid lines) spectra (a)-(c), for the distributions under consideration (A)-(C). The comparison
indicates that the profile decaying from the cathode towards the anode agrees best with the
measured results.

The comparison between the measured (open triangles) and simulated (solid line) results

34The subject was also of interest in the 1990s however the methods presented then were less developed,
providing only very vague information regarding the exciton distributions [120], or requiring preparation of a
special device [121].
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indicates that the profile decaying from the cathode towards the anode (A) agrees best with the

measurements. It is not clear from the paper how the widths of the exponentials and Gaussian

were selected, however the results fit the expected exciton distribution of the common single-layer

polymeric OLEDs of the time, where the hole mobility was much higher than the electron mobility

and the recombination took place rather close to the cathode.

A similar approach was taken a year later by Granlund et al. [59] in a work dedicated to the

determination of the emission zone from optical measurements. The device under consideration

was again a single-layer OLED with a 115nm polymeric active layer, however the measured

data was extended to include TE- and TM-polarized spectrally resolved emission patterns.

The authors have also assumed that the spatial distribution function possesses a certain form,

now having two free parameters, defining the center of the distribution and its width; these

were then fitted numerically to the measured multi-dimensional results. The assumed general

spatial distribution was composed of two exponentials decaying symmetrically from a common

peak; the decay coefficient was related to the distribution width and the common point to

the distribution center (Fig. 1.18). The authors used least-mean-squares fitting procedure,

comparing simulated emission patterns (normalized to the forward emission), obtained for spatial

distributions with varying center and width at each wavelength and polarization, to the measured

data set, and selecting the pair (center, width) that minimized the error summed over all angles,

frequencies and polarizations. As a second step they have added a third parameter, to enable an

asymmetric exponential decay from the common peak, practically defining different distribution

widths for the anode and cathode side. The resultant EZ profiles are presented in Fig. 1.18 for

the two distribution function classes: symmetrical (circles) and asymmetrical (solid line); the

cathode/organic interface is at z = 0 and the active layer stretches up to the organic/anode

interface at z = 115nm.

Figure 1.18: Estimated emission zone profile for a single-layer OLED using assumed exponential
spatial distribution function [59]. The cathode/organic interface is located at z = 0 and the
organic/anode interface is located at z = 115nm. The profile with circles show the least-mean-
square fit using two parameters (center, width) and an assumed symmetrical distribution of two
exponentials decaying from a common peak (z = 30nm at the presented profile). The solid line
profile presents the least-mean-square fit using three parameters (center, cathode-side width,
anode-side width) and an assumed asymmetrical distribution.

Before interpreting their results, we should emphasize that the authors have assumed ran-



50 CHAPTER 1. INTRODUCTION

dom emitter orientation and did not decouple between the outcoupling efficiency and the

spatial distribution. The latter statement means that the evaluated spatial function is actu-

ally ηext (z′, α, ω) f (z′), where the orientation and spectral dependency of the outcoupling were

suppressed35, which means that the recovered spatial distribution indicates the distribution of

efficiently radiating excitons (i.e. the radiating excitons weighted by their external quantum

efficiency). Indeed, the fitted spatial distribution function in Fig. 1.18 reflects a device with

low-mobility electrons. Thus, excitons were expected to form preferentially near the metallic

cathode, which corresponds to a distribution with a peak at small z′ values (similarly to [122]);

the tendency of the evaluated profiles towards the cathode is indeed clearly observed in Fig. 1.18,

both for the symmetrical and asymmetrical distributions. However, due to the strong coupling

to SPPs of excitons located near the cathode, a sharp decrease in the emission zone profile

(taking into account outcoupling efficiency as well) was expected and indeed observed, more

pronounced when an asymmetrical distribution is allowed. It is also worth noting that however

the authors have considered two different profiles for the fitting procedure (symmetrical and

asymmetrical), no qualitative difference was observed in the estimated emission zones. This

supports our approach to the inverse problem, presented in Chapter 4, aiming at evaluation of the

main features of the EZ profile, which enables great simplification of the estimation procedures.

Gather et al. [60] have decided to avoid angular measurements and to utilize only the spectrum

of the power emitted in the forward direction for the fitting procedure (similarly to [122]). As

only ordinary optical constants (parallel to the OLED layer interface planes) affect the radiation

to this direction, following such an approach allowed them to disregard anisotropy effects; it also

saves the complications involved in executing accurate measurements of the angular distribution.

However, in order to relate the changes in emitter location to spectral variations in a single

direction, an accurate evaluation of the (baseline) spectral distribution of the excitons, which

the authors denote internal emission spectrum (IES), is required36. This is achieved by PL

measurements, for which the excited states profile is assumed to follow Beer-Lambert’s law

of excitation absorption. The known profile in conjunction with the optical model at each

wavelength enable an extraction of the exciton spectral distribution p (ω). Subsequently, they

discretize the 90nm emissive layer (EML) to 8 equi-spaced emissive sites, calculate the forward

emission spectrum for each emissive site, and find the linear combination that best describes the

measured spectrum. The coefficients of this linear combination are then used as weights for the

emissive sites at the spatial distribution. Their results have shown good agreement between fitted

profile calculated response and measured data for single-layer OLEDs with dominant electron

transport (EZ peaks at the anode).

Van Mensfoort et al. [64] have published in 2010 a comprehensive numerical fitting procedure

that was developed to provide highly resolved evaluation of the spatial distribution (less than 5nm

according to the authors) along with estimation of the orientation preference and the spectral

distribution. They use a least-squares fitting procedure (error function very similar to [59]) to fit

measured spectrally resolved emission patterns in both polarizations to a (quite complicated)

35The fitting procedure only compared normalized emission pattern at each frequency separately, so the spectral
dependency of the outcoupling efficiency did not affect the evaluation procedure.

36The internal emission spectrum is the spectrum of the excitons in an unbounded medium containing the active
layer substance.
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smooth three-parameter function (position, width, asymmetry) which has a single peak along the

active layer and must vanish at the electrodes. The dipole orientation is the fourth parameter

in the fitting procedure, while the IES is obtained automatically once the best fit is found. To

verify their method they have measured single-layer OLEDs with two different active materials

and various active layer thicknesses. As an indication to the consistency of their results they note

that for the same active material, different thicknesses of active layer did not vary significantly

the dipole orientation preference obtained by the numerical procedure. Moreover, using the

extracted IES they could predict the results of PL measurements, which they managed to do

with good accuracy. A qualitative understanding of the extensive measurements required as

an input to the fitting procedure can be acquired via the plots presented in Fig. 1.19, showing

the spectral and angular range of measurements, along with the evaluated EZ profiles for a

variety of OLEDs. The important issue to stress here is that the numerical procedure required to

solve the inverse problem in an accurate manner is quite elaborate and relies on a vast number

of measurements and a complicated fitting scheme using special functions, e.g. the Gamma

functions; at the same time, the agreement between the measurements and the data reconstructed

based on the evaluated emission zones is limited, and the intuition gained by the procedure itself

is negligible (as opposed to the estimation results themselves, which are useful both for optical

design and verification and for analysis of the electrical properties). On the other hand, almost

no simplifying assumptions are required, and a very accurate optical model (e.g., considering

anisotropy, intrinsic quantum yield, etc.) can be used.

Equally extensive analyses of the numerical aspects of similar procedures (i.e., which use

spectrally resolved emission patterns in both polarization) were presented by Perucco et al. [62]

and Carvelli et al. [67]. In both papers, a theoretical examination of the accuracy and sensitivity

of the numerical solution of the inverse problem is conducted, using several case studies. Carvelli

et al. [67] have investigated the results of alternative numerical methods, including the one

presented in [64], for four typical exciton distributions: delta-function shaped profile, usually

arises in heterojunction OLEDs with an interface which traps electrons and holes near by; broad

emission profile, typical to single-layer OLEDs; two delta-functions, typical to OLEDs with two

active layers (e.g., to produce a wide spectrum as for white light applications); and a uniform

emission zone, expected to be produced in OLEDs where the active layer is sandwiched between

two blocking layers. They have compared the performance of two methods: the fit profile (FP)

method and the Tikhonov method. The former assumes a general distribution function with

several free parameters which are then fitted using the measured data (as in [59, 64])37; the

latter consists of using a discrete grid for the active layer and assigning weights to each point

using least-square minimization procedure (as in [60]), with an additional regularization term,

which promotes compactness of the EZ profile itself (i.e. the method seeks for the most compact

distribution which minimizes the fit error)38. Both methods were tested using an ensemble of

100 measurement sets to which 2% random noise was added. The results have shown that while

the FP method produces smooth and reliable results in most cases (with nanometre accuracy),

it fails to distinguish between the two delta-function profile, when the delta distributions are

37The general function itself can change according to the anticipated exciton recombination profile.
38The extent of regularization versus the allowed fitting error can be controlled via a regularization parameter

(See [67] for more details)
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Figure 1.19: Required measurements and typical results of accurate numerical emission zone
evaluation from optical measurements [64]. (left) Measured versus modelled spectrally resolved
emission patterns in both TE and TM polarizations, for a single-layer OLED with PF-TAA as
active material. (right) Emission zone profiles versus the distance from the anode, as evaluated
using the comprehensive numerical method presented in [64] which uses three-parameter spatial
distribution function for the fitting procedure. Results are presented for OLEDs with three
different active layer thicknesses: 100nm (a), 130nm (b), and 160nm (c). Each OLED was
measured in three operating voltages, as indicated on the plots. From the extracted EZ profiles
it can be deduced that the electron transport is better than the hole transport in these devices,
causing exciton formation near the anode. This effect becomes more pronounced as the operating
voltage increases.

close to one another. On the other hand, the Tikhonov method can follow quite nicely the

delta-function distributions (both single and double) however it yields noisy results when an

OLED with a broad EZ profile is considered. Another drawback of this method is the spurious

emissive sites it often produces near the cathode, due to the very low outcoupling efficiency there

(high coupling rate to the metal plasma, See also Subsection 1.2.3). A representative comparison

between the results of the two methods is presented in Fig. 1.20. From this work as well it can

be deduced that using ”brute-force” numerical methods do not yield much improvement over

using ”approximate” approaches, which use physical knowledge to apply simplifying assumptions

(here, in the form of a constrained distribution function for the FP procedure). This conclusion

is emphasized by the results of Perucco et al. [62], which present very good performance of the

FP method.

An approach that does emphasize physical intuition was presented by Flämmich et al. in two

consecutive papers [63, 65] in which they have analyzed the variation of the angular response of

OLEDs as a function of emitter position and orientation. Based on their qualitative analysis they
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Figure 1.20: Comparison between the performance of the fit profile (a) and Tikhonov (b)
numerical methods for estimating the emission zone profile of a single-layer OLED [67]. The
reconstructed EZ profile is plotted versus the distance from the anode for 100 measurement sets
with additional 5% random noise. While the FP method produces smooth reconstructed profile
with small sensitivity to the noise, the Tikhonov method results are quite noisy, and include
spurious emissive sites near the cathode (around 160nm). The EZ profile used to simulate the
measurement set appears as the white curve over the results of the Tikhonov method (b).

offer a numerical scheme for evaluating these two parameters: first, the TE-polarized emission

pattern is utilized to evaluate the EZ profile and the IES. The rational behind this step is that TE-

polarized measurements, originating only from HEDs, are less sensitive to the dipole orientation

preference. In the second step, the emitter orientation preference is extracted from TM-polarized

measurements. Both HEDs and VEDs contribute to this emission, thus the effective tilt angle of

the dipoles would be reflected in the TM-polarized emission patterns. In [63] they assume that

the EZ profile is an exponential decaying from the HTL/EML interface towards the cathode and

fit the EZ width using the TE-polarized emission patterns (Fig. 1.21(top left) and (a)-(b)). Due

to the complementary interference phenomena that we have already discussed towards the end of

Subsection 1.2.3, the emission patterns produced by HEDs and VEDs should differ significantly,

thus allow the desirable evaluation of their individual contributions (Fig. 1.21(top right) and

(c)-(f)).

In [65], however, they stress that two problems arise when this procedure is applied on

optimized OLEDs, both arise from the recognition that the image-source interference is the

dominant effect that relates the emission pattern to the emitter distributions. First, as VEDs are

far less efficient optically than HEDs (Subsection 1.2.3), optimized OLEDs are designed such that

the excitons would form in a position which induces constructive IS interference for the HEDs

(in the sense of forward emission). Due to the complementary interference property, this implies

that VED contribution to the emission pattern would be very small, thus reducing greatly the

sensitivity of the orientation preference estimation procedure. Second, as forward radiation is

favourable from an outcoupling point of view (couples less to WG, substrate and SPP modes),

optimized OLEDs are usually designed such that excitons would form in a position which induces

constructive IS interference to the forward direction. This results typically in a quasi-Lambertian

emission pattern, lacking pronounced features, which, again, reduces the sensitivity of the EZ

profile evaluation procedure. They offer two options to improve the sensitivity, in the light of

these problems: the first is to measure the emission patterns with an index-matched half-sphere,
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which enables outcoupling of substrate modes thus increasing the transverse wavenumber region

which is accessible by the measurements, yielding extended angular information; the second is

to fabricate OLEDs especially designed for verification of the electrical properties via optical

measurements, e.g. where excitons form in a VED constructive interference position, as done

in [63] (See Fig. 1.21).

Figure 1.21: Numerical emission zone profile estimation from emission pattern measurements [63].
(top left) Structure of OLED under investigation, including a schematic depiction of the assumed
form of the emission zone, peaking at the HTL/EML interface and decaying exponentially
towards the cathode. The numerical fitting procedure determines the value of the EZ width. (top
right) Polarization resolved radiation into air of HEDs (‖) and VEDs (⊥) as a function of source-
cathode separation, exhibiting complementary interference. The HED outcoupling efficiency
is significantly larger than that of the VED, thus VED contribution to the emission pattern
would be visible only for emitter-cathode separations around position (B) 130nm. Note that
the OLED under test was designed such that the emission zone indeed peaks around this value.
(bottom left) Measured (red squares) and simulated (red dashed line) TE-polarized emission
patterns corresponding to the OLED under consideration. The plots demonstrate the effect of
EZ width on the simulated TE-polarized emission pattern, indicating that for the measured
OLED, a width of ∼ 10nm gives the best agreement. (bottom right) Measured (blue squares)
and simulated (blue dashed and solid lines) TM-polarized emission patterns corresponding to
the OLED under consideration. The plots demonstrate the effect of dipole orientation on the
simulated TM-polarized emission pattern. When the orientation distribution contains only HEDs
(e) the simulated and measured TM emission patterns differ significantly (c). However, when the
orientation distribution is varied as to contain increased fraction of VEDs in the ensemble (f), a
perfect fit to the measured TM-polarized emission pattern can be achieved (d).
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It is interesting to note that although the procedures suggested by Flämmich et al. are purely

numerical, their qualitative observations are consistent with our analytical derivation, presented

in [85,97] on which we have based our analytical extraction method [88] (See also Section 4.1). In

our original paper, we rely on maxima and minima appearing in TE-polarized emission pattern,

which are a product of the IS interference process. In the extended version of our method

(Section 4.2), we analytically analyze also the ratio between the forward and side-lobe emission,

which is related to the EZ width (this effect can be observed in Fig. 1.21(a)-(b)). Inspired by the

discussion in [65], we also indicate the steps required to analytically estimate the orientation

preference of the emitters from the TM-polarized measurements. Their work stresses once more

that valuable information regarding the spatial distribution of the excitons can be achieved by

considering simple profile functions. This subject will be discussed in detail in Chapter 4.

1.4.2 External efficiency and lifetime measurements

As opposed to the methods reviewed so far, in which measured emission to different frequencies and

angles is compared with simulated data to evaluate the exciton distributions, several researchers

have developed EZ estimation methods which are based on the measured dependency of the

external efficiency or lifetime in spatial parameters of the OLED. Although such methods require

fabrication of several OLEDs with different layer dimensions, they remove the need for spectrally

and angularly resolved measurements.

Kim et al. [123] have examined emission zones of OLEDs designed to trap holes and electrons

in a well-defined region of the active layer by the band structure profile. They have fabricated two

such multi-layered OLEDs with 30nm thick active layers and different ETL thicknesses (inset of

Fig. 1.22(a)). As the ETLs were highly doped, the variation of ETL thickness was assumed not to

change any of the electrical properties (consistent with the similar current-voltage characteristics

presented in Fig. 1.22(a)), while the optical characteristics of the device were modified due to the

variation of the microcavity thickness; this enabled decoupling of the electrical losses from the

optical effects. Therefore, changes in measured external efficiencies has been directly attributed

to optical effects, which could then be related to the exciton position by a purely optical model,

where it was assumed that the small-molecule phosphorescent emitters are randomly oriented

and that the emission zone is very narrow. Utilizing these assumptions, measurements of EQEs

as a function of the operation conditions allowed evaluation of the ”mean” emission zone as a

function of current density, assuming qint = 1. Variation of this unknown parameter has yielded

variations of up to ∼ 3nm in the EZ position, which was then referred to as indication to the

method accuracy (Fig. 1.22(b)). It is worth emphasizing that although only the effective ”mean”

location of the emission zone was estimated, the results were significant in the sense that they

could indicate a clear transition of the exciton distribution towards the anode as the current

through the device was increased.

Instead of using the efficiency measurements to evaluate the mean EZ position and treat

the intrinsic quantum yield as unknown, Flämmich et al. [61] have used the mean EZ position

(as well as the orientation distribution and IES) extracted elsewhere from polarization resolved

angular and spectral measurements, and used the efficiency dependency to evaluate the intrinsic

quantum yield. As we already discussed in the beginning of Subsection 1.2.3 and presented in
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(a) (b)

Figure 1.22: Evaluation of the ”mean” position of the emission zone from the dependency of
luminance efficiency in ETL thickness [123]. (a) The inset shows the band structure of the device
under test (excluding electrodes), with the active layer with two EMLs appearing in green. Two
OLEDs with different ETL thicknesses, X = 25nm (black squares) and X = 15nm (red circles),
were fabricated and characterized. The voltage versus current density plots of both devices are
identical, indicating similar electrical properties. The luminance efficiency exhibits differences
(note the logarithmic scale) due to the different microcavity thickness. (b) Evaluated ”mean”
EZ position as a function of current density, for three values of intrinsic quantum yield: qint = 1
(green squares), qint = 1 (orange circles), and qint = 1 (red triangles). The evaluated EZ position
indicates a transition of the exciton majority formation from the cathode side of the active
layer (EML1) to the anode side of the active layer (EML2) as the current increases. The error
introduced by the uncertainty in qint is around 2− 3nm.

the black curves of Fig. 1.5 the intrinsic quantum yield affects the dependency of the outcoupling

efficiency in the active layer thickness separation. The authors have fabricated 14 OLEDs with

the same structure as in Fig. 1.21(top left) with varying active layer thicknesses between 10nm

and 264nm and measured their forward direction current efficiency (i.e., taking into account only

the emission to θ = 0). Using the previously evaluated EZ properties (assuming all excitons are

localized at the expectation value of the distribution function) they have simulated the forward

luminous efficiency that would have been measured for OLEDs with different intrinsic quantum

yield values, finding the best fit for the OLED under test is for qint = 0.27 (Fig. 1.23). This result

emphasizes again the importance of the internal quantum yield to the optimization of OLED

design, shifting the maximum efficiency position from the second to the first antinode and vice

versa. The excellent fit obtained is another evidence that using simplified EZ profiles may be

enough to reveal the required information from the optical measurements.

Another parameter which can be extracted by examining the efficiency dependence in the

source-cathode separation is the orientation preference of the exciton ensemble. More precisely,

the significant differences in SPP coupling rates of VEDs and HEDs can be used to estimate

the effective dipole tilt angle from the dependency of PL lifetime in emitter-metal separation.

Schmidt et al. [95] and Penninck et al. [69] have suggested such estimation procedures, both

aiming at estimating the extent of anisotropy of popular phosphorescent metalo-organic complexes

containing Iridium. Using very narrow active layer, the EZ profile can be estimated before hand

(or evaluated more accurately using other methods), and the relative dipole lifetime variation can

be simulated for different source-metal separation. The simulated plots can then be fitted to the
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Figure 1.23: Evaluation of intrinsic quantum
yield from the dependency of luminance efficiency
in active layer thickness [61]. Measured lumi-
nance efficiency (black circles) for OLEDs with
the same structure as in Fig. 1.21(top left) and ac-
tive layer tihcknesses varying between 10nm and
264nm, compared to simulated luminance effi-
ciency with four different values of intrinsic quan-
tum yield: qint → 0 (blue dashed line), qint = 0.27
(black solid line), qint = 0.6 (green dotted line),
and qint = 1 (red dash-dotted line). The best fit
for the measured data is given by qint = 0.27.

Figure 1.24: Evaluation of intrinsic quantum
yield and dipole orientation preference from the
dependency of PL lifetime in ETL thickness (cor-
responding to the separation between the active
layer and the cathode) [95]. Measured PL life-
time (dots) are compared to simulated lifetime
trends based on isotropic emitter distribution
and qint = 0.8 (black dashed line), and mainly
parallel emitter distribution with qint = 0.7 (red
solid line). While both simulated trends seem
similar for large source-cathode separations, a
clear difference is observed when the emitters are
in very close proximity to the metal, enabling
the independent evaluation of the orientation
preference and the intrinsic quantum yield.

measured one fixing three parameters: the intrinsic lifetime, the intrinsic quantum yield, and a

parameter which indicates the effective fraction of HEDs39. As the distance between the metallic

cathode and the active layer is decreased, the coupling to the metal plasma dramatically decreases

the measured PL lifetime. Larger decrease than expected can be attributed to higher intrinsic

quantum yield (a large fraction from the dipole decay channels is affected by EM processes, thus

coupling to the metal plasma reduces the lifetime signficantly), or to a larger fraction of vertical

dipoles (which couple more intensively to the metal plasma). In order to enable distinction

between the two phenomena, the intrinsic quantum yield should not be very close to unity [69].

In that case the behaviour of the lifetime at large emitter-cathode separations would provide a

rough estimation of the intrinsic quantum yield, and the lifetime trend for small emitter-cathode

separations would reveal the fraction of VEDs in the ensemble, as demonstrated by the results of

Schmidt et al. [95] presented in Fig. 1.24.

To summarize the overview presented in this Section in the context of our own work in the field, we

distinguish between two main approaches to the numerical solution of the OLED inverse problem.

The first approach, presented in, e.g., [63,65], [61], and [95] (relating to properties that can be

39In [95] they decided to evaluate the fraction of VEDs instead, denoted there by Θ.
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deduced from angular, efficiency, and lifetime measurements, respectively), highlights the physical

processes underlying the phenomena that connects the electrical and optical characteristics

of OLEDs40. This is in contrast to the more ”automatic” numerical approach, presented, for

instance, in [62, 64], which aims at as-accurate-as-possible evaluation of the exciton ensemble

properties, at the expense of physical clarity and computational simplicity. The analytical

approach that we have introduced and will be presented in Chapter 4 is in the spirit of the former

school, and we see it as the natural implementation of the physical observations made therein,

introducing intuitive and efficient engineering tools which clearly express the dominant optical

phenomena.

40See the ”manual” fitting demonstrations in Fig. 1.21, for example.



Chapter 2

Preliminaries

In this Chapter we present a summary of the main theoretical concepts and methods that we

utilize on in this report to derive expressions for the electromagnetic fields and power relations.

In Section 2.1 we introduce the theory of modal analysis, relying on the work by Felsen and

Marcuvitz [40], which is the key for rigorous analytical investigation of electromagnetic phenomena

in many systems, including the planar and cylindrical stratified configurations applicable for

OLEDs (Chapter 3) and FOLEDs (Chapter 5), respectively. As the derivation in Chapter 5 is

quite elaborate, we restrict ourselves to plane-parallel structures, which are the basis to all of

our work. The steepest descent path methodology for asymptotic evaluation of spectral integrals

which are the typical products of modal analysis are presented, in the context relevant to our

research, in Section 2.2. In this Section we also demonstrate the application of these methods

to the evaluation of far fields in 2D and 3D configurations, essential for achieving closed-form

expressions for OLED emission patterns.

59
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2.1 Modal analysis of plane-parallel stratified media configura-

tions

In this Section we follow the work of Felsen and Marcuvitz (Chapter 2 of [40]) as it applies to

planar multi-layered structures. Our approach relies on the formulation procedure presented in

previous work for such formations [124–126], where we consider specifically 2D electric line source,

2D magnetic line source, 3D vertical electric dipole, and 3D horizontal electric dipole, as possible

time-harmonic excitations of the system. This Section covers in detail the theoretical derivation

of the fields and power relations presented more briefly later in this dissertation in Section 3.1

and Section 3.4. We will also present the recursive formalism to express the characteristic Green’s

function used in Section 3.1, Section 3.4, Section 4.1, and Section 4.2.

The concept of modal analysis is the separation of the EM fields into transverse components

and longitudinal components, where the longitudinal axis z is chosen such that the transverse

cross-section is uniform in the sense that there is no variation of the media electromagnetic

permeability, permittivity and conductivity in the transverse coordinates. This enables separation

of the field dependency in the longitudinal and transverse spatial coordinates, which leads to

formulation of transmission-line-like relations between the transverse components of the fields.

The excitation source properties can then be incorporated into the model by using the modal

(or spectral) representation of the source and fields, which utilizes orthogonal eigenfunctions of

the configuration geometry. This reduces the conjugated multi-dimensional Maxwell differential

equations to a one-dimensional partial differential equation for the 1D (characteristic) Green’s

function, which is readily solved, and also, as discussed in Section 3.4, may indicate similarities

between fields in different configurations. Where possible, a distinction is made between transverse

electric and transverse magnetic modes; these modes are orthogonal, i.e. their cross-terms vanish

in the Poynting vector. Such a distinction is very useful, as it reduces the number of required

power calculations, and, as the TM and TE modes usually have different physical origin, it carries

valuable information regarding the sources of radiation (See, e.g., Section 3.4 and Section 4.2).

Overall, modal analysis forms an efficient framework for systematic analysis of electromagnetic

configurations, where various classes of sources can be considered in a unified manner.

2.1.1 Formulation

We consider a general plane-parallel structure of M + N + 2 layers, with a 2D (line) or 3D

(point) source embedded at a certain plane z = z′, sandwiched between layer (−1) and (+1), as

depicted in Fig. 2.1 (See also Subsection 3.1.1). All sources are assumed to be time-harmonic,

with time dependence ejωt. The permittivity, permeability, and conductivity of the nth layer

are given by εn, µn, and σn, respectively, where in the active layer ε−1 = ε1, µ−1 = µ1, and

σ−1 = σ1. Consequently, the wavenumber and wave impedance of the n-th layer are defined

as kn = ω
√
µnεn [1− jσn/ (ωεn)] and Zn = ωµn/kn = (Yn)−1, where the radiation condition

requires ={kn} ≤ 0 (Yn is the wave admittance). The observation point is denoted by ~r, where

for the 3D model ~r = ρ cosϕx̂ + ρ sinϕŷ + zẑ, with (ρ, ϕ, z) being the cylindrical coordinate

system, and for the 2D model ~r = ρtρ̂t + zẑ, with the transverse coordinate varying due to the

different orientation of the 2D electric (eρt = y) and magnetic (mρt = x) line sources [85]. For
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Figure 2.1: Physical configuration of
general stratified media with 2D elec-
tric (green solid arrow) and mag-
netic (magenta striped arrow) line
sources, carrying currents of eI0 and
mI0, respectively, and 3D electric ver-
tical (red hollow arrow) and horizon-
tal (blue hollow arrow) point dipoles,

with dipole moments eI⊥0 l and eI
‖
0 l,

respectively. See Subsection 2.1.1
and Subsection 3.1.1 for detailed de-
scription.

both 2D and 3D cases, the angle between the z-axis and ~r is θ, and the source vector is ~r ′ = z′ẑ.

The constituent equations of the problem are composed by the Maxwell equations, together with

the continuity conditions, enforcing continuity of the tangential fields along the layer interfaces

z = dn, and the radiation condition, which ensures that the far fields form propagating waves

departing from the sources into infinity, where they decay according to the number of dimensions

in the problem, and eventually vanish.

2.1.2 Transverse field equations

The configuration defined in Subsection 2.1.1 is uniform along the z axis; thus, as shown in

Chapter 2 of [40], the longitudinal components of the electromagnetic fields can be expressed

by the transverse components. This can be seen from Maxwell’s equations for a linear isotropic

piecewise homogeneous medium (µn and εn are constant in the nth layer) with general magnetic

( ~M (~r)) and electric ( ~J (~r)) currents,

~∇× ~E (~r) = −jωµn ~H (~r)− ~M (~r) , (2.1)

~∇× ~H (~r) = jωεn ~E (~r) + ~J (~r) . (2.2)

Applying a vector product ẑ × () and scalar product ẑ · () on both Eq. (2.1) and Eq. (2.2)

transforms them into a set of four equations, which separates the dependency of the scalar and

transverses fields, namely (in the nth layer)

jωεEz = ~∇t ·
(
~Ht × ẑ

)
− Jz, (2.3)

jωµHz = ~∇t ·
(
ẑ × ~Et

)
−Mz, (2.4)

− ∂

∂z
Et = jωµn

(
1 +

~∇t~∇t
k2
n

)
·
(
~Ht × ẑ

)
+

(
~Jt +

~∇t ×Mz

jωµ1

)
× ẑ, and (2.5)

− ∂

∂z
Ht = jωεn

(
1 +

~∇t~∇t
k2
n

)
·
(
ẑ × ~Et

)
+ ẑ ×

(
~Mt −

~∇t × Jz
jωε1

)
, (2.6)

where the transverse gradient operator is ~∇t = ~∇− ẑ ∂
∂z , and the subscript t denote the transverse

components of the fields (e.g., ~Et = ~E − ẑEz).
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2.1.3 TE/TM decomposition of the fields

From Eqs. (2.3)-(2.6) it can be shown that if ~J = ẑJz and ~M = 0, a consistent solution can

be achieved which staisfies ~∇t ·
(
ẑ × ~Et

)
= 0, thus the fields would be transverse magnetic, i.e.

Hz = 0; vice versa, from Eq. (2.4) it follows that if ~M = ẑMz and ~J = 0, the fields would be

transverse electric. This verifies, as discussed later in Section 3.4, that indeed vertical electric

dipoles (or the longitudinal component of an arbitrarily oriented electric dipole current) induce

only TM fields.

Regarding 2D transverse line sources, where Jz = Mz = 0, if, without losing generality,

~J = x̂Jx, ~M = 0, and ∂/∂x = 0 (electric line source in Fig. 2.1), then from Eqs. (2.5)-(2.6) it

follows that ~Ht = ŷHy and ~Et = x̂Ex, which yields Ez = 0 when Eq. (2.3) is considered. From

duality, for magnetic line sources, ~M = ŷMy, ~J = 0, and ∂/∂y = 0, we would receive that Hz = 0.

Therefore we may conclude, in consistency with Section 3.1 and Section 3.4, that transversal

electric and magnetic line sources produce TE and TM fields, respectively.

As for the horizontal electric dipole (or the transverse component of an arbitrarily oriented

electric dipole current), we suggest to consider the relations between the terms in the Helmholtz

decomposition of the transverse current distribution and the electromagnetic fields1. According

to the Helmholtz theorem [127], we may represent the transverse current distribution as ~Jt =
E~J t +

M~J t, where

~∇t ·
E~J t = ~∇ · E~J t = 0

~∇t ×
M~J t =

(
~∇×M~J t

)
· ẑ = 0. (2.7)

Assuming ~M = 0, applying the vector product ~∇× () on Eq. (2.2), and the scalar product

ẑ · () on the resultant equation yields(
~∇× ~∇× ~H

)
z

= jωεn

(
~∇× ~E

)
z

+
(
~∇× ~J

)
z
, (2.8)

which reads, utilizing Eq. (2.1) ( ~M = 0),[
~∇
(
~∇ · ~H

)]
z
−∇2Hz = k2

nHz +
(
~∇× ~J

)
z
. (2.9)

In each layer the permittivity and permeability are constant (Fig. 2.1), thus, utilizing Eq. (2.1)

again, ~∇
(
~∇ · ~H

)
= 0. Considering now a completely irrotational current distribution, i.e.

~Jt =
M~J t, the current term in Eq. (2.9) also vanish, leading to a homogeneous Helmholtz

equation, valid in each one of the layers (including the active layer where the currents are

situated)

(
∇2 + k2

n

)
Hz = 0. (2.10)

Taking into account the continuity and radiation conditions, Eq. (2.10) satisfies the terms of the

1This part was not derived in [40], and forms an original contribution.
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Figure 2.2: Physical interpretation of
the TE/TM decomposition of transver-
sal current distributions, which follows
the Helmholtz decomposition. The il-
lustrations demonstrate how the elec-
tric field lines between the negative and
positive poles of infinitesimal current
elements arranged in a solenoidal for-
mation cancel the overall longitudinal
component of the electric field, and
the magnetic field lines circulating the
axes of infinitesimal current elements
arranged in an irrotational formation
cancel the overall longitudinal compo-
nent of the magnetic field.

uniqueness theorem, provided that finite losses exist in each layers which prevent excitation of

resonant modes. Thus, the solution Hz = 0 throughout the entire space is the only solution under

these conditions, proving that the irrotational component of the transverse current distribution
M~J t produces only TM fields when embedded in plane-parallel stratified configurations.

Similarly, applying the vector product ~∇× () on Eq. (2.1), and the scalar product ẑ · () on

the resultant equation yields (
~∇× ~∇× ~E

)
z

= −jωµn
(
~∇× ~H

)
z
. (2.11)

Utilizing Eq. (2.2) we get [
~∇
(
~∇ · ~E

)]
z
−∇2Ez = k2

nEz − jωµnJz, (2.12)

where Eq. (2.2) also implies that in each layer separately jωεn~∇· ~E = ~∇t · ~Jt + ∂
∂zJz. Considering

now a purely solenoidal transverse current, i.e. ~Jt =
E~J t, the last equality transforms into

~∇ · ~E = 0 and Eq. (2.12) becomes, once more, a homogeneous scalar Helmholtz equation, valid

in each one of the layers (including the active layer where the currents are situated)

(
∇2 + k2

n

)
Ez = 0. (2.13)

Again, revoking the uniqueness theorem, we arrive at the conclusion that the solenoidal component

of the transverse current distribution produces only TE fields when embedded in plane-parallel

stratified configurations.

Fig. 2.2 illustrates the physical interpretation of the TE/TM decomposition of the transversal

current distributions formulated herein. Just as the magnetic field between two co-planar current

lines is reduced in the direction perpendicular to the plane due to the circulating nature of

the magnetic field lines, the longitudinal magnetic field would vanish for a purely irrotational

current distribution. Similarly, due to the flow of electric field lines in a dipole pair from the
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positive charge to the negative charge, a head-to-tail arrangement, as would be formed by a

purely solenoidal current distribution, would produce no longitudinal electric field.

These results form the basis for the investigation conducted in Section 3.4, where 2D and 3D

sources are decomposed to primitive current elements, producing either TE or TM fields (but

not both), which facilitates an elegant manner to compare their radiation pattern using a unified

expression2.

2.1.4 Modal representation of the fields and sources

The next step in the formulation is to relate the EM fields to the suitable Green’s function, which

subsequently may be expressed as a linear combination of eigenfunctions, which form the natural

basis of the configuration under consideration. As mentioned in the beginning of this Section,

we consider here 2D electric and magnetic line sources, and 3D vertical and horizontal electric

dipoles, corresponding to Fig. 2.1, which are the ones relevant to our work. Due to the different

number of dimensions, which corresponds to different sets of eigenfunctions, we formulate the

modal analysis separately for the 2D and 3D sources, relying on the work of Razansky et al. [125]

and Sokolik et al. [124], respectively. The final results of this Subsection are summarized in

Table 3.2.

2.1.4.1 Two-dimensional electric and magnetic line sources

We consider the current distributions of the electric (e left sub/superscript) and magnetic (m

left sub/superscript) line sources defined as3

e

m
~J = −emI0δ (ρt) δ

(
z − z′

)
û, (2.14)

where eû = x̂ and mû = ŷ and δ (ρt) is the one-dimensional Dirac delta function. As the electric

excitation is only in the x̂ direction, the magnetic excitation is only in the ŷ direction, and the

symmetry of the problem implies ∂
∂u = 0, it can be shown from Eqs. (2.5)-(2.6) that in both

cases the solution satisfies Ey = Hx = 0. The remaining transverse field components satisfy,

following Eqs. (2.5)-(2.6), the wave equations

(
∇2 + k2

n

)
Ex = jknZn

eJx, (2.15)(
∇2 + k2

n

)
Hy = jknYn

mJy, (2.16)

and the relations

∂

∂z
Ex = −jknZnHy, (2.17)

∂

∂z
Hy = −jknYnEx, (2.18)

where Eq. (2.17) is applicable for the electric line source scenario (i.e., mI0 = 0), and Eq. (2.17)

is applicable for the magnetic line source scenario (i.e., eI0 = 0).

2The TE/TM decomposition of the HED is also utilized in this Chapter, in Subsubsection 2.1.4.2.
3The e left sub/superscript and m left sub/superscript are used to denote quantities related to the electric line

source and magnetic line source, respectively, along the entire Section.
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The continuity of the transverse fields must be preserved at all interfaces, namely,

Ex
(
z = d+

n , ~r
′) = Ex

(
z = d−n , ~r

′)
Hy

(
z = d+

n , ~r
′) = Hy

(
z = d−n , ~r

′) , (2.19)

for each interface dn, n ∈ [−M,N ], and the radiation condition demands that

lim
r→∞

√
r

[
∂Ex (~r, ~r ′)

∂r
+ jknEx

(
~r, ~r ′

)]
= 0

lim
r→∞

√
r

[
∂Hy (~r, ~r ′)

∂r
+ jknHy

(
~r, ~r ′

)]
= 0, (2.20)

for the outermost layers n = − (M + 1) , N + 1.

Consequently, these transverse fields can be related to a 2D Green’s function, G2 (~r, ~r ′) via

Ex
(
~r, ~r ′

)
= jknZnJsG2

(
~r, ~r ′

)
−Ms

∂G2 (~r, ~r ′)

∂z

Hy

(
~r, ~r ′

)
= −Js

∂G2 (~r, ~r ′)

∂z
+ jknYnMsG2

(
~r, ~r ′

)
, (2.21)

where eJs = eI0, mM s = mI0, and mJs = eM s = 0 [125]. As implied by Eqs. (2.15)-(2.16), the 2D

Green’s functions satisfy the 2D Helmholtz equation in each one of the layers, namely,

(
∇2 + k2

n

)
G2

(
~r, ~r ′

)
= −δ2

(
~r − ~r ′

)
. (2.22)

where δ2 (~r) is the 2D Dirac delta function.

Following the methodology of modal analysis, we express the 2D Green’s function via the

following spectral integral

G2

(
~r, ~r ′

)
=

1

2π

∞∫
−∞

dktg
(
z, z′

)
ejktρt , (2.23)

which utilizes the plane-wave basis of the 2D configuration under consideration to define the

1D (characteristic) Green’s function g (z, z′). Substituting this into Eqs. (2.16)-(2.20) using

Eq. (2.21) and the orthogonality of the eigenfunctions, yields the conditions on the 1D Green’s

function in the nth layer gn (z, z′), namely,4(
d2

dz2
+ β2

n

)
gn
(
z, z′

)
= −δ

(
z, z′

)
(2.24)

jkn (Zn)±1 e
mI0gn

(
z = d−n , z

′) = jkn+1 (Zn+1)±1 e
mI0gn+1

(
z = d+

n , z
′) (2.25)

d

dz
gn
(
z = d−n , z

′) =
d

dz
gn+1

(
z = d+

n , z
′) (2.26)

lim
z→∞

(
∂

∂z
+ jβn

)
gn
(
z, z′

)
= 0 (2.27)

for n > 0, where βn =
√
k2
n − k2

t is the longitudinal wavenumber; from the radiation condition it

4Note the different continuity conditions for the electric and magnetic line source scenarios in Eq. (2.25).
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follows that ={βn} ≤ 0. Eq. (2.24) forms the 1D wave equation, Eq. (2.25) and Eq. (2.26) form

the continuity conditions, and the radiation condition is given by Eq. (2.27). In addition, the

source introduces a singularity to the wave equation, which can be balanced by introducing a

discontinuity in the derivative of the characteristic Green’s function. Hence, another condition is

formed, the source condition, which enforces this discontinuity,

d

dz
gn+1

(
z = z′+, z′

)
− d

dz
gn
(
z = z′−, z′

)
= −1. (2.28)

2.1.4.2 Three-dimensional vertical and horizontal electric dipoles

Vertical electric dipoles We consider the current distribution of a 3D vertical electric dipole,

M~J
⊥

= −eI⊥0 l
δ (ρ)

2πρ
δ
(
z − z′

)
ẑ. (2.29)

Maxwell’s equation in cylindrical coordinates are thus read as

1
ρ
∂Ez
∂ϕ −

∂Eϕ
∂z = −jωµHρ

∂Eρ
∂z −

∂Ez
∂ρ = −jωµHϕ

1
ρ
∂(ρEϕ)
∂ρ − 1

ρ
∂Eρ
∂ϕ = −jωµHz

1
ρ
∂Hz
∂ϕ −

∂Hϕ
∂z = jωεEρ

∂Hρ
∂z −

∂Hz
∂ρ = jωεEϕ

1
ρ
∂(ρHϕ)
∂ρ − 1

ρ
∂Hρ
∂ϕ = jωεEz + Jz

(2.30)

Due to the azimuthal symmetry of the configuration ∂
∂ϕ = 0, it follows from Eq. (2.30) that

the solution satisfies Eϕ = Hρ = Hz = 0, which indeed makes it a TM field. The remaining

transverse fields are related via

∂

∂z
Eρ = −jknZnHϕ +

∂

∂ρ

[
1

jknYn

(
1

ρ

∂ (ρHϕ)

∂ρ
−MJ⊥z

)]
,

∂

∂z
Hϕ = −jknYnEρ, (2.31)

which can be transformed to yield the wave equations(
∇2 + k2 − 1

ρ2

)
Eρ =

∂2

∂z∂ρ

( MJ⊥z
jk1Y1

)
,(

∇2 + k2 − 1

ρ2

)
Hϕ =

∂

∂ρ
MJ⊥z . (2.32)

The continuity of the transverse fields must be preserved at all interfaces, namely,

Eρ
(
z = d+

n , ~r
′) = Eρ

(
z = d−n , ~r

′)
Hϕ

(
z = d+

n , ~r
′) = Hϕ

(
z = d−n , ~r

′) , (2.33)

for each interface dn, n ∈ [−M,N ], and the radiation condition demands that

lim
r→∞

r

[
∂Eρ (~r, ~r ′)

∂r
+ jknEρ

(
~r, ~r ′

)]
= 0

lim
r→∞

r

[
∂Hϕ (~r, ~r ′)

∂r
+ jknHϕ

(
~r, ~r ′

)]
= 0, (2.34)

for the outermost layers n = − (M + 1) , N + 1.
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Consequently, these transverse fields can be related to a 3D Green’s function, G3 (~r, ~r ′), via

(compare to Eq. (2.21))

Eρ
(
~r, ~r ′

)
= −Ms

∂2

∂ρ∂z
G3

(
~r, ~r ′

)
Hϕ

(
~r, ~r ′

)
= jknYnMs

∂

∂ρ
G3

(
~r, ~r ′

)
, (2.35)

where the equivalent magnetic current source is defined as Ms =
eI⊥0
jk1Y1

[124]. As implied by

Eq. (2.32), the 3D Green’s function satisfies the 3D Helmholtz equation in each one of the layers,

namely,

(
∇2 + k2

n

)
G3

(
~r, ~r ′

)
= −δ3

(
~r − ~r ′

)
. (2.36)

where δ3 (~r) is the 3D Dirac delta function.

Following the methodology of modal analysis, we express the 2D Green’s function via the

following spectral integral

G3

(
~r, ~r ′

)
=

1

2π

∞∫
0

dktktJ0 (ktρ) g
(
z, z′

)
, (2.37)

which utilizes the cylindrical-wave basis of the 3D configuration under consideration to define

the 1D (characteristic) Green’s function g (z, z′) (Jν (Ω) is the νth order Bessel function of the

first kind). Substituting this into Eqs. (2.32)-(2.34) using Eq. (2.35) and the orthogonality of

the eigenfunctions, yields the conditions on the 1D Green’s function in the nth layer gn (z, z′),

namely, (
d2

dz2
+ β2

n

)
gn
(
z, z′

)
= −δ

(
z, z′

)
(2.38)

jknYn
eI⊥0 lgn

(
z = d−n , z

′) = jkn+1Yn+1
eI⊥0 lgn+1

(
z = d+

n , z
′) (2.39)

d

dz
gn
(
z = d−n , z

′) =
d

dz
gn+1

(
z = d+

n , z
′) (2.40)

lim
z→∞

(
∂

∂z
+ jβn

)
gn
(
z, z′

)
= 0 (2.41)

for n > 0, where once more βn =
√
k2
n − k2

t is the longitudinal wavenumber, satisfying ={βn} ≤ 0;

Eq. (2.38) forms the 1D wave equation, Eq. (2.39) and Eq. (2.40) form the continuity conditions,

and the radiation condition is given by Eq. (2.41). As in the 2D scenario, the source introduces

a singularity to the wave equation, which can be balanced by introducing a discontinuity in the

derivative of the characteristic Green’s function. This forms the source condition

d

dz
gn+1

(
z = z′+, z′

)
− d

dz
gn
(
z = z′−, z′

)
= −1. (2.42)

Comparison of Eqs. (2.38)-(2.42) with Eqs. (2.24)-(2.28) reveals a complete analogy between the

constituent equations for the characteristic 1D Green’s function for the TM-generating vertical

electric dipole case and the TM-generating magnetic line source case. This implies that the 1D
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Green’s functions for these two scenarios would perfectly coincide.

Horizontal electric dipoles We consider the current distribution of a 3D horizontal electric

dipole,

~J ‖ = −eI‖0l
δ (ρ)

2πρ
δ
(
z − z′

)
x̂. (2.43)

Our first task is to utilize the results of Subsection 2.1.3 to decompose the current distribution

into TE-generating and TM-generating components. Writing Eq. (2.7) in cylindrical coordinates

yields the following sets of equations

∂
∂ρ

(
ρMJ

‖
ϕ

)
− ∂

∂ϕ
MJ
‖
ρ = 0

∂
∂ρ

(
ρEJ

‖
ρ

)
+ ∂

∂ϕ
EJ
‖
ϕ = 0

EJ
‖
ϕ + MJ

‖
ϕ = −J‖x sinϕ

EJ
‖
ρ + MJ

‖
ρ = −J‖x cosϕ

(2.44)

where
E~J
‖

and
M~J
‖

denote the TE-generating and TM-generating components of the horizontal

electric dipole, respectively5. These equations can be solved in the transverse wavenumber

domain using the cylindrical eigenfunction representation of the current distribution of the HED

(Eq. (2.43))

J‖x = −
eI
‖
0l

2π

∞∫
0

dktktJ0 (ktρ) δ
(
z − z′

)
(2.45)

using the orthogonality relations of the eigenfunctions [128]. The results in the transverse

wavenumber domain are given by

E
MJ
‖
ρ = −cosϕ

2

eI
‖
0l

2π

∞∫
0

dktktJ0 (ktρ) δ
(
z − z′

)
± cosϕ

2

eI
‖
0l

2π

(
∂

∂ρ
− 1

ρ

) ∞∫
0

dktJ1 (ktρ) δ
(
z − z′

)
E
MJ
‖
ϕ =

sinϕ

2

eI
‖
0l

2π

∞∫
0

dktktJ0 (ktρ) δ
(
z − z′

)
± sinϕ

2

eI
‖
0l

2π

(
∂

∂ρ
− 1

ρ

) ∞∫
0

dktJ1 (ktρ) δ
(
z − z′

)
(2.46)

which can be transformed back to the spatial domain via [128]

δ (ρ)

ρ
=

∫ ∞
0

ktJ0 (ktρ) dkt,
u (ρ)

ρ
=

∫ ∞
0

J1 (ktρ) dkt (2.47)

5The E left sub/superscript and M left sub/superscript attached to a ‖ right superscript are used to denote
quantities related to the TE-generating and TM-generating components of the HED, respectively, along the entire
Section.
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yielding

E
MJ
‖
ρ = −cosϕ

2

eI
‖
0l

2πρ
δ
(
z − z′

) [1∓ 1

2
δ (ρ)± u (ρ)

ρ

]
(2.48)

E
MJ
‖
ϕ =

sinϕ

2

eI
‖
0l

2πρ
δ
(
z − z′

) [1∓ 1

2
δ (ρ)∓ u (ρ)

ρ

]
(2.49)

where u (ρ) is the Heaviside step function.

These current distributions form two sets of Maxwell’s equation, with left sub/superscript E

denoting fields generated by the TE component
E~J
‖

and left sub/superscript M denoting fields

generated by the TM component
M~J
‖
. In cylindrical coordinates we write

1
ρ
∂Ez
∂ϕ −

∂Eϕ
∂z = −jωµHρ

∂Eρ
∂z −

∂Ez
∂ρ = −jωµHϕ

1
ρ
∂(ρEϕ)
∂ρ − 1

ρ
∂Eρ
∂ϕ = −jωµHz

1
ρ
∂Hz
∂ϕ −

∂Hϕ
∂z = jωεEρ + Jϕ

∂Hρ
∂z −

∂Hz
∂ρ = jωεEϕ + Jρ

1
ρ
∂(ρHϕ)
∂ρ − 1

ρ
∂Hρ
∂ϕ = jωεEz

(2.50)

which lead to the following relations between the transverse EM fields produced by the TE-

generating current

∂

∂z
EEρ = −jknZnEHϕ,

∂

∂z
EHϕ = −jknYnEEρ − EJ‖ρ +

1

jknZnρ
∇2
t

(
ρEEρ

)
; (2.51)

the other transverse components of the fields can be accessed via6

∂

∂z
EEϕ = jknZn

EHρ,

∂

∂ϕ
EEϕ = − ∂

∂ρ

(
ρEEρ

)
. (2.52)

Similarly, for the TM-generating current we have

∂

∂z
MHρ = jknYn

MEϕ + MJ‖ϕ,

∂

∂z
MEϕ = jknZn

MHρ −
1

jknYnρ
∇2
t

(
ρMHρ

)
, (2.53)

and the other transverse components of the fields can be accessed via

∂

∂z
MHϕ = −jknYnMEρ −MJ‖ρ,

∂

∂ϕ
MHϕ = − ∂

∂ρ

(
ρMHρ

)
. (2.54)

Eq. (2.51) and Eq. (2.53) lead to the wave equations corresponding to the fields produced by the

6In the HED scenario, no transverse component of the fields vanishes, as opposed to the cases of VED and 2D
line sources considered before.
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TE-generating and TM-generating components of the HED, respectively,

(
∇2 + k2

) (
ρEEρ

)
= jknZn

(
ρEJ‖ρ

)
,(

∇2 + k2
) (
ρMHρ

)
=

∂

∂z

(
ρMJ‖ϕ

)
. (2.55)

For both components, the continuity of the transverse fields must be preserved at all interfaces.

Specifically, the following must be satisfied

EEρ
(
z = d+

n , ~r
′) = EEρ

(
z = d−n , ~r

′)
EHϕ

(
z = d+

n , ~r
′) = EHϕ

(
z = d−n , ~r

′)
MHρ

(
z = d+

n , ~r
′) = MHρ

(
z = d−n , ~r

′) ,
MEϕ

(
z = d+

n , ~r
′) = MEϕ

(
z = d−n , ~r

′) , (2.56)

for each interface dn, n ∈ [−M,N ], and the radiation condition demands that

lim
r→∞

r

[
∂EEρ (~r, ~r ′)

∂r
+ jkn

EEρ
(
~r, ~r ′

)]
= 0

lim
r→∞

r

[
∂MHρ (~r, ~r ′)

∂r
+ jkn

MHρ

(
~r, ~r ′

)]
= 0, (2.57)

for the outermost layers n = − (M + 1) , N + 1.

Consequently, the transverse fields can be related to a 3D Green’s function, G3 (~r, ~r ′), via

E
MEρ

(
~r, ~r ′

)
= ±1

2
jk±1
n Zn

eI
‖
0l cosϕ

(
¯̄I ∓ ¯̄M

) ∂1∓1

∂z1∓1
G3

(
~r, ~r ′

)
E
MEϕ

(
~r, ~r ′

)
= ∓1

2
jk±1
n Zn

eI
‖
0l sinϕ

(
¯̄I ± ¯̄M

) ∂1∓1

∂z1∓1
G3

(
~r, ~r ′

)
E
MHρ

(
~r, ~r ′

)
= −1

2
eI
‖
0l sinϕ

(
¯̄I ± ¯̄M

) ∂
∂z
G3

(
~r, ~r ′

)
E
MHϕ

(
~r, ~r ′

)
= −1

2
eI
‖
0l cosϕ

(
¯̄I ∓ ¯̄M

) ∂
∂z
G3

(
~r, ~r ′

)
(2.58)

where we used the integral operators ¯̄I and ¯̄M . These operators act on an arbitrary function

f (ρ), and defined as ¯̄If (ρ) = f (ρ), ¯̄Mf (ρ) = f (ρ)− 2
ρ2

∫ ρ
0 ρ̃f (ρ̃) dρ̃ [124]. The reason we are

required to introduce these unintuitive operators is the fact that the inhomogeneous parts of the

wave equations Eq. (2.55) (the current distributions) are not delta functions, but rather has the

unique forms of Eq. (2.46) or Eq. (2.49). Thus, spectral domain manipulations are required to

yield the correlation to a 3D Green’s function which obeys the standard 3D Helmholtz equation

as in Eq. (2.36)

(
∇2 + k2

n

)
G3

(
~r, ~r ′

)
= −δ3

(
~r, ~r ′

)
, (2.59)
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which can be expressed by the same spectral integral

G3

(
~r, ~r ′

)
=

1

2π

∞∫
0

dktktJ0 (ktρ) g
(
z, z′

)
. (2.60)

For the derivation of Eq. (2.58) we utilized the following Bessel identities [128]

∞∫
0

dρρJ1

(
k′tρ
)
J1 (ktρ) =

δ (kt − k′t)
kt

,

J1 (ktρ) + ρ
∂

∂ρ
J1 (ktρ) = ktρJ0 (ktρ) , (2.61)

and the fact that the νth order Bessel functions solve the Bessel equation of the νth order.

However the transverse dependency of the EM fields in G3 (~r, ~r ′) is quite complexed, the

longitudinal dependency is very simple, and Eq. (2.58) reveals it is proportional to the 1D Green’s

function or to its first or second derivatives, up to a factor which is dependent in the optical

constants of the layer where the observation point is located. Thus, the conditions on the 1D

Green’s function in the nth layer gn (z, z′) can be readily formulated from using Eqs. (2.55)-(2.57)

using Eq. (2.58) and the orthogonality of the eigenfunctions. This yields(
d2

dz2
+ β2

n

)
gn
(
z, z′

)
= −δ

(
z, z′

)
(2.62)

jβnZ̃ngn
(
z = d−n , z

′) = jβn+1Z̃n+1gn+1

(
z = d+

n , z
′) (2.63)

d

dz
gn
(
z = d−n , z

′) =
d

dz
gn+1

(
z = d+

n , z
′) (2.64)

lim
z→∞

(
∂

∂z
+ jβn

)
gn
(
z, z′

)
= 0 (2.65)

for n > 0, where we define the generalized impedance [124,125,129] as
E
MZ̃n = Zn (kn/βn)±1, and

utilize the fact that from the wave equation Eq. (2.62) it follows that d2

dz2 gn (z, z′) = −β2
ngn (z, z′).

As before, the continuity conditions on gn (z, z′) are given by Eq. (2.63) and Eq. (2.64), and the

radiation condition is given by Eq. (2.65). The source condition is the same as Eq. (2.42), namely

d

dz
gn+1

(
z = z′+, z′

)
− d

dz
gn
(
z = z′−, z′

)
= −1, (2.66)

which completes the conditions required for evaluation of the characteristic Green’s function.



72 CHAPTER 2. PRELIMINARIES

2.1.5 Characteristic (1D) Green’s function

Eqs. (2.24)-(2.28), (2.38)-(2.42), and (2.62)-(2.66) which define the conditions on the characteristic

(1D) Green’s function can be unified in the following manner (for n > 0)(
d2

dz2
+ β2

n

)
gn
(
z, z′

)
= −δ

(
z, z′

)
(2.67)

gn
(
z = d−n , z

′) = γn
βn+1

βn
gn+1

(
z = d+

n , z
′) (2.68)

d

dz
gn
(
z = d−n , z

′) =
d

dz
gn+1

(
z = d+

n , z
′) (2.69)

lim
z→∞

(
∂

∂z
+ jβn

)
gn
(
z, z′

)
= 0 (2.70)

d

dz
gn+1

(
z = z′+, z′

)
− d

dz
gn
(
z = z′−, z′

)
= −1, (2.71)

where the generalized impedance ratio γn is given for the various sources by [97,129,130]

e
mγn = kn+1

kn
βn
βn+1

(
Zn+1

Zn

)±1
, Mγ⊥n = kn+1

kn
βn
βn+1

(
Zn+1

Zn

)−1
, E

Mγ
‖
n =

(
kn+1

kn
βn
βn+1

)±1
Zn+1

Zn
.

(2.72)

This system of equations can be solved iteratively or recursively for the various layers. We present

first the matrix formalism of the solution, from which the recursive formalism used later in this

dissertation can be readily derived.

2.1.5.1 Matrix formalism

In order to satisfy Eq. (2.67) we define gn (z, z′) to take the form of a superposition of two

plane-waves propagating in the forward and reversed directions, i.e., for n > 0

gn
(
z, z′

)
=

1

2jβn

[
An
(
z′, kt

)
e−jβnz +Bn

(
z′, kt

)
ejβnz

]
, (2.73)

where An (z′, kt) and Bn (z′, kt) are the forward and reversed complex wave amplitudes, respec-

tively. Solving Eqs. (2.68)-(2.69) using this definition we arrive at(
An (z′, kt)

Bn (z′, kt)

)
=

1

2

(
e−j(βn+1−βn)dn (γn + 1) ej(βn+1+βn)dn (γn − 1)

e−j(βn+1+βn)dn (γn − 1) ej(βn+1−βn)dn (γn + 1)

)(
An+1 (z′, kt)

Bn+1 (z′, kt)

)
.

(2.74)

For n < 0 the interface dn is sandwiched between the nth and the (n− 1)th layers (Fig. 2.1),

thus the conditions on gn (z, z′) (Eqs. (2.68)-(2.69)) should be modified accordingly. Hence, for

n < 0, the relations between the complex amplitudes of Eq. (2.73) in successive layers to be(
An (z′, kt)

Bn (z′, kt)

)
=

1

2

(
e−j(βn−1−βn)dn (γ̂n + 1) ej(βn−1+βn)dn (γ̂n − 1)

e−j(βn−1+βn)dn (γ̂n − 1) ej(βn−1−βn)dn (γ̂n + 1)

)(
An−1 (z′, kt)

Bn−1 (z′, kt)

)
,

(2.75)
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where the generalized impedance ratio for the reversed direction is given by γ̂n = (γn−1)−1.

After establishing the relations between the plane-wave complex amplitudes on both sides

of each interface, we consider the source condition of Eq. (2.71). This ties the last degree of

freedom in Eq. (2.73),

A1

(
z′, kt

)
= A−1

(
z′, kt

)
+ ejβ1z′

B1

(
z′, kt

)
= B−1

(
z′, kt

)
− e−jβ1z′ . (2.76)

Note that the differences in the 1D Green’s function of the various sources may arise only

from the generalized impedance ratio of Eq. (2.72), and the functions are otherwise exactly the

same. The consequences of this conclusion is discussed in great detail in Section 3.4.

2.1.5.2 Recursive formalism

In order to allow a clearer physical interpretation of the 1D Green’s function, we transform the

matrix formalism into a recursive one [85,126]. This is done by defining the characteristic Green’s

function for n > 0 as

gn
(
z, z′

)
=
ejβ1z′

2jβn

1− R̂−1 (kt) e
−2jβ1z′

1−R1 (kt) R̂−1 (kt)

 n∏
p=2

Tp (kt)

[e−jβnz −Rn (kt) e
jβnz

]
, (2.77)

where the relations between the total reflection coefficient Rn (kt), the total transmission coefficient

Tn (kt), and the forward and reversed complex plane-wave amplitudes are given by

Rn (kt) = −Bn (z′, kt)

An (z′, kt)
=

{
Γn (kt) +

[
1− Γ2

n (kt)
]
Rn+1 (kt) e

2jβn+1dn

1 + Γn (kt)Rn+1 (kt) e2jβn+1dn

}
e−2jβndn , (2.78)

Tn+1 (kt) =
An+1 (z′, kt)

An (z′, kt)
=

[1 + Γn (kt)] e
j(βn+1−βn)dn

1 + Γn (kt)Rn+1 (kt) e2jβn+1dn
, (2.79)

and the local reflection coefficients in the forward direction are defined as Γn (kt) = 1−γn
1+γn

.

Similarly, for n < 0 we define

gn
(
z, z′

)
=
e−jβ1z′

2jβn

1−R−1 (kt) e
2jβ1z′

1−R1 (kt) R̂−1 (kt)

[ −2∏
p=n

T̂p (kt)

] [
ejβnz − R̂n (kt) e

−jβnz
]
, (2.80)

where the reflection and transmission coefficients in the reversed direction are given, respectively,

by

R̂n (kt) = −An (z′, kt)

Bn (z′, kt)
=

Γ̂n (kt) +

[
1− Γ̂2

n (kt)
]
R̂n+1 (kt) e

−2jβn−1dn

1 + Γ̂n (kt) R̂n−1 (kt) e−2jβn−1dn

 e2jβndn , (2.81)

T̂n−1 (kt) =
Bn−1 (z′, kt)

Bn (z′, kt)
=

[
1 + Γ̂n (kt)

]
e−j(βn−1−βn)dn

1 + Γ̂n (kt) R̂n−1 (kt) e−2jβn−1dn
, (2.82)

and the local reflection coefficients in the reversed direction are defined as Γ̂n (kt) = 1−γ̂n
1+γ̂n

=
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−Γn−1 (kt).

The stop conditions for the recursive formulae is RN+1 (kt) = R̂−(M+1) (kt) = 0, meaning no

energy impinges the configuration from infinity.

2.1.6 Power relations

The real source power dissipated via absorption in the layered media or radiation to the observation

region is quantified by the Poynting theorem. We use the Poynting vector to define, respectively,

the absorbed power, the radiated power and the emission pattern of the configuration depicted

in Fig. 2.1 as

Sabs =
1

2
<


∞∫∫
−∞

dxdy
[
~Et
(
z = z′−, ~r ′

)
× ~H∗t

(
z = z′−, ~r ′

)]
· (−ẑ)

 , (2.83)

Srad =
1

2
<


∞∫∫
−∞

dxdy
[
~Et
(
z = z′+, ~r ′

)
× ~H∗t

(
z = z′+, ~r ′

)]
· ẑ

 , (2.84)

lim
r→∞

Sr (θ) = r2 1

2
<
{[
~E
(
~r, ~r ′

)
× ~H∗

(
~r, ~r ′

)]
· r̂
}
. (2.85)

where for the 2D scenarios only one of the integrals (over x or over y) should be executed in

Eq. (2.83) and Eq. (2.84), according to the problem symmetry, and the spatial prefactor in

Eq. (2.85) should be transformed from r2 to r; in that case, the power quantities would be

evaluated per unit length.

Considering the relations between the fields and the 2D or 3D Green’s functions (Eq. (2.21),

Eq. (2.35), and Eq. (2.58)), the expression for the emission pattern, which will be in the focus of

our discussion until the end of this Chapter, would correspond to the products of Green’s functions

and their derivatives or integrals, which ought to be evaluated in the far-field. Therefore, we

dedicate the following Section to asymptotic evaluation of the spectral integrals which comprise

the modal representations of the 2D or 3D Green’s functions.

2.2 Asymptotic evaluation of spectral integrals

2.2.1 Steepest descent path method

The asymptotic evaluation method known as the steepest descent path (SDP) method is presented

in detail in Chapter 4 of [40], thus we would only briefly state the main concepts and final result

of the derivation presented therein, in the context of our work.

The method of SDP attempts to provide an asymptotic evaluation of integrals of the form

I (kN+1r) =

∫
C

ḡ (α) e−jkN+1rq(α)dα (2.86)

where the parameter Ω = kN+1r is very large, Ω � 1. Let us assume that q (α) is analytic

and possesses a first order saddle point αs (i.e. q′ (αs) = 0 and q′′ (αs) 6= 0) isolated from any

singularity of ḡ (α), if such exists. In that case, it can be shown that it is possible to deform the
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original integration path C in the complex plane to a path C ′ which passes through that saddle

point along which it is guaranteed that the imaginary part of q (α) would experience the most

rapid variation. More specifically, as presented in detail in [40], we may choose such a path C ′

such that the imaginary part of q (α) would descend most rapidly as the integration parameter

moves away from the saddle point. By expanding the function q (α) in the neighbourhood of

the saddle point it becomes evident that the path which induces the steepest descent in the

imaginary part of q would also be the one along which the real part of q (α) remains constant

(from the point of view of the integrand of Eq. (2.86), this would be a path of stationary phase).

As the phase of the integrand remains constant along the SDP (i.e. no oscillations are induced

by the phase factor along this path, regardless of the magnitude of Ω) and the magnitude of the

phase factor is exponentially decreasing away from the saddle point, it would be sufficient to

evaluate the contribution to the integral that arises from the vicinity of the saddle point. To that

end, q (α) is expanded up to the leading order about αs, which yields the following asymptotic

approximation of Eq. (2.86)

I (kN+1r) ∼ ḡ (αs) e
−jkN+1rq(αs)

∫
C′

e−
1
2 |kN+1rq

′′(αs)(α−αs)2|dα (2.87)

provided that ḡ (α) contain no singularities between C and C ′. The last step in the asymptotic

evaluation of I (kN+1r) is to assess rigorously the remaining integral, which is carried out in

Section 4.2 of [40]. This yields the final formula for the asymptotic approximation of I (kN+1r),

namely

I (kN+1r) ∼
√

2π
kN+1r

|q′′ (αs)|ḡ (αs) e
−jkN+1rq(αs)∓jπ/4 q′′ (αs) ≷ 0 (2.88)

In the context of the plane-parallel configuration considered herein, the 1D Green’s function

formulated in Subsection 2.1.5 may contain singularities only for k2
t > k2

N+1. These become

evanescent modes in the observation region (i.e., <{βN+1} = 0)7, hence do not contribute to

the radiation as r →∞. Thus, when it comes to far-field radiation, we may actually truncate

the integral at the branch points kt = ±kN+1, without changing the first-order asymptotic

approximation (See Subsection 4.4.2c in [40]). Hence, we conclude that in the interval relevant

for far-field emission, the 1D Green’s function is analytic, and as long as the saddle point kt,s is

not very close to the branch points at ±kN+1 we can safely apply the SDP method as prescribe

in this Subsection to evaluate the spectral integrals in the far field8.

7In realistic scenarios the observation region is filled with air. For modelling reasons it is sometimes useful
to use the substrate as observation region (See, e.g., Subsubsection 4.2.2.3, and also the suggested work at
Subsection 6.1.1); the spectral region k2

t > k2
N+1 generates only evanescent modes in the observation region as

long as refractive index that region is smaller than that of all other layers in the structure.
8We would show later that this corresponds to an observation angle very close to θ = π/2, which are less of an

interest from the point of view of the model.
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2.2.2 Asymptotic evaluation of 2D Green’s function

We utilize the SDP method to evaluate asymptotically the 2D Green’s function given by Eq. (2.23)

for r →∞, or, more precisely, kN+1r � 1. This is facilitated by the variable transformation{
βN+1 = kN+1 cosα

kt = kN+1 sinα
dkt = kN+1 cosαdα (2.89)

which transforms Eq. (2.23) into

G2

(
~r, ~r ′

)
=

1

2π

∫
C

dαḡN+1 (α) e−jkN+1r cos(α−θ), (2.90)

where ḡN+1 (α) = βN+1g̃N+1 (kt) = βN+1gN+1 (z, z′) ejβN+1z (we recall that RN+1 (kt) = 0 and

cos θ = z/r), and the contour C follows the path

C :


α = −π/2 + j · t t = −∞→ 0

α = t t = −π/2→ π/2

α = π/2 + j · t t = 0→∞
(2.91)

We may now utilize the SDP method by matching Eq. (2.90) to the canonical form Eq. (2.86),

which implies that q (α) = cos (α− θ). Thus, the saddle point is given by

q′ (αs) = 0⇒ αs = θ, (2.92)

where the valid observation region forms a half-space, namely, θ ∈ (−π/2, π/2). The second

derivative is consequently given by

q′′ (αs) = −1, (2.93)

which completes the required information for executing the SDP procedure. Utilizing Eq. (2.88)

we get

G2

(
~r, ~r ′

)
∼

√
2π

kN+1r
ḡN+1 (α = θ) e−jkN+1r+jπ/4

=

√
2π

kN+1r
kN+1 cos θg̃ (kt = kN+1 sin θ) e−jkN+1r+jπ/4 (2.94)

The spectral integrals corresponding to spatial derivatives of G2 (~r, ~r ′) would differ from Eq. (2.90)

only in their slowly varying part of the integrand. Therefore, q (α) would remain unchanged by

the derivation, and so does its saddle point. As a consequence, the procedure described in this

Subsection actually facilitates the asymptotic evaluation of all EM fields of the 2D scenarios,

and subsequently the emission pattern, leading to the result presented in Eq. (3.10)

Sr(θ) ∼
PN+1

2πr

∣∣∣[2jβN+1gN+1

(
z, z′;kt

)]
kt=kN+1 sin θ

∣∣∣2 (2.95)
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where PN+1 is the power radiated by 2D electric or magnetic line source into an unbounded observa-

tion region (i.e., in the absence of the device), namely, ePn = knZn |eI0|2/8 and mPn = knYn |mI0|2/8,

respectively [40].

2.2.3 Asymptotic evaluation of 3D Green’s function

To enable application of the SDP method on the 3D Green’s function, we first replace the Bessel

function in Eq. (2.37) by its plane-wave representation [131], namely

G3

(
~r, ~r ′

)
=

1

2π

∞∫
0

dktktJ0 (ktρ) g
(
z, z′

)
=

1

2π2

∞∫
0

dkt

π∫
0

dψkte
jktρ cosψg

(
z, z′

)
. (2.96)

Utilizing the same transformation as in Eq. (2.89) the integral of Eq. (2.96) reads

G3

(
~r, ~r ′

)
=

1

2π2

∫
C

dαḡN+1 (α)

π∫
0

dψe−jkN+1rp(α,ψ), (2.97)

where this time ḡN+1 (α) = βN+1ktg̃N+1 (kt) = βN+1ktgN+1 (z, z′) ejβN+1z, p (α,ψ) = cosα cos θ−
sinα sin θ cosψ (we recall that RN+1 (kt) = 0, cos θ = z/r, and sin θ = ρ/r), and the contour C

follows the path

C :

{
α = t t = 0→ π/2

α = π/2 + j · t t = 0→∞
(2.98)

The first step in the evaluation of this double integral for kN+1r � 1 is to apply the SDP on

the integral with respect to ψ. The saddle points of p (α,ψ) are evaluated via the first derivative

with respect to ψ, yielding

∂

∂ψ
p (α,ψ) = sinα sin θ sinψ = 0⇒ ψs =

{
ψs,1 = 0⇒ ∂2

∂ψ2 p (α,ψ = ψs,1) = sinα sin θ

ψs,2 = π ⇒ ∂2

∂ψ2 p (α,ψ = ψs,2) = − sinα sin θ

(2.99)

for α 6= 0 and θ 6= 0. Following the derivation in Subsection 4.4.2c of [40], the first-order

asymptotic approximation for such a case, where the saddle points coincide with the end points,

is given by9

π∫
0

dψe−jkN+1rp(α,ψ) ∼

 1
2

√
−2π

kN+1r|sinα sin θ|e
−jkN+1r cos(α+θ)

+1
2

√
−2π

kN+1r|sinα sin θ|e
−jkN+1r cos(α−θ)

 (2.100)

We denote the phase functions as q± (α) = cos (α± θ) and consider the saddle point of the two

9In case α = 0 or θ = 0, the Bessel function becomes J0 (0) = 1 and the 3D Green’s function spectral integral
coincides with that of the 2D Green’s function up to a factor, which we have already evaluated in Subsection 2.2.2.
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terms in Eq. (2.100),

q′± (αs) = 0⇒ αs,± = ∓θ, (2.101)

q′′± (αs) = −1. (2.102)

As the integration variable α is limited to the interval α ∈ [0, π/2], and the observation angle

is limited to the interval θ ∈ (−π/2, π/2), the first integral would only possess a valid saddle

point when αs,+ = −θ > 0, whereas the second integral would possess a valid saddle point when

αs,− = θ > 0. Thus, only one of the integrals contributes to the emission for a given observation

angle, up to the leading asymptotic order. Utilizing Eq. (2.88) once more we get

G3

(
~r, ~r ′

)
∼ 1

2

√
2π

kN+1r
∣∣sin2 θ

∣∣e−jkN+1r

√
2π

kN+1r
ej
π/4ḡN+1 (α = θ) e−jkN+1r+jπ/4

=
j

2πr
kN+1 cos θg̃ (kt = kN+1 sin θ) e−jkN+1r, (2.103)

which also facilitates the asymptotic evaluation of derivatives of G3 (~r, ~r ′) required to evaluate

the EM fields for the HED and VED cases (Eq. (2.35), Eq. (2.58)). In the case of the HED, we

are also required to evaluate the integral operator ¯̄M applied on G3 (~r, ~r ′). To enable this, we

note that an alternative representation of ¯̄MG3 (~r, ~r ′) is given by

¯̄MG3

(
~r, ~r ′

)
= G3

(
~r, ~r ′

)
− 2

ρ

1

2π

∞∫
0

dktJ1 (ktρ) g
(
z, z′

)
. (2.104)

Utilizing the plane-wave representation of J1 (ktρ), namely [131]

J1 (ktρ) = − j
π

π∫
0

dψ cosψejtρ cosψ, (2.105)

the second term in Eq. (2.104) can be transformed to an integral very similar to Eq. (2.96),

where the change is only in the slowly-varying amplitude (multiplied by −j cosψ). The same

SDP procedure can be executed to evaluate the asymptotic form of the resultant double integral,

leading to

¯̄MG3

(
~r, ~r ′

)
∼ 1

2πr

(
j +

2

kN+1r sin2 θ

)
kN+1 cos θg̃ (kt = kN+1 sin θ) e−jkN+1r. (2.106)

Finally, the EM fields and consequently the emission pattern may be evaluated asymptotically

for the 3D electric dipole configurations, yielding the result presented in Eq. (3.68)

Sr(θ, ϕ)=
3ξ

2

PN+1

4πr2

∣∣∣[2jβN+1gN+1

(
z, z′;kt

)]
kt=kN+1 sin θ

∣∣∣2 (2.107)

where Pn = Zn |eI0knl|2 / (12π) is the power radiated by an electric dipole in an unbounded
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homogeneous medium of the nth layer material and the orientation factor, ξ, is given by

Mξ⊥ = sin2 θ, Eξ‖ = sin2 ϕ, Mξ‖ = cos2 θ cos2 ϕ, (2.108)

for the various cases considered.
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Chapter 3

Rigorous electromagnetic analysis of

optical sources and devices

In this Chapter we examine several aspects of rigorous electromagnetic modelling special for

light-emitting devices working in the optical regime. The challenges arise from the difficulty

to define deterministic sources in the formulation of the problem, which is usually the case for

electromagnetic scenarios in lower frequency ranges. First, in Section 3.1 we present an optical

model for 2D plane-parallel OLEDs, which yields closed-form analytical expressions for the OLED

emission pattern, largely simplified using the unique characteristics of the OLED structure [85].

The exciton ensemble properties are rigorously incorporated into the OLED model for the first

time, to the best of our knowledge; in fact, they enable the great simplification in final results,

pointing out a tradeoff between the layer thicknesses and the exciton ensemble coherence length.

Recognizing that this tradeoff arises from interference phenomena, fundamentally related to the

plane-wave nature of far-field radiation, allows generalization of the theory to account for a

much larger set of problems for which geometrical optics is applicable [86]. The general theory

describing optical emission of pratially coherent broadband sources is presented in Section 3.2.

As a side effect, a significant computational benefit may arise when treating general configura-

tions containing incoherent sources, which is rigorously formulated in Section 3.3. Finally, as

spontaneous optical emission as in OLEDs usually arises from molecular sources, shown to be

modelled well by 3D point dipoles with azymuthal randomness, we examine the relations between

the 2D problem and the 3D problem in detail [97, 98]. In Section 3.4 we show that in certain

cases, radiation patterns produced by 2D and 3D models are in perfect agreement, enabling us to

use the results of our 2D models for analysis of realistic OLEDs.

81
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3.1 Impact of spectral and spatial exciton distributions on opti-

cal emission from thin-film weak-microcavity organic light-

emitting diodes

A. Epstein, N. Tessler, and P. D. Einziger, ”The impact of spectral and spatial

exciton distributions on optical emission from thin-film weak-microcavity organic

light-emitting diodes”, IEEE Journal of Quantum Electronics, Vol. 46, No. 9, pp.

1388-1395, September 2010. [85]

The paper presented in this Section is the basis for all the work conducted in the course of our

research, as it establishes a rigorous analytical electromagnetic model for plane-parallel multi-

layered devices with embedded statistical optical sources. It results in closed-form expressions

which quantify the effects of the source spatial and spectral distributions on emission pattern

produced by such configurations, and derives simple relations that describe emission patterns

of OLEDs, utilizing unique properties of these devices. Without such an inclusion of the

source statistics, the canonical electromagnetic model predicts non-realistic interference effects

in emission patterns of OLEDs which are inconsistent with measured data, often suppressed

in analyses presented in the literature by introduction of heuristic ad hoc tools. The model

we present herein avoids the need for these artificial treatments, thus facilitates an inherently-

analytical quantification of the physical phenomena which stem from the ensemble properties.

Moreover, the general formulation sheds new light on a fundamental interplay between layer

thickness and the ensemble coherence length, relating to the spectral distribution of the sources,

which is generalized in Section 3.2 to any geometrical optics scenario, thus forming a fundamental

contribution in optics. From the aspect of the OLED application, the simplification of the results

obtained by considering the special characteristics of OLEDs enables the development of efficient

engineering tools which are presented in Chapter 4 to access the electrical properties of the device

using optical measurements.

As the conceptual formulation steps laid out in this paper are crucial to any analysis of

stratified media, and are also employed in the analysis of curved multi-layered configurations

(applicable to FOLEDs) presented in Chapter 5, we believe it is worthwhile to briefly discuss

them at this stage. We begin by noting that we conduct many of our analyses using 2D line

sources to model emitting species, rather than the 3D point dipole sources which have been

found more suitable for modelling realistic radiating molecular dipoles [32]. This is done as

a preliminary step, reducing the analytical complexity of the derivation while preserving the

essence of the physical phenomena. Nonetheless, we have been able to prove rigorously, as would

be presented in Section 3.4, that the results of the 2D model are actually valid for spontaneous

emission devices based on incoherent radiation from azymuthally random dipoles as long as we

limit our observations to TE-polarized emission patterns1, which are the dominant contribution

1Realistic TM-polarized emission patterns can also be related to the results of the 2D model, however some
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in the context of the OLED application.

For the formulation of EM fields and power in this 2D scenario we adapt the formalism

presented by Razansky et al. [125], which analyzed electric and magnetic line sources in proximity

to a lossy half-space configuration following the concepts of modal analysis presented by Felsen

and Marcuvitz in their seminal work [40]. We extend Razansky’s work to a general plane-parallel

structure of M +N + 2 layers, and express the final results as a sum of multiply reflected rays

(EM fields) or a sum of multiply reflected interacting pairs of rays (EM power), following Einziger

et al. [126]. More specifically, we relate the singular source to a 2D Green’s function G which is

subsequently expressed as a continuous set of plane-waves with transverse wavenumber kt and

complex amplitude gn, which stands for the 1D or characteristic Green’s function in the nth layer

(See qulitative discussion in Section 1.2). Enforcing the wave equation and boundary conditions

on gn listed in [130] gives rise to reflection coefficients (kt and polarization dependent) which

can then be put in a recursive formalism to express combinations of multiple reflections of rays

between the structure boundaries. Using the tools presented in [126] we transform the recursive

formulation into an iterative one, presenting a formal ray-series representation of the fields and

interacting-ray-series representation of the emitted power. The final step is the implementation

of the steepest descent path (SDP) procedure, which takes advantage of the rapidly-oscillating

phase factor which appears in the radiation integral, and by deforming the integration path in

the complex kt plane to pass through the saddle point of this rapidly-oscillating phase via the

SDP, provide a closed-form asymptotic expression for the emission pattern. This expression

manifests the laws of geometrical optics, retaining only the contribution of rays which originate

at the source and arrive at the observation point following Snell’s law of refraction and reflection.

This formulation procedure is discussed in detail in Section 2.1 and Section 2.2.

Establishing the closed-form interacting-ray-series representation for the emission pattern

facilitates the incorporation of the source statistics. Due to the many evidences that typical

excitons radiate in a completely spatially incoherent manner, i.e. no correlation exists between the

fields generated by excitons separated by a distance of the order of the emission wavelength [132],

the emission pattern should be integrated over the spatial and spectral domains in conjunction

with the suitable exciton distribution functions. Utilizing the interacting-ray series representation,

we may execute this integration analytically term-by-term, which yields a closed-form expression

for the ensemble emission patterns. This expression consists of the original interacting-rays terms

evaluated at the distribution mean value, with an additional attenuation factore, associated

with spatial or spectral broadening effects. This factor is formulated in an analytical manner,

describing the critical length parameters which determine the extent of the attenuation.

It turns out that the spectral broadening attenuation factor is dependent in the ratio between

the cross-optical path between multiply reflected rays and the coherence length of the ensemble,

inversely proportional to the bandwidth of the spectral distribution. As the latter is usually of

the order of several microns in spontaneous emission devices, and in OLEDs in particular, it has

almost no effect when it comes to interference between rays reflected between internal boundaries

in the device, which occur usually over a length scale of hundreds of nanometers. However, the

weak cavity formed between the cathode/organic and the substrate/air interfaces has typical

modifications should be carried in order to facilitate full equivalence.
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length of ∼ 1mm, interference of rays multiply reflected between these two boundaries is highly

attenuated, and its contribution to the emission pattern can be neglected for all practical matters.

This completely averages the rapidly oscillating nature of the emission pattern observed for

the naive model of a single dipole, which forms the first step towards consistency between the

theoretical model and the experimental result.

On the other hand, the spatial broadening attenuation factor is determined by the ratio

between the source-cathode separation distance and the width of the exciton spatial distribution

(EZ width). As the former is of the order of several tens of nanometers, this attenuation mainly

affects the slowly-varying part of the emission pattern, providing the other missing component in

the naive model, and finally establishes the desirable consistency between calculated emission

patterns and measured data.

The importance of these two effects, formulated and discussed in this paper, is that they form

a robust framework essential for classical electromagnetic analysis of any configuration of optical

devices relying on sources of spontaneous emission. The spectral broadening effects automatically

resolve any issues posed by the presence of optically thick layers as the substrate in these optical

devices, and render artificial treatments of these layers, such as exclusion of the substrate/air

interface from the EM model, unnecessary. This forms the basis for the generalization of

our theory for any partially-coherent broadband emission in ray-optical scenarios, presented

in Section 3.1, not limited to plane-parallel structures. At the same time it provides a path

for computation complexity reduction for electromagnetic solvers of such configurations, as

presented in Section 3.3, due to the vanishing weak microcvity terms in the interacting-rays

series. The analytical description of the spatial broadening effects, on the other hand, enable

the derivation of closed-form relations between measured optical quantities, namely, features the

angular distribution of emitted power, and the internal electrical properties of the device, namely,

the manner in which excitons are formed and distributed along the active layer (Chapter 4).

In summary, this paper introduces a rigorous model which gives rise to simple and efficient,

analytical engineering tools, which convey physical intuition regarding the dominant optical

processes taking place in plane-stratified configurations with embedded statistical optical sources

in general, and in particular in OLEDs.

Abstract

We present an analytical model for the optical emission produced by sources located in a

thin-film weak-microcavity formation and study the effects of the ensemble spectral and

spatial distribution on the device emission properties. However derived for a general strat-

ified media configuration, the formulation results are highly applicable for the study of

nanometric organic light-emitting devices. Rigorously developed into closed-form analyt-

ical expressions using the device’s thin-film weak-microcavity characteristics, they enable

clear observation of the underlying physical processes which determine the emission prop-

erties of the device, as well as the impact of the exciton ensemble spectral and spatial

distributions on these properties. For the sake of simplicity and clarity, we focus on a

two-dimensional canonical configuration excited by impulsive (line) sources. Our results

show that the spectral distribution of the ensemble diminishes interference effects origi-
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nated in the weak-microcavity formed between the substrate/air and cathode/active layer

interfaces, while the spatial distribution can only impact the slow-varying component of the

emission pattern, which is the consequence of the source-image interference near the highly

reflecting cathode. For a typical device, the quasi-Lambertian emission pattern reported

experimentally is reproduced. It should be pointed out that the incorporation of both

rigorous electromagnetic analysis and the source spectral and spatial broadening effects is

addressed in our report, to the best of our knowledge, for the first time. This results in a

precise model capable of repeating and interpreting experimental and simulated data.

3.1.1 Introduction

Optical emission from sources embedded in thin-film stratified media has drawn major interest in

the late 1970s, mainly due to the research of fluorescent entities behaviour in various environments,

which led to the publication of several rigorous electromagnetic analyses [32, 37, 38]. The

problem regains interest in recent years, as the emerging field of organic light-emitting diodes

(OLEDs) presents new challenges related to such formations [46, 133, 134]. The prospects of

these devices for novel optoelectronic applications, such as thin and flexible displays, low-cost

lasers and efficient clean-energy lighting instruments [2–4, 8, 10, 135], attract researchers to

reveal the physics dominating the device and use these insights for optimizing it for the various

applications. The technological effort to design durable and efficient OLEDs with controllable

viewing angle [10,23,101,136,137] advances hand in hand with the ability to accurately model

the emission efficiency and emission pattern of such devices, the underlying physical phenomena

and the dominant factors which determine the device’s optical properties [17,19,49,50,138].

In this paper we present a rigorous electromagnetic approach for the OLED radiation problem

capable of handling analytically the realistic scenario of an ensemble of excitons, rather than a

single coherent emitter. This approach results in closed-form analytical expressions, encapsulating

the effects of both the device structure, i.e. layer dimensions and material composition, and the

ensemble characteristics, i.e. the spectral and spatial exciton distributions, on important optical

parameters. These expressions allow identification of the dominant physical processes as well

as the impact of each of them on the device’s emission pattern. For the sake of simplicity and

clarity, we focus on a two-dimensional (2D) canonical configuration excited by impulsive (line)

sources, instead of using the more realistic three-dimensional (3D) dipole model. However, the

essence of the problem and the physical phenomena remain the same, and insight gained by the

results can, in general, be applied to three-dimensional devices as well.

3.1.2 Theory

3.1.2.1 Formulation

We consider a two-dimensional device with M + N + 2 layers, with a line source embedded

at a certain plane z = z′, sandwiched between layers (−1) and (+1), as depicted in Fig. 3.1.

The homogeneous layer formed by combining layers (−1) and (+1), containing the line source,

is termed the active layer. Each layer is characterized by its permittivity, permeability, and

conductivity marked εn, µn and σn, respectively, for the n-th layer. Furthermore, the n-th
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Figure 3.1: Two-dimensional config-
uration for the OLED model. The de-
vice consists of M +N +2 layers, the
interfaces of which are planes parallel
to the x̂y plane and the propagation
direction is ẑ. The two-dimensional
model excitation is a line source,
sandwiched between layers (−1) and
(+1), which form together the active
layer.

and (n+ 1)-th layers are separated by the plane z = dn for n > 0 and z = dn+1 for n < 0, and

we define d0 = z′ and dN+1 = z. Note that ε−1 = ε1, µ−1 = µ1, and σ−1 = σ1. For the sake

of completeness, we treat here both transverse electric (TE) and transverse magnetic (TM)

modes, excited via an electric line source and a magnetic line source (Fig. 3.1), having current

magnitudes of eI0 and mI0, respectively. Throughout the entire paper we use e and m left

superscripts or subscripts to denote electric or magnetic cases, respectively. Both sources are

assumed to be time harmonic, with time dependence of ejωt. The wave number and wave

impedance of the n-th layer are given as kn = ω
√
µnεn [1− jσn/ (ωεn)] = (ω/c) (nn − jκn) and

Zn =
√
µn/ {εn [1− jσn/ (ωεn)]}, where c, n and κ denote the velocity of light in vacuum,

refractive index and extinction coefficient, respectively. To satisfy the radiation condition we

require that ={kn} ≤ 0, leading to ={Zn} ≥ 0. Furthermore we define the two-dimensional

space vector2, ~r = ρtt̂+ zẑ = (−r sin θ) t̂+ (r cos θ) ẑ, where ρt and t̂ are its transverse coordinate

magnitude and direction, and θ is the angle between the z-axis and ~r. The transverse coordinate

is different for the electric and magnetic cases due to the different symmetry they induce. In

the electric line source scenario, there is no change along the x direction, therefore e[∂/∂x] = 0,
eρt = y and

e
t̂ = ŷ. Analogously, for the magnetic line source scenario we have symmetry along

the y-axis, thus, m[∂/∂y] = 0, mρt = x and
m
t̂ = x̂. The source vector in both cases is ~r ′ = z′ẑ.

3.1.2.2 Spatial and Spectral Distributions

Given the impulse response of the device, or Green’s function, G (~r, ~r ′; t− t′), to a line source

excitation at a time t′ and a position ~r ′, measured at the observation point ~r at a time t, the

response to an ensemble of sources, with arbitrary temporal and spatial distributions, p (t′) and

f (z′), is given by the convolution operator

Gens (~r, t) =

∫
dz′f

(
z′
) ∫

dt′p
(
t′
)
G
(
~r, ~r ′; t− t′

)
(3.1)

2In the original paper [85] the 2D observation point was denoted by ~ρ. We use ~r to stay consistent with the
notations laid out in Chapter 2.
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We use the temporal Fourier transform in order to reformat Eq. (3.1) into

Gens (~r, ω) =

∫
dz′f

(
z′
)
p (ω)G

(
~r, ~r ′;ω

)
(3.2)

where the relation between p and p (or G and G) is given through the Fourier transform, i.e.,

p (ω) =
∫
p (t) ejωtdt and p (t) = 1

2π

∫
p (ω) e−jωtdω. The spectral distribution of the sources,

p (ω), is related to the density of radiatively decaying states, thus resembling photoluminescence

spectra [45]. The latter can be usually approximated by a Gaussian [4,16,139] and we define,

generally,

p (ω) =
1

∆ω
√

2π
exp

{
−(ω − ω0)2

2∆ω2

}
(3.3)

where ω0 is the central angular frequency of the ensemble, ∆ω is the distribution spectral

width, and
∫
p (ω) dω = 1. When several molecular levels contribute to the emission, the

photoluminescence is more accurately modelled by a sum of such Gaussians [8, 22], and the

formulation can be generalized accordingly. The spatial distribution of sources, being proportional

to the variation of the recombination rate along the active layer, can be derived from the solution

of the transport equations in the device. In most cases, this solution produces a distribution

function in the form of two exponentials, decaying from their common maximum within the

active layer towards the cathode and anode [48,53,59,140], thus we define

f
(
z′
)

=
1

F
exp

{
− |z′ − z′0|
Wsign{z′−z′0}

}
(3.4)

where W±1 is the exponential decay width towards the cathode (−1) and anode (+1), z′0 is the

distribution peak location and F is a normalization constant assuring that the total probability

of sources to be found in the active layer is 1, or,
∫ d1

d−1
f (z′) dz′ = 1. Once again, in the more

peculiar forms of spatial distributions [18], the model can be readily augmented to include a sum

of arbitrary exponentials as the distribution function.

3.1.2.3 Power Relations

Naturally, the Green function of the device is the electric field, ~E (~r, ~r ′;ω), or magnetic field,

~H (~r, ~r ′;ω), induced by the source. However, the physical parameter of interest is the radiated

power density averaged over time. The relation between these two defines the emission pattern

of the device, given some spectral and spatial distributions

Sr(θ) =

d1∫
d−1

dz′f
(
z′
) ∞∫
−∞

dωp (ω)
1

2
~E
(
~r, ~r ′;ω

)
×
[
~H
(
~r, ~r ′;ω

)]∗
· r̂
∣∣∣∣
r→∞

(3.5)

where we consider the sources to be spatially incoherent [132]. The symmetry of the problem

allows us to express the electric and magnetic fields by their transverse components alone. These
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components are related to the Green function via
Ex(~r, ~r ′;ω) = jkZJsG (~r, ~r ′;ω)−Ms

∂G (~r, ~r ′;ω)

∂z
,

Hy(~r, ~r
′;ω) = −Js

∂G (~r, ~r ′;ω)

∂z
+jkYMsG (~r, ~r ′;ω)

(3.6)

where eJs = eI0,
mMs = mI0 and mJs = eMs = 0 [125]. The Green function can be expressed via

the following spectral integral

G
(
~r, ~r ′;ω

)
=

1

2π

∞∫
−∞

g
(
z, z′;ω

)
ej
~kt·~rdkt (3.7)

where g(z, z′;ω) and ~kt = ktt̂ denote the one-dimensional Green function and transverse wave-

vector, respectively. The wave equation and associated constraints for g(z, z′;ω) are outlined

in [40,91, 125]. Expanding the work by Einziger et al. [91] we express the Green function in the

various layers using recursive relations. For z > z′, or n > 0,

gn(z, z′;ω) =
ejβ1z′

2jβn

1−R̂−1(kt) e
−2jβ1z′

1−R1(kt) R̂−1(kt)

 n∏
p=2

Tp(kt)

[e−jβnz−Rn(kt) ejβnz] (3.8)

where gn(z, z′;ω) specifies g(z, z′;ω) at the n-th layer, βn =
√
k2
n − k2

t is the wave number in the

propagation direction ẑ, and Rn(kt) and Tn(kt) are the total reflection and total transmission

coefficients, respectively, in the forward direction, i.e., for n > 0. These coefficients are recursively

defined via 
Rn(kt) =

{
Γn(kt)+

[
1−Γ2

n(kt)
]
Rn+1(kt) e

2jβn+1dn

1+Γn(kt)Rn+1(kt) e2jβn+1dn

}
e−2jβndn

Tn(kt) =
[1+Γn−1(kt)]e

j(βn−βn−1)dn−1

1+Γn−1(kt)Rn(kt) e2jβndn−1

(3.9)

where Γn(kt) is the forward local reflection coefficient of the n-th interface, n > 0, given by

the Fresnel formula, Γn = (1− γn) / (1 + γn), where we used the definition of the generalized

impedance ratio, emγn = (Zn+1/Zn)±1 (kn+1/kn) (βn/βn+1). The analogous expressions for the

reflection and transmission coefficients in the reversed direction, R̂n(kt), T̂n(kt), etc., for n < 0,

can be readily derived in a similar manner [129], using the transformations (n− 1) ↔ (n+ 1)

and j ↔ (−j). The recursion stop conditions are RN+1 = R̂−(M+1) = 0. Substituting Eqs. (3.6),

(3.7) and (3.8) into Eq. (3.5), and taking only the saddle point contribution to the plane-wave

spectral integral into account [40] we arrive at the following expression for the emission pattern

Sr(θ) ∼
1

2
PN+1

d1∫
d−1

dz′f
(
z′
) ∞∫
−∞

dωp (ω)

∣∣∣∣∣2jβN+1gN+1(z, z′;ω)√
πr

∣∣∣∣
kt=kN+1 sin θ

∣∣∣∣∣
2

(3.10)

where ePn = knZn |eI0|2/8 and mPn = knYn |mI0|2/8 denote the radiation power of electric and

magnetic line sources in an unbounded homogeneous medium of the n-th layer material, respec-
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tively3. Following previous work [126], we express the one-dimensional Green function in the

observation region, n = N + 1, for N,M ≥ 1, as a sum of multiple reflections between the layers’

boundaries,

gN+1

(
z, z′;ω

)
=

N+1∏
n=1

e−jβn(dn−dn−1)
N+1∏
n=2

[1 + Γn−1 (kt)]

2jβN+1

·
1∑

l′=0

∞∑
l1=−1

e−2jβ1[l′z′+(l1+1)d1−(l̂−1+1)d−1]+jl′π

·
l1+1∑
s1=0

∞∑
p1=0

· · ·
lN−1+1∑
sN−1=0

∞∑
pN−1=0

K (1, N, lq, sq, pq)

·
l̂−1+1∑
ŝ−1=0

∞∑
p̂−1=0

· · ·
l̂−(M−1)+1∑
ŝ−(M−1)=0

∞∑
p̂−(M−1)=0̂

K
(
−M,−1, l̂q, ŝq, p̂q

)

·
N∏
n=2


∞∑

l̃nn=−1

[−Γn−1 (kt)]
l̃nn+1 e−2j(l̃nn+1)βn(dn−dn−1)

l̃nn+1∑
s̃nn=0

∞∑
p̃nn=0

· · ·
l̃nN−1+1∑
s̃nN−1=0

∞∑
p̃nN−1=0

K
(
n,N, l̃nq , s̃

n
q , p̃

n
q

)

(3.11)

where we must consider all the possible combinations for reflections a plane-wave encounters

along its propagation within the device, thus we define

K (n1, n2, lq, sq, pq) = [Γn2 (kt)]
ln2+1

n2−1∏
q=n1

(
lq+1

sq

)(
lq+1+1

pq

)
e−2j(lq+1+1)βq+1(dq+1−dq)

[−Γq (kt)]
pq
[
1− Γ2

q (kt)
]lq−sq+1

[Γq (kt)]
sq

(3.12)

and K̂ is given by transforming Eq. (3.12) using (q − 1) ↔ (q + 1) and j ↔ (−j); moreover

ln =
∑n−1

k=1 (pk − sk) + l1, l̂n =
∑−1

k=n+1 (p̂k − ŝk) + l̂−1, l̂−1 = l′ + l1 and l̃nq =
∑q−1

k=n (p̃nk − s̃nk) +

l̃nn.

3.1.2.4 Spectral Distribution Effect

Assuming that in the relevant spectral interval of Eq. (3.3), ω0 ±∆ω, the optical parameters of

the media, i.e. nn and κn, do not vary significantly with ω, we get that after the substitution

kt=kN+1 sin θ of Eq. (3.10), all βn are proportional to ω, and all Γn and Γ̂n are independent of the

field’s angular frequency. Incorporating Eq. (3.11) into Eq. (3.10), the latter can be reformatted

as a sum of multiple reflection terms, and the spectral and spatial integrals can be solved, term

by term. Each term takes the form of a multiple reflection combination, consisting of a reflection

coefficient product, αq (θ), independent of ω, and a phase factor, e−2jkN+1(ω)lq(θ) = e−2jωτq(θ),

3The definition of the nominal power was adjusted with respect to the original paper as to be consistent
with [97].
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accumulating a linear phase relative to the propagation induced by the multiple reflections defined

by αq (θ). The parameters lq (θ) and τq (θ) define the optical propagation length and propagation

time, respectively, within the device, and are also independent of the angular frequency. The

spectral integral for a single term can therefore be solved analytically, leading to

∞∫
−∞

dωp (ω)
∞∑

q=−∞
αq (θ) e−2jkN+1(ω)lq(θ) =

∞∑
q=−∞

αq (θ) e−2jkN+1(ω0)lq(θ)e−
1
2

[2lq(θ)/Lc]
2

(3.13)

where the coherence length for the ensemble, Lc = c/∆ω = λ2/ (2π∆λ), is defined as the optical

length in air until which two photons generated by the ensemble at the same moment with

the same initial phase can be still considered coherent [90], i.e. their frequency difference does

not induce a significant phase difference upon propagation distance up to Lc. The use of the

term ”coherence length” in this context does not imply a consistent emission from different

excitons (their emission was already shown to be occuring in random times and locations [132])

as one might infer from this phrase. Instead, it indicates the ability of coherent interference

between a source and its reflections to be pronounced in the device response after integration

over all of the ensemble contributions; as shown, this ability is strongly dependent on the exciton

spectral distribution width. This is a very important result, as it suggests that multiple reflection

combinations that induce large optical propagation distances with respect to the coherence

length, Lc � 2lq (θ), can be neglected from the summation of Eq. (3.11), when the ensemble

total response is considered.

3.1.2.5 Spatial Distribution Effect

Solving the spatial integral involves only the first two factors in Eq. (3.8), as all other factors

are independent of the source location, z′. Referring to the relevant form of these factors in

Eq. (3.10),
∣∣∣ejβ1(z′−d−1) − R̂−1e

−jβ1(z′−d−1)
∣∣∣2, we arrive at

d1∫
d−1

dz′f
(
z′
) ∑
r=−1,0,+1

αr (θ) e−2j[(z′−d−1)/lr(θ,ω)] =

=
∑

r=−1,0,+1

αr (θ) e−2j[(z′0−d−1)/lr(θ,ω)]

∑
u=−1,+1

uWu
u+2jWu/lr

[
1− e−2j(du−z′0)/lre−|du−z′0|/Wu

]
∑

u=−1,+1
Wu

[
1− e−|du−z′0|/Wu

]
=
∑

r=−1,0,+1

αr (θ) e−2j[(z′0−d−1)/lr(θ,ω)]Fb (lr, z
′
0)

F

(3.14)

where lr (θ, ω) is the effective wavelength for the r-th term, and Fb (lr, z
′
0) /F is the spatial

broadening factor for the r-th term. It is readily observed that if the spatial widths W±1 are

very small with respect to the active layer dimensions, then Fb (lr, z
′
0) /F approaches 1, and f (z′)

takes the form of a delta function, as expected. On the other hand, if the spatial broadening

is substantial, Fb (lr, z
′
0) /F decreases the weight of the r-th term as the spatial widths W±1

increase. This can be inferred from the approximations we present for the symmetric distribution
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cases, where W1 = W−1 = W . If the ensemble center is close to the active layer boundaries,

z′0 → d±1, a good approximation is

Fb (lr, z
′
0)

F

∣∣∣∣
z′0→d±1

≈ 1± j (2W/lr)

1 + (2W/lr)
2 (3.15)

whereas when the excitons are concentrated around the middle of the active layer, z′0 →
(d1 − d−1) /2 = d/2, the spatial broadening factor is given by

Fb(lr,z′0)
F

∣∣∣∣
z′0→d/2

=1+e−d/(2W )[(2W/lr) sin(d/lr)−cos(d/lr)]

[1+(2W/lr)
2][1−e−d/(2W )] (3.16)

which is an accurate expression if z′0 = d/2. For other values of z′0, the spatial broadening factor

lies between these two limiting cases.

For exciton ensembles located far from the active layer boundary at d−1, the phase term

(z′0 − d−1)β1/kN+1 becomes comparable with the typical coherence length (typical values will

be introduced in Subsubsection 3.1.2.6 later on), and the effect of the spectral broadening on

the location dependent terms cannot be totally neglected. In those cases, we must execute the

spectral integral as well, leading to

d1∫
d−1

dz′f
(
z′
) ∞∫
−∞

dωp (ω)
∑

r=−1,0,+1

αr (θ) e−2j[(z′−d−1)/lr(θ,ω)] =

=
∑

r=−1,0,+1

αr (θ) e−2j[(z′0−d−1)/lr(θ,ω0)]Fb (lr, z
′
0)

F
exp

{
−1

2

[
2 (z′0 − d−1)

lr (θ, ω0) kN+1 (ω0)Lc

]2
}

=
∑

r=−1,0,+1

αr (θ) e−2j[(z′0−d−1)/lr(θ,ω0)] F̃b (lr, z
′
0, ω0)

F

(3.17)

where the Gaussian decay varies much slower with z′ than the spatial distribution factor, thus can

be removed from the integrand for the spatial integration. For typical exciton spatial distributions

and coherence lengths the Gaussian factor remains close to unity; however, in some cases, as

discussed above, the r-th term in Eq. (3.14) experiences an additional attenuation due to the

spectral distribution of the sources, and the corrected spatial broadening factor, F̃b (lr, z
′
0, ω0) /F ,

must be used.

3.1.2.6 Closed-Form Solution for Prototype Device

In order to demonstrate the impact of the last two results, i.e. the effect of spectral and spatial

source distributions on the optical emission from thin-film weak-microcavity formations, we apply

them to a prototype device. A basic configuration of a five layer bottom emitting (BE) OLED is

selected [4]. The elementary device, specified in Table 3.1 and depicted in Fig. 3.2, corresponds to

Fig. 3.1 (setting M = 1 and N = 3) with an electric line source excitation located at z′ = 20nm,

radiates typically at λ ≈ 600nm [139]. We observe three important typical optical features

of such a device. First, it indeed forms a weak-microcavity structure, as the silver/polymer

interface is the only significant reflecting boundary with
∣∣∣Γ̂−1(kt→0)

∣∣∣∼97% field reflection upon
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Table 3.1: Geometrical and electrical properties of a prototype BE-OLED, corresponding to
Fig. 3.1. Data is retrieved from [49] and [139].

n Layer Material nn κn dn[nm]

−2 Silver 0.124 3.73 −∞
−1 MEH-DOO-PPV 1.9 0.01 0
+1 MEH-DOO-PPV 1.9 0.01 200
+2 ITO 1.85 0.0065 300
+3 Glass 1.5 0 106

+4 Air 1 0 +∞

Figure 3.2: Physical configuration of
the prototype BE-OLED specified in
Table 3.1.

perpendicular incidence, the second most reflecting boundary is the glass/air interface with

Γ3(kt→0)∼20% field reflection upon perpendicular incidence, increasing up to 100% for larger

values of kt, the maximum reached when kt=k4 ( Eq. (3.10)), i.e., when the angle of incidence

upon the glass/air interface equals the critical angle for total internal reflection. Second, the

polymer and ITO layer dimensions are comparable with the emission wavelength in the media,

i.e. are considered thin-film layers, whereas the glass substrate thickness is greater by several

orders of magnitude. Third, the typical emission spectral width of these devices [4,16,139,141] is

∆λ ∼ 50nm÷ 75nm, which corresponds to a coherence length of Lc ∼ 0.764µm÷ 1.145µm, only

slightly larger than the wavelength, but much smaller than the substrate thickness.

The first observation, relating to the weak-microcavity characteristics of the device, implies

that only a handful of terms in Eq. (3.11) are significant, as term amplitudes, being proportional

to products of reflection coefficients, are much less than unity and decreasing dramatically for

increasing number of internal reflections. This leads to

g4(z, z′;ω) ≈ ejβ1(z′−d−1)−Γ̂−1 (kt)e
−jβ1(z′−d−1)

2jβ4
e−jβ1(d1−d−1)

4∏
n=2

[1 + Γn−1 (kt)] e
−jβn(dn−dn−1)

·
νmax∑
ν=0

{
Γ̂−1 (kt)

[
Γ2 (kt) + Γ3 (kt) e

−2jβ3(d3−d2)
]
e−2jβ2(d2−d1)e−2jβ1(d1−d−1)

}ν (3.18)

where we limit the number of internal reflections, ν, by the value of νmax = 3, which is sufficiently

accurate for our case. The second observation, relating to the thin-film characteristics of the

device, implies that the effect of the spatial distribution of sources on the emission pattern,
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according to Eq. (3.14), is limited to the slow-varying component of the emission pattern, as it

can only impact the image-source interference term, which meets the half-wavelength (Bragg)

conditions only a few times for these typical layer dimensions and emission wavelengths. The third

observation implies that all terms in Eq. (3.11) which involve phase factors due to propagation

in the glass layer, effectively vanish according to Eq. (3.13). This is achieved by incorporating

Eq. (3.18) in Eq. (3.10), using Eq. (3.13) and the realistic values of the coherence length, implying

Lc � (d3 − d−1). Finally we arrive at

Sr(θ) ≈
P4

2πr
TIS
(
kt, z

′
0

)
TDR(kt)TWM (kt)

∣∣∣∣
kt=k4 sin θ

(3.19)

where we define the simplified image-source, direct-ray and weak-microcavity transmission factors,

respectively, as follows

TIS (kt, z
′
0) = e−2={β1}(z′0−d−1) − 2<

{
Γ̂−1 (kt)e

−2j<{β1}(z′0−d−1) F̃b(1/<{β1},z′0,ω0)
F

}
+
∣∣∣Γ̂−1 (kt)

∣∣∣2 e2={β1}(z′0−d−1)
(3.20)

TDR (kt) = e2={β1}(d1−d−1)
4∏

n=2

|1 + Γn−1 (kt)|2 e2={βn}(dn−dn−1) (3.21)

TWM (kt) =

νmax∑
ν=0

{∣∣∣Γ̂−1 (kt)
∣∣∣2 |Γ3 (kt)|2 e4={β3}(d3−d2)e4={β2}(d2−d1)e4={β1}(d1−d−1)

}ν
(3.22)

The power relation as formulated in Eq. (3.19), together with the definitions Eqs. (3.20)-(3.22),

constitute a very important result. In its analytical closed form we can readily identify the

dominant optical processes in the device, namely, the image-source interference Eq. (3.20), which is

strongly dependent on the exciton positions with respect to the cathode; the direct ray contribution

Eq. (3.21), which includes the propagation phase accumulation and transmission through layers;

and the weak-microcavity effects Eq. (3.22), which consist of multiple reflections between

the cathode/polymer and glass/air interfaces. The impact of the spatial and spectral source

distributions is mediated by the spatial broadening factor, Fb (1/<{β1} , z′0) /F , multiplying the

image-source interference term in Eq. (3.20), and the absence of the weak-microcavity cross-terms

from Eq. (3.22), which vanish due to the large substrate dimensions with respect to realistic

coherence lengths. This result of the rigorous derivation is capable of reproducing the measured

emission patterns as well as evaluating the quality and validity of heuristic approaches, such as

semi-infinite glass [49], perturbed glass thickness [45] or ray-optics [17,19].

3.1.3 Results

3.1.3.1 Spectral Distribution Effect

Emission patterns of prototype BE-OLEDs with varying either spectral distribution widths or

glass thicknesses are depicted in Fig. 3.3 and Fig. 3.4, respectively. In both figures the spatial
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Figure 3.3: Effect of exciton spectral
distribution width, or coherence length,
on OLED emission pattern, for elec-
tric line source excitation at z′0 =
20nm, infinitesimal spatial distribution
width, W−1 = W1 � (d1 − d−1) , λ
and two coherence length values: Lc �
(d3 − d−1) ∼ 1mm (blue dotted line)
and Lc = 1µm� (d3 − d−1) (red solid
line). The former was calculated us-
ing Eq. (3.18), while for the latter,
Eq. (3.19) was used.

Figure 3.4: Effect of glass thickness on
OLED radiation pattern, for electric
line source excitation at z′0 = 20nm,
infinitesimal spatial distribution width,
W−1 = W1 � (d1 − d−1) , λ, large but
finite coherence length Lc = 150µm
and four glass thickness values: 1nm
(black solid line), 1µm (green dashed
line), 10µm (blue line with x marker)
and 1mm (red solid line). The pat-
terns were calculated using Eq. (3.18)
in conjunction with Eq. (3.13).
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distribution is defined as the delta function, f (z′) = δ (z′ − z′0), z′0 = 20nm, in order to isolate the

effect of the spectral distribution. Fig. 3.3 presents emission patterns for two values of coherence

length, the single coherent source case, calculated using Eq. (3.18)), and the realistic Lc ∼ 1µm

case, for which Eq. (3.19) is applicable. As expected, we see that for an infinite coherence length,

the weak-microcavity induced interference dominates the fast-varying component of the pattern,

and multiple maxima and minima appear in the angles for which the Bragg condition is met. In

the realistic case of a finite coherence length in the order of Lc ∼ 1µm, much smaller than the

weak-microcavity optical length, the fast-varying response vanishes completely, and the reported

quasi-Lambertian response is observed.

This effect is further emphasized in Fig. 3.4, where the coherence length is set to a finite,

although unreasonably large for OLEDs, value of Lc = 150µm, i.e. a very narrow emission

linewidth, which allows some additional observations upon variation of the glass thickness in

the range d3 − d2 = 1nm÷ 1mm. It is readily observed that for device thickness (represented

by the dominant glass thickness) much smaller than the coherence length, interference effects

are noticeable whereas the reversed situation results in a quasi-Lambertian emission pattern.

Furthermore, these observations agree well with experimental measurements taken in the two

limits [49, 136]. Note that the two extremes correspond to emission patterns which reflect either

the device properties, i.e. thickness dependent interference according to the half-wavelength

condition, or the source characteristics, leading to spectral broadening dominated pattern.

3.1.3.2 Spatial Distribution Effect

In order to observe the effect of the spatial distribution on the emission pattern we must choose

the center of the distribution to be in a location where the image-source interference is significant.

Thus, in Fig. 3.5 and Fig. 3.6 we plot the emission patterns for a source distribution with maximum

at z′0 = 140nm, and vary the distribution widths from W−1 = W1 = 1nm to W−1 = W1 = 100nm.

In order to stress the different impacts of the spatial and spectral broadening, Fig. 3.5 is plotted

for the prototype device taking the coherence length to be infinite, whereas the same plots

are presented in Fig. 3.6 with a realistic coherence length of Lc = 1µm. As discussed above,

for small spatial distribution widths, the distribution function approaches the delta function,

therefore the response for these parameter values in Fig. 3.5 is the same as for a single coherent

source. When the distribution width increases the original image-source interference pattern

disappears, as the interference term is diminished according to Eq. (3.14). Similar attenuation of

image-source interference patterns due to exciton spatial distribution broadening can be observed

in the results of Savaidis and Stathopoulos [50], where the authors present simulated OLED

electroluminescence spectra, which also usually contain extrema on wavelengths that match the

Bragg condition.

In addition, it is clear that, as expected, the spatial distribution broadening cannot affect the

fast-varying component of the emission pattern, which is related to much larger length scales,

therefore this component is evident when the chosen spectral distribution is narrow enough, as in

Fig. 3.5. However, introduction of spectral broadening of realistic coherence length as in Fig. 3.6,

averages this fast-varying component, or large scale interference phenomena. Another feature

noticeable in Fig. 3.6 is that for a very small spatial broadening, e.g. W−1 = W1 = 1nm, we may
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Figure 3.5: Effect of exciton spatial
distribution widths on OLED emis-
sion pattern, for electric line source
excitation at z′0 = 140nm, infinite
coherence length, Lc � (d3 − d−1)
and three spatial distribution widths:
W−1 = W1 = 100nm (blue circles),
W−1 = 10nm,W1 = 60nm (green cir-
cles) and W−1 = W1 = 1nm (red cir-
cles). The emission patterns were cal-
culated using Eq. (3.18) in conjunction
with Eq. (3.14).

Figure 3.6: Effect of exciton spatial dis-
tribution widths on OLED emission
pattern, for electric line source exci-
tation at z′0 = 140nm, realistic coher-
ence length, Lc = 1µm � (d3 − d−1)
and three spatial distribution widths:
W−1 = W1 = 100nm (blue solid line),
W−1 = 10nm,W1 = 60nm (green
dashed line) and W−1 = W1 = 1nm
(red dotted line). The emission pat-
terns were calculated using Eq. (3.19).
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observe some effect of the spectral broadening even on the image-source interference process. The

intensity of this effect strongly depends on the relation between the coherence length and the

optical distance from the source to its image, as formulated in Eq. (3.17) and discussed therein.

It is worth noting that emission patterns associated with the commonly used Aluminium

cathode will experience minor shifts in the image-source interference extrema, due to the different

metal/polymer reflection coefficient phase. Nevertheless, the formulation results as well as the

essence of the physical processes remain the same.

3.1.4 Conclusion

A complete analysis for the optical emission from two-dimensional thin-film weak-microcavity

formations, incorporating spatial and spectral source distributions effects, has been presented and

verified through numerical simulations for a basic BE-OLED configuration. The results imply

that realistic values of spectral and spatial distribution widths can explain the transformation

between emission patterns typical to a single coherent source and the experimentally observed

quasi-Lambertian patterns. Moreover, the closed-form expressions derived for a prototype BE-

OLED reveal that the exciton ensemble spectral broadening is responsible for the vanishing of

the fast-varying component of the emission pattern, related to the weak-microcavity interference

effects, whereas the effect of the spatial distribution is limited to the slow-varying component of

the emission pattern, resulting from the image-source interference induced by the presence of the

metallic cathode. These resultant analytical expressions preserve the physical intuition of the

device optics and allow for an efficient implementation and design. Furthermore, as demonstrated

for the prototype device, they establish a clear and simple relation between the device structure,

the ensemble statistics and the emission pattern.
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3.2 Ray-optical theory of broadband partially coherent emission

A. Epstein, N. Tessler, and P. D. Einziger, ”Ray-optical theory of broadband

partially coherent emission”, Physical Review A, Vol. 87, No. 4, p. 043844, April

2013. [86]

The paper presented in this Section is a rigorous generalization of spectral broadening effects

derived in Section 3.1 for plane-parallel stratified structures (OLEDs included) to any multi-

layered configuration (e.g., with curved boundaries) in which the geometrical optics approximation

is valid. The inspiration for this work, which forms a fundamental scientific contribution with

wide applicability, came from our analysis of cylindrically bent flexible OLED formations,

discussed in Chapter 5, where the same relations between cross-optical path of interfering rays

and coherence length of the exciton ensemble were observed. The establishment of a ray-series

representation for the EM fields, and consequently the interacting-ray-series representation for the

EM power relations, is the common property of all these cases which enables the aforementioned

generalization.

The paper has four merits, from our point of view. First, it provides a rigorous description

for the spectrally dependent emission pattern arising from a general partially-coherent ensemble

of sources by following closely the theory of optical coherence by Mandel and Wolf [142]. This

is facilitated by the coherent-mode representation proven to exist for any stationary ensemble

of signals, enabling the construction of the source spectral distribution from first principles, by

adapting the description of quasi-monochromatic molecular emitters with initial random phase

(i.e., the excitons are formed at a random time and their decay rate is much slower than the

radiation frequency). This approach yields a detailed model for the origins of OLED emission,

thus completing the robust framework developed in Section 3.1 for classical electromagnetic

analyses of spontaneous emission devices in particular, and optical devices with statistical sources

in general.

Second, it extends the validity of the cross-optical path/coherence length interplay for many

common modern optical systems in which the effects of this interplay are very pronounced,

however usually disregarded without a rigorous argumentation, which may lead to ill treatments4.

This includes multi-layered configurations of almost arbitrarily shaped boundaries, thus have a

very wide range of validity.

Third, it sheds new light on common practices employed in the fields of optics and electro-

magnetics. In particular, in low frequency operating systems, e.g. THz or radio frequency (RF)

lens-enhanced antennas, even when broadband sources are considered all ray interference is taken

into account upon calculation of the emission pattern; on the other hand, in the optical frequency

regime, a distinction between ”coherent” and ”incoherent” layers is made, and multiple-beam

4For instance, in the seminal work of Neyts [44], Subsection 3D, it is claimed that the multiple-beam interference
in the substrate should be neglected due to the fact that its thickness is much greater than the wavelength, a fact
which we have shown to be irrelevant to the matter [85,86].
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interference is only accounted for in the former, and neglected for the latter. Our derivation

clarifies these different approaches, showing them to stem from the different spectral resolution

which may be achieved in measurement equipment suitable for the different frequency ranges.

This spectral resolution is limiting the bandwidth of the measured emission, thus determines the

coherence length. In optics, this yields a practical upper limit on the coherence length, preventing

it from being comparable to thick macroscopic layers as the substrate in OLEDs. However, in

lower frequency regimes, spectral resolution of available spectrum analyzers is sufficient as to

account for multiple-beam interference fringes arising from reflections in thick cavities.

Lastly, another important contribution of our paper is the detailed demonstration of the

effects of spectral broadening on the classical biconvex symmetrical focusing lens. We conduct

a thorough geometrical optics analysis of this configuration, including closed-form expressions

evaluated in the paraxial regime, accurately taking into account the divergence of the ray complex

amplitude upon multiple reflections in this non-trivial curved formation, following the framework

laid out in [40,90]. The calculation of the far-field emission for various coherence length values

shows the importance of spectral broadening effects even for the analysis of this well known

optical building block. This serves as a supporting evidence for the relevance of the derived

theory and the effects highlighted by it to many common optical and electromagnetic systems.

In summary, this paper presents an analytical description of spectral broadening effects on

emission of partially-coherent sources in general optical configurations, providing the missing

link relating classical electromagnetic analyses and the theory of optical coherence, essential for

complete and robust modelling of almost any optical system.

Abstract

We present a rigorous formulation of the effects of spectral broadening on emission of

partially-coherent source ensembles embedded in multi-layered formations with arbitrarily

shaped interfaces, provided geometrical optics is valid. The resulting ray-optical theory,

applicable to a variety of optical systems from THz lenses to photovoltaic cells, quantifies

the fundamental interplay between bandwidth and layer dimensions, and sheds new light

on common practices in optical analysis of statistical fields, e.g. disregarding multiple

reflections or neglecting interference cross-terms.

3.2.1 Introduction

Spontaneous emission sources are addressed in recent years frequently by the optical community.

Along the continuous research of laser-based systems and coherent-light-driven phenomena, the

utilization of incoherent light, both for novel applications and as a ground for new science

[27, 28, 77, 143–145], attracts growing attention. Such sources usually exhibit extreme spatial-

incoherence and broad spectral content, properties which are often not incorporated explicitly

into otherwise rigorous electromagnetic models [32, 37, 44]. Furthermore, the classical analyses of

statistical optical fields [142], which do provide a rigorous framework for such an incorporation,

usually refer specifically only to different classes of spatial coherence, while the spectral density

is treated as an arbitrary function of frequency.



100 CHAPTER 3. RIGOROUS EM ANALYSIS OF OPTICAL SOURCES

Following the same paradigm, the recent formal derivations of the geometrical limit of optical

problems involving partially-coherent fields [146,147] also exclude discussion of the integrated

spectral response. Observation of spectral-domain quantities (e.g., spectral density or cross-

spectral density) based on this approach relies on the availability of highly-resolved spectral

measurements, which would allow evaluation of desirable parameters as a function of frequency,

thus render spectral integration unnecessary. However, in many cases of interest, as will be shown

herein, the resolution required to neglect the contribution of spectral integration is extremely

high. Moreover, for many applications, such as lighting, the spectrally integrated intensity is of

interest, rather than the properties of the individual spectral components.

Indeed, in recent work we have shown that rigorous incorporation of the spectral distribution

of the source ensemble leads to significant effects on optical emission patterns of plane-parallel

and cylindrically curved flexible organic light-emitting diodes (FOLEDs), essential for producing

a model consistent with measured results [85, 89]. This inclusion provided proper physical

interpretation of the experimental data, yielding simplified closed-form analytical expressions for

the angular distribution of intensity, shown to coincide with the geometrical-optics (GO) limit.

However, while the rigorous analytical treatments are restricted to separable configurations, GO

is far more general. Thus, the interplay between spectral width and optical emission can be

examined in a broader context by harnessing ray-optical theory, which is consistent with the

rigorous treatments where applicable, but, as demonstrated by [90, 146], has a much wider range

of validity.

In this paper we provide a ray-optical theory for solving radiation problems involving partially-

coherent finite-bandwidth sources embedded in layered media with arbitrarily shaped interfaces,

thus unifying our approach with the work of Zysk, Carney and Schotland [146]. The results show

that a fundamental interplay exists between the coherence length of the source ensemble and the

thickness of the various layers, which may be utilized to drastically reduce the complexity of

the intensity expressions [87]. Consequently, our formulation serves as a useful framework for

efficient analysis of systems which process light from broadband incoherent emitters, e.g. LED

illumination of a microscope lens [146] or light absorption by surface-modified solar cells [77]; it

also offers a path for simplification of more general treatments of partially-coherent ray-optical

fields which consider the intensity parameter [148]. More importantly, it sheds light on a

phenomenon encountered in almost all optical and electromagnetic systems, e.g. ellipsometry,

imaging, display technology and lens-enhanced antennas, but most of the times treated (or

disregarded) based on intuition alone, without quantitative argumentation [28,149]. Our work

fills this gap, providing the exact tradeoff determining the dominance of coherent interference

effects in the response of a given system.

3.2.2 Theory

We consider an ensemble of partially-coherent sources positioned beside or within a smooth layered

formation, where we allow the interfaces between layers to possess an arbitrary three-dimensional

shape (Fig. 3.7). Assuming the sources are statistically stationary, the rigorous analysis of

Mandel and Wolf [142] guarantees that for every angular frequency in the bandwidth of these

sources, ω, there exists an ensemble of strictly monochromatic wave-functions,
{
U (~r, ω) ejωt

}
,
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Figure 3.7: Physical configuration
of a general multi-layered formation,
with an embedded source and a far-
field observation point. Two different
rays, s,s′, originating at the source
and interfering in the observation
point, are depicted.

such that the cross-spectral density of the fields produced by the source ensemble, W (~r1, ~r2, ω),

is equal to the cross-correlation function of the wave-functions, namely,

W (~r1, ~r2, ω) = 〈U∗ (~r1, ω)U (~r2, ω)〉ω . (3.23)

Moreover, it is shown therein that the wave-function amplitudes can be chosen to be of the form

U (~r, ω) =
∑
n

√
αn (ω)ψn (~r, ω) ejθn , (3.24)

where αn (ω) and ψn (~r, ω), respectively, are the (deterministic) eigenvalues and eigenfunctions

which comprise the coherent-mode representation of W (~r1, ~r2, ω), and {θn} ∈ [0, 2π) are statisti-

cally independent random phase factors [142]. Consequently, the spectral density of the source

ensemble is given by the deterministic expression [146]

S (~r, ω) = W (~r, ~r, ω) =
∑
n

αn (ω) |ψn (~r, ω)|2 . (3.25)

It should be emphasized that ψn (~r, ω) is the propagated version of the source fields, i.e. it

satisfies both Maxwell equations and the appropriate boundary conditions. Therefore, when we

consider fields in scenarios obeying the laws of geometrical optics [146], ψn (~r, ω) would be a

summation of rays, each of which propagates in continuous media according to the eikonal equation

and reflected/refracted at abrupt boundaries according to Snell’s law [90]. In a more formal

manner, fields in the GO approximation in piecewise homogeneous media can be represented as

a sum of multiple reflections [85,89,91]

ψn (~r, ω) =
∞∑
s=0

usn (~r) e−jkS
s
n(~r), (3.26)

where for rays associated with the nth mode, S s
n (~r) is the eikonal (optical path) of the sth ray,

and usn (~r) is the product of all reflection (rs,qn ) and transmission (ts,pn ) coefficients along the sth

ray trajectory, given by

usn (~r) = Ds
n (~r)

Qsn−1∏
q=0

P sn−1∏
p=0

rs,qn ts,pn , (3.27)
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where the indices q and p enumerate the interfaces at which the sth ray undergoes reflection or

transmission, respectively (Fig. 3.7), and Ds
n (~r) is the amplitude divergence factor associated

with the sth ray, following the GO power conservation law [90]. Within GO, rs,qn and ts,pn are

given by the suitable Fresnel coefficients (polarization dependent). We assume here weak material

dispersion, for which the Fresnel coefficients can be considered independent of frequency [85, 89];

in such a case, the frequency dependence enters Eq. (3.26) via the wavenumber k = ω/c only,

where c is the speed of light in vacuum.

For realistic devices, Fresnel reflection coefficients are less than unity in absolute value,

rendering high-order many-reflection terms negligible. This can be utilized to truncate the

summation in Eq. (3.26) to a finite sum of Mn terms [87]. Assigning this into Eq. (3.25) yields

S (~r, ω) =
∑
n

αn(ω)

Mn−1∑
s,s′=0

usn (~r)
[
us
′
n (~r)

]∗
e−jk∆S s,s′

n (~r), (3.28)

where the optical path difference between the sth and s′th rays is given by ∆S s,s′
n (~r) =

S s
n − (S s′

n )∗.

Eq. (3.28) establishes the power relations for a monochromatic source. However, as discussed

in Subsection 3.2.1, we are interested in the integrated contribution of all spectral components of

the ensemble, I (~r) =
∫∞

0 dωS (~r, ω), the evaluation of which requires knowledge of the frequency

dependence of the coherent modes, αn (ω). We restrict ourselves to Gaussian or Lorentzian

spectral distributions, typically associated with homogeneous and inhomogeneous broadening

of spontaneous emission sources [112,150]. Nevertheless, the principal physical phenomena can

be reproduced for arbitrary source spectra by matching the distribution widths of the model

Gaussian or Lorentzian. Hence, we introduce the spectral density of the nth mode,

αGn (ω) = e
− (ω−ωn)2

2(∆ωn)2

∆ωn
√

2π
, αLn (ω) = 1

π
∆ωn

(ω−ωn)2+(∆ωn)2
(3.29)

for Gaussian and Lorentzian modes, respectively, where ωn and ∆ωn are the nth mode center

and bandwidth in angular frequency units. Integrating Eq. (3.28) in conjunction with these

spectral distributions yields the total emission intensity at ~r

I (~r)=
∑
n

Mn−1∑
s,s′=0

usn(~r)
[
us
′
n (~r)

]∗
e−jkn∆S s,s′

n (~r)A

(
∆S s,s′

n

Lnc

)
, (3.30)

where kn = ωn/c is the central wavenumber, A (l) is the spectral broadening attenuation factor,

depending on the ratio between the cross-optical-path of the two rays, ∆S s,s′
n , and the coherence

length of the nth mode ensemble, Lnc = c/∆ωn. Assuming ∆ωn � ωn, the spectral broadening

attenuation factor for the Gaussian or Lorentzian spectral distributions, respectively, can be

resolved analytically to be

A G (l) = e−
l2

2 and A L (l) = e−|l|. (3.31)

Eqs. (3.30)-(3.31) comprise the main result of our paper. They indicate that for either
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distribution, when the cross-optical-path of two rays s, s′, is much greater than the coherence

length of the nth mode source ensemble, the respective term in the summation of Eq. (3.30)

is factored by an exponentially small attenuation factor, thus can be neglected. In the other

extremity, when ∆S s,s′
n � Lnc , the respective term takes the form of a monochromatic (coherent)

cross-term as in Eq. (3.28), evaluated in the central frequency ωn, and the spectral broadening

effect can be disregarded.

These observations, which in many cases lead to a dramatic truncation of the ray series of

Eq. (3.30) [85,87,89], are related to a fundamental physical tradeoff. The cross-terms of Eq. (3.30)

express the interference pattern of the sources in the presence of the stratified geometry. The

cross-optical-path ∆S s,s′
n , usually arising from different number of multiple reflections between

layer interfaces, defines the nature of this interference, e.g. constructive or destructive, depending

on the phase difference kn∆S s,s′
n . If the distance between the two reflecting boundaries which

induce this path difference is very large compared to the coherence length, there would be a vast

amount of frequencies for which these rays would interfere constructively, and an equally large

number of frequencies, within the ensemble spectral range, for which these rays’ contributions

would cancel each other. When the integrated response of the ensemble would be measured,

the interference pattern induced by the reflections from these two boundaries would be highly

attenuated due to the averaging; Eqs. (3.30)-(3.31) define the exact form of this attenuation.

It is worth noting that however the fact that thick and thin layers (with respect to the

coherence length) exhibit different interference properties is well known by now, and is widely

used (e.g., in ellipsometry [149]), this is the first time, to the best of our knowledge, that a general

theory valid for arbitrary physical configurations is presented. Moreover, our derivation provides

explicit expressions not only for these well-known extreme cases, but for any layer thickness,

resulting in a complete theory, quantitatively relating the broadening effects to basic parameters

of the optical problem.

3.2.3 Results and Discussion

To demonstrate the significance of our results, we focus on the classical biconvex lens, an

elementary building block for many optical systems (Fig. 3.8). For simplicity, we consider a

two-dimensional cylindrical lens, illuminated by a collimated pencil of transverse electric (TE)

rays parallel to the lens axis originating in a distant incoherent source ensemble (e.g., an LED) at

z → −∞, described by a single natural mode with Gaussian spectral density centered around ω0

with standard deviation ∆ω [146]. The lens medium is assumed to be lossless with a refractive

index of n, and is surrounded by air; the lens surfaces are symmetrical, with a radius of curvature

of R, and the distance between them is d on the lens axis; the observation point is located in the

far-field of the lens, z →∞, defining an observation angle of θ with respect to the z-axis.

Even for such a basic configuration, an exact solution of Maxwell’s equations is very hard

to obtain analytically, and the GO approximation, highly applicable in this case, is usually

used [90,112]. However, in contrast with the typical treatments of lenses, we take into account

not only the direct rays, known to focus following the lensmaker’s equation, but also multiple

reflected rays, which cannot, in general, be disregarded [151,152]. For this purpose, we denote the

angle of incidence (in the lens) of the ray at the νth boundary of its trajectory by αν while the
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Figure 3.8: Physical configuration of a symmetrical biconvex lens with radius R and thickness d.
A plane wave parallel to the z-axis impinges the lens from the left, and the angle between the
far-field observation point and the z-axis is θ. Ray tracing of two rays s,s′ with different number
of internal reflections, which interfere at the observation point, is presented.

angle of refraction (in air) at this boundary is denoted by βν , given by Snell’s law sinβν = n sinαν .

The angle of departure with respect to the z-axis is θν , and we define γν = βν − θν (Fig. 3.8).

Therefore, two rays, s,s′, will interfere in the observation point if there exist even numbers ν, ν ′

such that θ = θν = θ′ν+ν′ , as demonstrated by the rays in Fig. 3.8 for ν = ν ′ = 1.

Geometrical analysis of the ray trajectories yields a recursive relation between the angles at

multiple reflections of any order ν ≥ 1, namely,{
sinαν+1 =

(
2− d

R

)
sin (αν + γν)− sinαν

γν+1 = αν+1 − (αν + γν)
(3.32)

with the stop conditions n sinα1 = − sin θin and γ1 = θin.

Under the paraxial approximation, valid for typical lens operating conditions, Eq. (3.32) can

be linearized via sinx ≈ x [112]. Diagonalization of the resulting matrix leads to an explicit

relation between the angle of incidence, θin, and the angle of departure, θν+1, of a given ray after

ν − 1 reflections and 2 refractions,

θν+1= θin

[(
n cot

ξ

2
− 1

n
tan

ξ

2

)
sin νξ − 2 cos νξ

]
, (3.33)

where cos ξ = 1− d
R . The complete trajectory, and consequently the eikonal, corresponding to

the ray which undergoes ν − 1 reflections within the lens and depart at θν+1 = θ is resolved by

Eq. (3.32) to be

S (ν+1) = R

n
ν∑
p=1

sin γp − sin γp+1

sin (αp+1 − γp+1)
+ 1− cos γ1 − cosβν+1

 , (3.34)

where γ1 = θin is determined by inverting Eq. (3.33) for given ν and θ. Subsequently, the ray

amplitude components of Eq. (3.27) are analytically evaluated as well, following standard ray-

tracing methodology [153]. Finally, we construct the monochromatic emission pattern of Eq. (3.28)

by summing over all the possible rays contributing to the radiation at θ, for each observation
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Figure 3.9: Effect of coherence length on an-
gular distribution of power in the far-field, for
impinging parallel paraxial rays, and four co-
herence length values: infinite coherence length
(thick dashed red line), Lc = 50mm (solid black
line), Lc = 5mm (dash-dotted green line), and
Lc = 1mm (dashed blue line). For comparison,
the direct ray contribution (dotted black line),
obtained by neglecting all internal reflections in
the lens, is presented as well.

angle under consideration; given the coherence length of the source, the ensemble emission pattern

can be calculated via Eq. (3.30). For the sake of clarity, detailed derivation of Eqs. (3.32)-(3.34)

and the corresponding emission pattern is outlined in the Appendix (Subsection 3.2.5).

Fig. 3.9 presents emission patterns calculated according to the prescribed GO analysis, for

a typical infra-red Silicon symmetrical biconvex lens, with R = 5cm, d = 1mm, and n = 3.43

(λ = 3− 5µm) [154,155], and source coherence lengths ranging from Lc = 1mm to Lc = 50mm;

the case of infinite coherence length is shown as a reference. For comparison, the direct ray

contribution, neglecting multiple reflections, is presented as well.

The results show that for purely coherent source (Lc →∞), multiply reflected rays interfere

constructively and destructively at alternating angles, according to Bragg’s law [85]. This picture

is preserved (Lc = 50mm) as long as the coherence length is much larger than the thickness

of the lens, which defines the scale for the cross-optical-path of interfering multiply-reflected

rays. However, as the coherence length is reduced to values comparable to the lens thickness, the

interference fringes are attenuated (Lc = 5mm) and eventually disappear completely (Lc = 1mm).

These observations are consistent with our derivation (Eqs. (3.30)-(3.31)), according to which the

spectral broadening attenuation factor diminishes the interference cross-terms as the coherence

length decreases [85,149].

In addition to the verification of our theory, the lens example emphasizes two subtle, but

important, points. First, it seems from Fig. 3.9 that the direct ray contribution reproduces

quite well the emission pattern obtained for broadband incoherent sources (Lc = 1mm), allegedly

implying that this contribution alone may be sufficient for an accurate description of light

propagation in similar systems. However, as our derivation shows, this naive approach, which we

believe is commonly used, clearly does not hold when the distance between reflecting interfaces

(in our case, the effective thickness of the lens) is smaller than the coherence length. In fact, for

high spectral resolution measurements, exhibiting large coherence length, interference effects may

dominate the pattern. We believe this is the reason why analyses of components based on low

frequency sources (e.g., in radio or THz frequencies), for which narrow bandwidth measurements

are readily available, usually consider multiple reflections [151,152], whereas for typical optical

systems, often only the direct ray contribution is taken into account [112].

At the opposite extreme, one may claim that the high spectral resolution of modern measure-
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ment equipment renders spectral integration unnecessary, and that the familiar spectrally-resolved

formulation of Mandel and Wolf [142] is sufficient. However, in our example, which is based on

commercial lenses, the monochromatic response is fully observed only for Lc ≥ 50mm (Fig. 3.9),

corresponding to spectral resolution of ∆λ < 50pm in the infra-red, an extreme requirement

even for up-to-date optical spectrum analyzers. Thus, in general, for an accurate analysis, the

rigorous incorporation of the source ensemble spectral distribution as presented herein should be

used, covering the full range of coherence length and layer thickness values.

Before we conclude, it is important to note that the theory developed here could be further

generalized to account for a much larger set of configurations and excitations. The generalization

of GO for configurations which include localized diffraction centers (wedges, tips, etc.), namely, the

geometrical theory of diffraction (GTD) [156], introduces to Eq. (3.27) a diffraction coefficient,

relatively weakly modulated by frequency, and otherwise leave the ray-series of Eq. (3.26)

unchanged. Considering that the main spectral broadening effects arise from the rapidly oscillating

phase factor, GTD fields would produce essentially the same results obtained for pure GO solutions

after spectral integration. Accordingly, the cross-optical-path now would correspond also to

distances between diffraction centers (e.g., slit width in Fig. 3 of [156]), and interference between

(multiply) diffracted rays may be suppressed if coherence length is much smaller than these

distances.

A generalization can also be made regarding the spectral nature of the excitation. In principle,

our formulation is valid only for statistically stationary sources [142]. However, for a deterministic

wideband excitation, e.g. the pulse that excites the THz emission in [151], the emission pattern,

given now by spectral integration of the fields, I (~r) =
∣∣∫∞

0 dωU (~r, ω)
∣∣2, would exhibit attenuation

factors qualitatively similar to those of Eq. (3.31), retaining the same fundamental interplay

between coherence length and cross-optical-path.

3.2.4 Conclusion

We have presented a ray-optical theory, rigorously incorporating the spectral properties of

partially-coherent sources into existing geometrical treatments of statistical fields. The resultant

closed-form expressions reveal a fundamental interplay between the typical length scale of

reflections in multi-layered structures and the coherence length of the ensemble. This physical

phenomenon, observable also for deterministic sources and GTD diffracting geometries, determines

to what extent interference processes would be expressed in the emission pattern. As demonstrated,

our theory is essential for consistent interpretation of experimental results, and sheds new light

on approximations and assumptions often used in modern optics, e.g. to analyze organic photonic

devices, ellipsometry measurements or THz lenses.

3.2.5 Appendix: Ray analysis of a symmetrical biconvex lens

For the sake of completeness, we derive herein in detail the expression for the emission pattern

produced by paraxial parallel rays incident upon the symmetrical biconvex lens discussed in

Subsection 3.2.3 and plotted in Fig. 3.9, following the well known fundamental ray optics

scheme [90]. The derivation consists of formulation of recursive relations between angles of

incidence in successive internal reflections of the rays at the lens boundaries; utilization of the
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Figure 3.10: Definitions of
dν and ρν demonstrated
on a representative ray-
tracing of the lens, corre-
sponding to Fig. 3.8.

paraxial approximation to relate all angles of incidence in the trajectory to the first angle of

incidence; calculation of the eikonal of the rays, given the observation angle (angle of departure

from the lens) and the number of internal reflections; and evaluation of the reflection, transmission

and amplitude divergence factors which form the ray field amplitude. Combining the eikonal

with the field amplitude and summing over the rays which interfere at the observation point,

following Eq. (3.26), leads to the expression for the total field as a function of observation angle,

from which the monochromatic and the ensemble emission patterns (Eq. (3.28) and Eq. (3.30),

respectively) are readily derived.

We utilize the notations previously defined in Subsection 3.2.3 (Fig. 3.8), and further denote

the vertical distance of the point of incidence of the ray at the νth boundary from the z-axis

as ρν and the horizontal separation of the point of incidence from the adjacent lens edge (at

z± = ± (R− d/2)) as dν (Fig. 3.10). For a given ν ∈ N, the lens thickness can be expressed

using these notations as

d =
ρν − ρν+1

tan (αν+1 − γν+1)
+ dν + dν+1, (3.35)

where ρν and dν are related to the angle γν also via{
ρν = R sin γν

dν = R (1− cos γν) ,
(3.36)

and the angles of incidence αν are related to the radial angles γν by

αν+1 − αν = γν+1 + γν . (3.37)

Substituting Eq. (3.36) into Eq. (3.35) and utilizing trigonometric angle sum identities yields

(
2− d

R

)
sin (αν+1 − γν+1) + sin (γν + γν+1 − αν+1)− sinαν+1 = 0, (3.38)

which, in conjunction with Eq. (3.37), forms Eq. (3.32).

It is important to note that according to our convention, consistent with Fig. 3.8, γν is defined

as positive if the point of incidence lies above the z-axis and negative otherwise; αν is defined

as positive if the incident ray is above the radius (connecting the suitable lens edge with the

incidence point; shown as dotted line in Fig. 3.10 and negative otherwise; and the observation

angle θν is defined as positive if the observation point lies below the z-axis and negative otherwise.



108 CHAPTER 3. RIGOROUS EM ANALYSIS OF OPTICAL SOURCES

Consequently, the angle of refraction, βν , is given by Snell’s law, n sinαν = sinβν , and the

observation angle is merely θν = βν − γν .

As indicated in Subsection 3.2.3, within the paraxial approximation, Eq. (3.32) (i.e. Eqs.

(3.37)-(3.38)), transforms into a linear relation(
αν+1

γν+1

)
= A

(
αν

γν

)
, (3.39)

where the matrix A is given by

A =

(
1− d

R 2− d
R

− d
R 1− d

R

)
. (3.40)

The eigenvalues of A are calculated to be

λ± =
(
1− d

R

)
± j
√

1−
(
1− d

R

)2
= e±jξ, (3.41)

where we define cos ξ = 1− d
R , and the respective eigenvectors are

v± =
[
2
(
1− R

d

)]−1/2

± (1− 2Rd
)1/2

1

 (3.42)

Thus, A is diagonalizable, and consequently can be expressed as A = PDP−1, where

D =

(
λ+ 0

0 λ−

)
and P =

(
v+ v−

)
. (3.43)

Eventually, combining Eqs. (3.39)-(3.43), the angle of incidence of the ray at the boundary after

ν − 1 internal reflections can be related to the angle of incidence at the first boundary, in the

paraxial regime, via(
αν+1

γν+1

)
=Aν

(
α1

γ1

)
=P

(
ejνξ 0

0 e−jνξ

)
P−1

(
α1

γ1

)
. (3.44)

Recalling that n sinα1 = − sin θin, γ1 = θin and θν+1 = n sinαν+1 − γν+1, applying the paraxial

approximation and utilizing the identity cot2 ξ
2 = 1+cos ξ

1−cos ξ , yield the result presented in Eq. (3.33).

Next, to evaluate the interference cross-terms in the emission pattern, it is essential to

calculate the optical path of each ray relative to the other rays with which it interferes. Let

us consider the rays s,s′ depicted in Fig. 3.11, interfering at the distant observation point. We

choose two reference planes, with respect to which we would calculate the phase accumulation of

the rays (Fig. 3.11). The left reference plane (dash-dotted magenta line) is the plane tangent

to the left lens edge at z = −d/2 (on the axis), while the right reference plane (dash-dotted

purple line) is defined as the perpendicular to the sth ray which is also tangent to the right lens

edge. As the left and right reference planes are perpendicular to the phase fronts of the incoming

and departing plane-waves, respectively, the phase accumulated by the rays outside the region
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Figure 3.11: Auxiliary
lines for optical path calcu-
lation, demonstrated for a
representative ray-tracing
of the lens, corresponding
to Fig. 3.8.

enclosed between the two planes, i.e. from the source to the left plane and from the right plane

to the observation point, is identical for all rays. Hence, to evaluate the cross-optical-path of two

rays it is sufficient to consider the difference in their optical path between these two planes.

The optical path of each ray is thus composed of three segments: propagation from the

left reference plane to the left boundary of the lens, multiple reflections within the lens, and

propagation from the right boundary of the lens to the right reference plane. Recalling the

definitions of Eq. (3.36), the optical path along the first segment is given by d1 and d1
′ for the

rays s and s′, respectively. For the second segment, we first consider the phase accumulated at a

certain passage of the ray between boundaries, and then sum the contributions from multiple

reflections to evaluate the total optical path. For the propagation between the νth and the

(ν + 1)th boundaries, the path length, lν , can be deduced from Fig. 3.10 using basic trigonometric

considerations to be

lν =
ρν − ρν+1

sin (αν+1 − γν+1)
. (3.45)

The last step in the optical path evaluation involves computation of the difference in propagation

path of the rays s,s′ outside the lens, ∆ls,s′ , from the point of departure to the right reference

plane. An auxiliary perpendicular from the right reference plane to z− on the axis (solid orange

line in Fig. 3.11) enables the desirable calculation, leading to

∆ls,s′ = R
(
cosβ′ν′+1 − cosβν+1

)
, (3.46)

where (ν − 1) and (ν ′ − 1), respectively, are the number of internal reflections the rays s and s′

undergo before departure to air (in Fig. 3.11, ν = 1 and ν ′ = 3). Combining Eqs. (3.45)-(3.46)

yields the following expression for the cross-optical-path ∆S s,s′ of Eq. (3.28)

∆S s,s′ = S (ν+1) −S (ν′+1) =

= d1 + n
ν∑
p=1

lp −R cosβν+1 −

(
d′1 + n

ν′∑
p′=1

lp′ −R cosβ′ν′+1

)
,

(3.47)

which, considering Eq. (3.36) and Eq. (3.45), yields the expression for the eikonal as presented in

Eq. (3.34). It is worth noting that Eqs. (3.45)-(3.47), and hence Eq. (3.34), only require the

applicability of the geometrical optics approximation, and are valid also outside the paraxial

regime.
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The final step in our derivation consists of evaluating the factors which constitute the field

amplitude, namely, the reflection and transmission coefficients, and the amplitude divergence

factors. For TE-polarized light, which is assumed by us in the lens example, the Fresnel reflection

and transmission coefficients at the νth boundary (ν ≥ 2, from the lens medium to air) are given,

respectively, by [90]

rν =
n cosαν − cosβν
n cosαν + cosβν

, tν = 1 + rν . (3.48)

At the entry point of the ray, the transmission coefficient from air to the lens medium is given by

t1 =
2 cos θin

cos θin + n cosα1
. (3.49)

As for the amplitude divergence factors, analytical evaluation is achieved by closely following

[153], which considers the variation of the focal point of the pencil of rays upon reflection or

transmission [90]. For internal reflection at the νth boundary (ν ≥ 2), the amplitude divergence

factor for a ray propagating from the νth boundary to the (ν + 1)th boundary, accounting also

for the divergence of the cylindrical wave originating at the previous focus, is given by

Dr
ν =

[
R cosαν

R (Lν + lν)− 2Lν lν cosαν

]1/2

, (3.50)

where Lν is the distance from the previous focus, fν−1, to the current point of incidence on the

boundary, and lν (Eq. (3.45)) is the distance from the current point of incidence to the next

point of incidence on the opposite facet of the lens. The distance between the current point of

incidence and the new focus is given by

fν =
RLν cosαν

R cosαν − 2Lν
(3.51)

and it follows that

Lν+1 = fν + lν . (3.52)

For the transmission through the νth boundary (ν ≥ 2) to the far-field observation point in

air, amplitude divergence factor of the transmitted ray is

Dt
ν = (R∞)−

1/2

[
R cosβν

mνR cosαν − (mν − 1)Lν

]1/2

, (3.53)

where R∞ is the distance from the observation point to the origin, R∞ � d,R, and the interface

divergence factor is defined as

mν =
n cosαν
cosβν

. (3.54)

As for the first boundary encountered by the ray (ν = 1), the amplitude divergence factor

corresponding to the transmission of the plane-wave (incoming from z → −∞) through the left
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edge of the lens is given by

Dt
1 = (R0)−

1/2

[
R cosα1

R cosα1 − (m1 − 1) l1

]1/2

, (3.55)

where R0 is required for normalization of the incoming wave intensity, and stands for the distance

between the plane-wave source and the origin; the interface divergence factor of the first boundary

reads,

m1 =
cos θin

n cosα1
. (3.56)

This allows us to define the new focal point of the pencil of rays after transmission through the

first boundary,

f1 =
R cosα1

m1 − 1
, (3.57)

which enables the evaluation of Eqs. (3.51)-(3.52), and consequently Eq. (3.50) and Eq. (3.53),

for ν ≥ 1.

At last, utilizing the derivation above, the far-field under GO approximation can be formulated

as a sum of multiple reflections, corresponding to Eq. (3.26),

ψ (R∞, θ, ω) =

∞∑
ν=1

{[
Dt

1D
t
2ν

2ν−1∏
ν′=2

Dr
ν′

]
·

[
t1t2ν

2ν−1∏
ν′=2

rν′

]
e−jkS

2ν

}
γ1=θ

(2ν)
in (θ)

(3.58)

where according to Eq. (3.33), in the paraxial regime,

θ
(ν)
in (θ) = θ

[(
n cot

ξ

2
− 1

n
tan

ξ

2

)
sin νξ − 2 cos νξ

]−1

. (3.59)

Substitution of the ray amplitudes and cross-optical-path to Eq. (3.28) and Eq. (3.30) yield the

desirable monochromatic and ensemble emission patterns, respectively.
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3.3 Efficient ray-optical scheme for radiation of incoherent sources

in flexible layered formations

A. Epstein, N. Tessler, and P. D. Einziger, ”Efficient ray-optical scheme for

radiation of incoherent sources in flexible layered formations”, Proceedings

of the 2012 IEEE International Symposium on Antennas and Propagation and

USNC/URSI National Radio Science Meeting, Chicago, Illinois, USA, July 2012. [87]

The paper presented in this Section is dedicated to the quantification of the reduction in

computational complexity of electromagnetic ray tracing solvers facilitated by incoherence of

emitting sources. It highlights a practical aspect of the general theory derived in Section 3.2,

and valid to many electromagnetic and optical systems, in which multiple-beam interference due

to reflections between largely separated boundaries can be neglected in radiation calculations.

The paper presents the general steps of ray tracing which forms the interacting-ray series

representation of the emitted power, which can be always truncated to a series of M terms for

the EM fields and M2 terms for the EM power in realistic systems, due to propagation and

reflection losses which attenuate high order multiple reflections. It is then shown, using the

principles introduced in Section 3.1 and Section 3.2, that in case the dominant reflections in

the given geometry arises from interfaces located at a distance much larger than the coherence

length of the source ensemble (such as the substrate in OLEDs), the number of significant terms

in the interacting-ray series can be reduced to O (M), instead of the O
(
M2
)

calculation steps

required in case a single coherent emitter is considered. This computational benefit can be

very significant, as in the general case, the configuration under consideration may gives rise

complicated geometrical calculations if accurate ray tracing of multiply reflected ray is required,

which can be saved in case the source ensemble is broadband. These effects are demonstrated

via the canonical model of a dielectric slab attached to a conducting half-space, emphasizing

both the different qualitative nature of the results for narrow band and broadband sources and

the different number of calculations required for each case.

The importance of this paper is that it emphasizes how classical electromagnetic treatments

of canonical configurations can benefit from the understanding of the spectral broadening effects,

which are usually more familiar in the optical community, and are hardly integrated in classical

electromagnetic analyses. This concludes our fundamental investigation of these effects, providing

a two-way incorporation (together with [86]) of observations arising from a statistical optics

point of view into the world of rigorous electromagnetic analyses, and vice versa.

Abstract

We present a ray-optical method for incorporating the spectral distribution of incoherent

emitters into analytical electromagnetic models solving the radiation problem of sources em-

bedded in arbitrarily shaped layered media. Such a configuration is typical to spontaneous
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emission at optical wavelengths, e.g. from flexible organic light-emitting diodes (FOLEDs).

Geometrical ray-optics, highly applicable to such high-frequency asymptotic problems, is

utilized for the derivation of a solution, resulting in an infinite ray-series. While in gen-

eral this series may be truncated to a finite number of terms (M) by neglecting high-order

reflections, further significant reduction can be achieved by integrating over the spectral

distribution, thus establishing the main contribution of our work. The resultant closed-

form expressions reveal a fundamental interplay between the ensemble spectral width and

the layer dimensions, indicating that for typical devices, the number of terms in the radi-

ation pattern series can be greatly reduced, generally from O
(
M2
)

to O (M). This results

in both an efficient analytical scheme and clear physical interpretation, consistent with

experimental results.

3.3.1 Introduction

Already in the 1970s, in the seminal work of Chance, Prock and Silbey [32], it has been shown

that spontaneous emission of excited molecules within thin films can be formulated as a classical

electromagnetic problem, namely that of oscillating dipoles embedded in stratified media. Optical

analysis of such configurations is of high interest nowadays, as they fit the common design of the

novel promising flexible organic light-emitting diodes (FOLEDs) [27], in which the layers can

also be bent arbitrarily. However, in contrast with most canonical electromagnetic problems, the

embedded sources are incoherent in nature. In turn, to get a solution consistent with experimental

results, one has to consider an ensemble of incoherent sources, rather than a single coherent

source [85, 90]. Surprisingly, as we show, what seems to be a complicating requirement, actually

offers a path for reduction of analytical complexity.

In this paper we present an efficient geometrical optics approach for solving the radiation

problem of a general configuration of spectrally distributed incoherent sources in layered media

(not necessarily plane-parallel). This technique offers a generalization of canonical electromag-

netic problems to account analytically for incoherent ensembles, and the resultant closed-form

expressions indicate that there exists a fundamental interplay between the spectral distribution

of the sources and the layer dimensions. Moreover, for common spontaneous emission devices,

e.g. FOLEDs, our method yields a dramatic truncation of the radiation pattern series, hence

not only enables an accurate physical interpretation, but also enhances efficiency in terms of

complexity [27,85].

3.3.2 Theory

We consider a general layered configuration with arbitrarily shaped interfaces and a spectrally

distributed point source ensemble at the origin (Fig. 3.12). Each layer is assumed to be

homogeneous, and the harmonic time-dependence is ejωt.

The ray-optical solution for the ω-oscillating electromagnetic far-field yields, in general, an

infinite series of the form [85,91]

Gω (θ, ϕ) ∼
∞∑
s=0

Γ̃s (θ, ϕ) e−j(ω/c)ls(θ,ϕ) (3.60)
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Figure 3.12: Physical configuration
of a general layered formation. Two
of the infinite ray trajectories depart-
ing from the source and arriving at
the observation point are shown, il-
lustrating the definitions of Γ̃s and
ls.

where s enumerates all the possible rays which connect, through multiple reflections, the source

with the observation point according to the laws of reflection and refraction; c is the speed of

light in vacuum. The terms in the summation are characterized by Γ̃s, the product of all local

reflection (rs,q) and transmission (ts,p) coefficients of the interfaces the s-th ray encounters in its

path, and ls, the effective optical length of that path, both are functions of the observation angles

(Fig. 3.12). For smooth enough interfaces (with respect to the wavelength), it is reasonable to

approximate rs,q and ts,p by the corresponding Fresnel coefficients. Such a series converges if

non-negligible losses exist (at interfaces or in the bulk).

The resultant expression has been shown to exactly reproduce the asymptotic Green function

of the 2D plane-parallel and concentric-cylindrical configurations [85,89,157], obtained rigorously

by saddle point evaluation. However, ray-optical theory has a much wider range of validity. In

fact, such ray series are probably the only way to solve analytically the radiation problems of

arbitrarily shaped multilayered formations (e.g. FOLEDs), non-separable in general. On the

other hand, they present a significant computational drawback, as they may require calculation

of a vast number of terms, each of which is resolved by geometrical analysis, often complicated.

Fortunately, for realistic structures, neglecting high-order many-reflection terms is feasible

due to non-negligible losses, resulting in a truncated M -term series. Utilizing this, the normalized

radiation pattern of a monochromatic source, given by the suitable projection of the Poynting

vector, reads

Sω (θ, ϕ) ∼
M−1∑
s=0

M−1∑
s′=0

Γ̃sΓ̃
∗
s′e
−j(ω/c)(ls−ls′ ) (3.61)

Consequently, the radiation pattern of the ensemble, S (θ, ϕ), is calculated by integrating

Eq. (3.61) over frequency, where the monochromatic response is weighted incoherently accord-

ing to the spectral distribution of radiating dipoles, p (ω), which yields the spectral integral

S (θ, ϕ) =
∫∞
−∞ dωp (ω)Sω (θ, ϕ).

If the electromagnetic properties of the media do not vary significantly with frequency within

the relevant spectral range, Γ̃s is independent of source frequency. Consequently, the spectral

integral of the (s, s′)-th cross-term yields the Fourier transform of p (ω), with the transform

variable proportional to the effective optical length of this cross-term, ∆ls,s′ = ls−ls′ , which stands

for interference between the s-th and s′-th rays. For spontaneous emission the luminescence

spectrum can be usually approximated by a Gaussian [27]. Thus, we substitute p (ω) by a
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Figure 3.13: (a) Physical
configuration of the pro-
totype device. (b) Radi-
ation pattern for two ex-
treme cases of Lc � D (red
dashed line) and Lc � D
(blue solid line), obtained
by the corresponding limits
of the analytical expression
Eq. (3.62).

Gaussian with central frequency ω0 and spectral width ∆ω, reflecting the ensemble distribution.

Integrating Eq. (3.61) term-by-term yields

S (θ, ϕ)∼
M−1∑
s=0

M−1∑
s′=0

Γ̃sΓ̃
∗
s′e
−j(ω0/c)∆ls,s′e−

1
2(∆ls,s′/Lc)

2

(3.62)

where the critical optical length for coherent interference, Lc = c/∆ω, is termed ”coherence

length” [90].

The squared-exponential attenuation factor attached to each cross-term in Eq. (3.62) is

the key to the computational enhancement reported herein. It indicates that if the dominant

reflecting boundaries in the formation are departed by a distance much larger than the ensemble

coherence length, the number of terms in the summation Eq. (3.62) will drastically drop from

O
(
M2
)

to O (M). Note that this reduction, establishing the main result of this paper, also

modifies the physical interpretation of the results, as the radiation pattern is no longer dependent

on the dimensions of these thick layers.

3.3.3 Results and Discussion

In order to demonstrate the efficiency of our approach, we consider a prototype model, which

resembles a planar FOLED. In this formation, 2D sources are situated in a dielectric layer

(0 < z < D), sandwiched between a metallic cathode (z < 0) and air (z > D), where the observa-

tion point lies (Fig. 3.13(a)).

We set D ≈ 30 (2π/k1), which forms a weak-microcavity (WM) between the cathode and air,

and consider two extreme cases: narrow (Lc � D) and broad (Lc � D) spectral distributions.

For a narrow spectrum, Eq. (3.62) is reduced to Eq. (3.61), and the summation must be carried

with all terms (M2 = 64 [85]). The corresponding radiation pattern (Fig. 3.13(b), red dashed

line) contains dense pronounced interference fringes, according to the WM dimensions. However,

for a broad spectrum, the cross-terms in Eq. (3.62) which correspond to the WM interference

can be completely omitted. Indeed, the interference fringes disappear from the radiation pattern

(Fig. 3.13(b), blue solid line) reproducing the measured quasi-Lambertain radiation pattern

typical to planar FOLEDs [27]. As claimed, the application of our method results in a reduction

of the number of terms in Eq. (3.62) from 64 to 16 for the realistic broad spectrum scenario [85].
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3.3.4 Conclusion

To conclude, we have presented an efficient ray-optical technique for solving the radiation problem

of incoherent sources in arbitrarily shaped layered media, a typical spontaneous emission scenario.

Proper incorporation of the ensemble spectral properties enables truncation of the radiation

pattern series, reducing the complexity of the solution. This approach, highly applicable to

FOLEDs, eliminates the need for artificial treatments of optically thick layers, resulting in both

physical clarity and simplified formulae for efficient design.
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3.4 On the validity of two-dimensional models for radiation of

optical sources in stratified media

A. Epstein and P. D. Einziger, ”On the validity of two-dimensional models for

radiation of optical sources in stratified media,” Proceedings of the 7th European

Conference on Antennas and Propagation (EUCAP 2013), Gothenburg, Sweden,

April 2013. [97, 98]

The paper presented in this Section rigorously investigates the relations between 2D (line) and 3D

(point) elementary current sources embmedded in general plane stratified media in a systematic

manner. This investigation is of utmost importance in the context of our research, as our

preliminary analyses [85,88] examine the 2D OLED configuration, i.e. using line sources to model

the radiating excitons, rather than the more realistic model of 3D electric dipoles.

To that end, we formulate the power relations for 2D magnetic and electric line sources, and

3D horizontal and vertical electric dipoles, embedded in plane-parallel multi-layered configuration.

This is done by following the modal analysis steps presented in Section 3.1 and more generally in

Section 2.1. One preceding step applied in addition to those indicated in Section 3.1 which is

worth noting is the decomposition of the 3D HED into TE-polarized and TM-polarized power

generating currents, which was derived in detail in Subsection 2.1.3. We conduct this procedure

in order to facilitate a clearer analysis and comparison between all the sources considered herein

simultaneously, each of which emits either TE or TM polarizations5, but not both, after the

application of this polarization-resolving decomposition.

The decomposition of the 3D electric dipole to TE-polarized and TM-polarized power

generating currents follows the approach by Sokolik et al. [124], which corresponds to separation

of plane-waves in the 3D spectral integral expression which represents the 3D Green’s function

G3 into plane-waves which propagate parallel to the equivalent sheet current sources that

produce them (TM-polarized fields) and plane-wave which propagate perpendicular to the sheet

current sources that produce them (TE-polarized fields). Another point of view, presented in

Subsection 2.1.3, is that the polarization-resolving decomposition corresponds to the Helmholtz

decomposition of the transverse current distribution in the spatial domain. From this perspective,

the irrotational component of the HED produces only TM-polarized fields while the solenoidal

component of the HED produces only TE-polarized fields. These current sources can be found

in closed form using these two conditions via their spectral representation; this forms the final

result which is presented in this paper.

When the emission patterns arising from the various sources are compared using a unified

expression, it turns out that they all share the same proportionality to the squared absolute value

of a common 1D (characteristic) Green’s function gn and the same saddle point is evaluated for

5The electric line sources produce only TE-polarized fields, while the magnetic line sources produce only
TM-polarized fields [40].
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all spectral integrals, expressing the validity of GO approximation for all source species. The

only differences between the emission patterns arise from the source nominal power, which is a

constant factor independent of the angle thus does not affect the normalized emission patterns

which are of interest to us; the local reflection coefficient, obeying the Fresnel formula, which

is polarization dependent; and the orientation factor, which takes into account the intrinsic

radiation pattern of the source (in the absence of the stratified structure), which is isotropic

for the 2D sources and is angle dependent for the 3D sources (e.g., no power is emitted in the

direction of the electric dipole).

The next step considers randomness in the 3D dipole orientation: although a general preference

may exist in molecular dipoles as to whether dipoles tend to align parallel to the layer interfaces

(i.e., horizontally) or perpendicular to them (i.e. vertically), in consistency with the discussion in

Subsection 1.2.3, it is usually assumed that due to the nature of the deposition techniques in

OLEDs, no in-plane direction is preferred by the molecular dipoles. In other words, the dipoles

exhibit azimuthal randomness. Thus, in order to compare the emission patterns in scenarios

corresponding to molecular optical sources, we must first integrate the resultant emission patterns

with respect to a uniform distribution over the azimuthal angle ϕ, a procedure that only affects

the orientation factor.

The results of this integration point out that TE-polarized emission patterns produced by

2D electric line sources and 3D electric point dipoles6 are differentiated only by a constant

factor, independent of the observation angle. This originates in the fact that the local reflection

coefficient of the TE-polarized fields produced by 2D electric line sources and the TE-polarized

power generating component of the HED are the same, equal to the TE Fresnel formula, and the

fact that the TE-polarized orientation factor of the HED becomes angle independent after the

azimuthal integration. This implies that normalized TE-polarized emission patterns calculated

using the 2D model perfectly reproduce normalized TE-polarized emission patterns produced

by 3D electric dipoles, and consequently describe accurately realistic devices and measured

results. This result is the main contribution of this paper, stating that all our results achieved

for TE-polarized emission patterns considering 2D line sources are also valid for realistic devices,

and can be used to interpret experimental data, as long as we restrict ourselves to the TE

polarization. These include the effects presented in Section 3.1 and the method developed in

Section 4.1 to extract the emission zone position from optical measurements. In fact, we have

observed the very good agreement between TE-polarized emission patterns calculated by the

2D model and experimental results already in [88], however only after the through investigation

presented herein we have rigorously clarified the reasons for that observation.

As for the TM-polarized emission patterns, the differences between the 2D and 3D models

do not vanish after the azimuthal integration, however the unified expression that is derived for

the emission patterns indicates that at certain scenarios these differences can be overcome by

simple analytical steps. The emission patterns corresponding to the three TM-polarized power

generating sources (magnetic line source, VED, and TM component of the HED) differ in their

orientation factor. Moreover, although the magnetic line source and the VED share the same

local reflection coefficient (TM Fresnel formula), the local reflection coefficient suitable for the

6Only HEDs contribute to the TE-polarized emission.
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TM component of the HED carries a minus sign with respect to them. This stems from the

different image symmetries induced by the various: while magnetic line sources and vertical

electric dipoles induces a symmetric image source when placed in front of a reflective boundary,

the horizontal electric dipole induces an antisymmetric image source. For this reason, HEDs and

VEDs experience complementary interference in front of mirror - if the HED forms a constructive

image-source interference when placed at a certain position in the structure, the VED would

usually experience destructive interference if placed at the same position.

Additional problem in matching the TM-polarized emission patterns of the 2D and 3D models

originates in the fact that there exist both VEDs and HEDs contribute to that polarization

in realistic devices. As in general the weight of these two contributions in measured emission

patterns is unknown, a comparison between the hybrid response and the 2D magnetic line source

emission pattern is impractical, even though the differences are indicated clearly by the unified

emission pattern expression. However, we use the complementary interference property discussed

in the previous paragraph to demonstrate that a transition from the 2D model results to the

measure TM-poalrized emission patterns is possible when only one of the 3D dipole contributions

(HED or VED) is dominant. This property was already pointed out by Flämmich et al. [63]

where it was used to explore the properties of the orientation distribution of radiating dipoles in

OLEDs.

In addition to the major practical importance of these results, proving the relevance of our

results obtained from the 2D model calculations to realistic devices, they also indicate what

one would expect to be the differences in far-field emission patterns produced by sources with

different dimensionality in any formation of layered media. These differences would probably arise

from different local reflection coefficients and different orientation factors (or intrinsic emission

patterns).

Abstract

We present a unified analytical closed-form expression for the radiation patterns of 2D line

sources and 3D point dipoles embedded in a general multi-layered configuration. While the

former are simplified model sources used usually as a preliminary analytical step, the latter

have been shown experimentally to reproduce the electromagnetic behaviour of elementary

(molecular) optical sources. Analyzing the unified expression, derived using a decomposi-

tion of the point dipoles into current elements producing pure transverse electric (TE) or

transverse magnetic (TM) fields, we show that measured TE-polarized radiation patterns

of realistic 3D electric point dipoles exactly matches the TE-polarized radiation patterns

of the model 2D electric line sources, if normalized appropriately. Moreover, we discuss

the differences between the TM-polarized emission of the 2D and 3D sources, and provide

a clear physical interpretation via the unified expression. These results specify the precise

relations between the 2D and 3D models, thus providing intuition as well as guidelines for

proper usage of simplified 2D results for analysis of realistic 3D optical systems.
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Figure 3.14: Physical configu-
ration of general stratified me-
dia with 2D electric (green solid
arrow) and magnetic (magenta
striped arrow) line sources, car-
rying currents of eI0 and mI0, re-
spectively, and 3D electric verti-
cal (red hollow arrow) and hori-
zontal (blue hollow arrow) point
dipoles, with dipole moments
eI⊥0 l and eI

‖
0 l, respectively. See

[85] or Subsection 3.1.1 for de-
tailed description.

3.4.1 Introduction

Impulsive 2D (line) sources are used routinely in analyses of electromagnetic configurations with

an invariant cross-section along one or more axes [40,158]. Conducting such analyses is beneficial,

as they allow to probe the response of a complex system to a localized excitation, while simplifying

the formal derivation thanks to the reduced number of dimensions. However, the capability of

2D sources to model realistic sources in physical scenarios is not obvious. In particular, in the

optical regime, radiation usually originates from excited molecular dipoles, which due to size

considerations alone cannot be treated as line sources. In fact, these elementary sources were

shown to be modelled well by (3D) electric point dipoles aligned with the molecular dipoles [32],

a model which was repeatedly verified in recent years for the plane-stratified configuration typical

to organic light-emitting diodes (OLEDs) [28, 44]. In recent work, in order to provide insight for

optical optimization of these novel devices, we have derived closed-form analytical expressions

for radiation patterns of 2D sources embedded in plane-parllel [85] and cylindrical [89] OLEDs,

which allowed introduction of efficient analytical engineering tools, e.g. to recover the electrical

properties of the device from its radiation pattern [88]. However, what is the relevance of these

2D model results, obtained for electric and magnetic line source excitations, to the realistic 3D

scenario, which consists of electric point dipoles?

In this paper we present analytical expressions for electromagnetic radiation of 2D (line) and

3D (point) sources embedded in stratified media, and compare between the two species. We

show there is a close relation between the radiation of these sources, originating in a common

1D (characteristic) Green’s function. By decomposing the point dipoles into current elements

generating either transverse electric (TE) or transverse magnetic (TM) fields [124, 159] we

formulate exact relations between the polarized emission of the 2D and 3D sources. Based on

these relations, we show that by considering the incoherent nature of optical sources and their

random in-plane alignment, TE-polarized radiation pattern produced by 2D models are capable

of exactly reproducing measured results, as we have already observed in previous work [88]. As

for the TM-polarized emission, we demonstrate, using an archetype scenario, how to derive

measured radiation patterns by simple manipulation of the 2D magnetic line source solution,

and discuss its applicability. These results shed light on the physical role of the two classes of

sources, as well as establish a path for quantitative analysis of 3D systems using 2D sources,
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which allow simplified mathematical derivation.

3.4.2 Theory

3.4.2.1 Formulation

We consider a general plane-parallel structure of M +N + 2 layers, with a 2D (line) or 3D (point)

source embedded at a certain plane z = z′, sandwiched between layer (−1) and (+1), as depicted

in Fig. 3.14 (see [85] or Subsection 3.1.1 for detailed description). All sources are assumed to

be time-harmonic, with time dependence ejωt; the wavenumber and wave impedance7 of the

n-th layer are defined as kn = ω
√
µnεn [1− jσn/ (ωεn)] and Zn = ωµn/kn = (Yn)−1, where the

radiation condition requires ={kn} ≤ 0. The observation point is denoted by ~r, where for the

3D model ~r = ρ cosϕx̂ + ρ sinϕŷ + zẑ, with (ρ, ϕ, z) being the cylindrical coordinate system,

and for the 2D model ~r = ρtρ̂t + zẑ, with the transverse coordinate varying due to the different

orientation of the 2D electric (eρt = y) and magnetic (mρt = x) line sources [85]. For both 2D

and 3D cases, the angle between the z-axis and ~r is θ, and the source vector is ~r ′ = z′ẑ.

As has been shown by many authors before (e.g., [36, 40, 158]) the electric and magnetic

line sources (ELS and MLS), denoted here by e and m left superscripts, generate only pure

TE or TM fields with respect to the z-axis, respectively; the vertical electric dipole (VED),

denoted by ⊥ superscript, generates pure TM fields, denoted by M left superscripts; and the

horizontal electric dipole (HED), denoted by ‖ superscript, generates both TE and TM fields,

denoted by E and M left superscripts, respectively. To allow clear observation of these two HED

contributions, we utilize, relying on the proof by Lindell [159], a decomposition of the HED

current source, ~J‖ = −eI‖0lδ3 (~r − ~r′) x̂, to two parts, E~J‖ and M~J‖, each induces only TE or TM

fields, as suggested in [124].

The current distributions of the various sources, corresponding to Fig. 3.14, are summarized in

Table 3.2. It is worth noting that as every arbitrarily oriented electric dipole can be represented

by a combination of VED and HED according to its projection on the z-axis [36], our independent

treatment of the VED and HED actually covers all possible dipole orientations. As for the HED

current elements, one can readily verify that ~J‖ = E~J‖ + M~J‖, and confirm, upon substitution of

the following integral identities [128] in the definitions of Table 3.2,

δ(ρ)
ρ =

∫∞
0 ktJ0 (ktρ) dkt,

u(ρ)
ρ =

∫∞
0 J1 (ktρ) dkt (3.63)

that indeed EE
‖
z = 0 and MH

‖
z = 0, as required. In Eq. (3.63), Jν (Ω) is the νth order Bessel

function of the first kind, and u (ρ) is the Heaviside unit step function.

7Yn is the wave admittance.
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3.4.2.2 Green’s functions

Extending previous work [85,124], we express the transverse electromagnetic fields of the 2D and

3D cases by the 2D and 3D Green’s functions, G2 (~r, ~r ′) and G3 (~r, ~r ′), satisfying the 2D and 3D

Helmholtz equation in each layer, respectively (Table 3.2). The 1D Green’s function, g(z, z′),

in turn, is defined via the spectral representation of G2 (~r, ~r ′) and G3 (~r, ~r ′), corresponding

to the Fourier or Hankel transforms. These definitions imply that g(z, z′) satisfies the 1D

Helmholtz equation at the nth layer, namely,
(
∂2/∂z2 + β2

n

)
gn(z, z′) = −δ (z − z′), where kt is

the transverse wavenumber and βn =
√
k2
n − k2

t is the wavenumber in the propagation direction;

gn(z, z′) denotes g(z, z′) in the nth layer. While the transverse fields for the ELS, MLS and VED

in Table 3.2 are expressed in a familiar transmission-line notion, the expressions for the HED

contain the operators ¯̄I and ¯̄M . These operators act on an arbitrary function f (ρ), and defined

as ¯̄If (ρ) = f (ρ), ¯̄Mf (ρ) = f (ρ)− 2
ρ2

∫ ρ
0 ρ̃f (ρ̃) dρ̃ [124].

Applying the continuity, source and radiation conditions on the 1D Green’s function, we

derive recursive relations for g(z, z′) in the various layers [85,158]. As a matter of fact, the latter

takes the same form for all sources discussed herein. For z > z′, or n > 0

gn
(
z, z′

)
=
ejβ1z′

2jβn

1−R̂−1(kt) e
−2jβ1z′

1−R1(kt) R̂−1(kt)

 n∏
p=2

Tp(kt)

[e−jβnz−Rn(kt) ejβnz] (3.64)

where Rn(kt) and Tn(kt) are the total reflection and total transmission coefficients, respectively,

in the forward direction, i.e., for n > 0. These coefficients are recursively defined via

Rn(kt)=

{
Γn(kt)+

[
1−Γ2

n(kt)
]
Rn+1(kt) e

2jβn+1dn

1+Γn(kt)Rn+1(kt) e2jβn+1dn

}
e−2jβndn

Tn(kt)=
[1+Γn−1(kt)]e

j(βn−βn−1)dn−1

1+Γn−1(kt)Rn(kt) e2jβndn−1
(3.65)

where Γn(kt) is the forward local reflection coefficient of the n-th interface, given by the Fresnel

formula, Γn = (1− γn) / (1 + γn) [85]. The differences between the 1D Green’s functions of the

various sources stem from these local reflection coefficients, derived from the different continuity

conditions. These are expressed by the definitions of the generalized impedance ratio, γn,

e
mγn=

kn+1βn
knβn+1

(
Zn+1

Zn

)±1

, Mγ⊥n = mγn,
E
Mγ
‖
n = (emγn)±1 (3.66)

from which simple relations between the local reflection coefficients of the 2D and 3D models

can be inferred

MΓ⊥n = mΓn,
EΓ‖n = eΓn,

MΓ‖n = −mΓn (3.67)

The expressions for the reflection and transmission coefficients in the reversed direction,

R̂n(kt), T̂n(kt), n < 0, are completely analogous and are detailed in [85].
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Table 3.3: Radiation pattern parameters, corresponding to (3.68)

e
mSr (θ) MS⊥r (θ,ϕ) ES

‖
r(θ,ϕ) MS

‖
r(θ,ϕ)

Pn kn (Zn)±1 |emI0|2/8 Zn |eI0knl|2 / (12π)

A (r) 2πr 4πr2

ξ 2/3 sin2 θ sin2 ϕ cos2 θ cos2 ϕ

3.4.2.3 Radiation pattern

The radiation pattern is defined by the projection of the Poynting vector on the radial direction

at a distant observation point,

Sr(θ, ϕ) = lim
r→∞

1

2

[
~E
(
~r, ~r ′

)
× ~H∗

(
~r, ~r ′

)]
· r̂

which can be expressed by products of Green’s functions and their spatial derivatives. Next,

we apply the steepest-descent-path method on the spectral integrals of Table 3.2, to obtain

closed-form expressions for the far-field radiation [40,158]. In the 2D case, this procedure can be

carried out in the standard manner; however, for the 3D radiation patterns the Bessel functions

should be first substituted by their integral representation J0 (ktρ) =
∫ π

0 dψejktρ cosψ [128], and

then successive saddle point evaluation of the resultant double integral should be performed.

This leads to a unified expression for the radiation pattern

Sr(θ, ϕ)=
3ξ

2

PN+1

A (r)

∣∣∣[2jβN+1gN+1

(
z, z′;kt

)]
kt=kN+1 sin θ

∣∣∣2 (3.68)

where Pn is the nominal radiated power for the source at the nth layer, A (r) is the spatial

divergence factor, and ξ is the orientation factor. Explicit expressions for these parameters are

given in Table 3.3 for the 2D and 3D elementary sources, in consistency with [36,44,85].

For molecular optical sources, it is generally assumed that there is no in-plane directional

preference for the molecule orientation, thus the horizontal dipoles are distributed uniformly in

ϕ [28,36]. Averaging Eq. (3.68) over the incoherent dipole ensemble leaves the unified expression

for the radiation pattern almost unchanged, requiring only the replacement of the orientation

factor by its averaged analogue, 〈ξ〉ϕ, defined by

M〈ξ〉⊥ϕ = sin2 θ, E〈ξ〉‖ϕ =
1

2
, M〈ξ〉‖ϕ =

1

2
cos2 θ (3.69)

For the 2D line sources, where there is no ϕ dependence, em〈ξ〉ϕ = e
mξ = 2/3.

3.4.3 Results and Discussion

3.4.3.1 Unified expression

The unified expression Eq. (3.68) emphasizes the great similarity between the emission of the

2D and 3D sources. The heart of all radiation patterns is the 1D Green’s function in the

observation region, gN+1 (z, z′), evaluated at the saddle point kt = kN+1 sin θ. This is analogous
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Figure 3.15: Images induced by the 2D and 3D
sources when placed in front of a perfect electric
conductor (PEC). The sources are denoted by
solid arrow outlines, and the images by dotted
arrow outlines. While the MLS (magenta) and
VED (red) induce images aligned parallel to the
sources, the ELS (green) and HED (blue) induce
antiparallel images.

to solving the problem in the geometrical optics (GO) approximation, according to which the 1D

Green’s function accounts for all possible multiple reflections between the layer interfaces of rays

which originate at the source and arrive at the observation point following Snell’s law (Fermat’s

principle). Conforming to GO rules, the reflection and transmission coefficients correspond to

the polarization of the electromagnetic waves approximated by the rays [40, 158], and vary with

the sources according to Eqs. (3.66)-(3.67). This GO picture of Eq. (3.68) is complemented

by the identification of the nominal power radiated by the source in unbounded homogeneous

medium, accompanied by the divergence factor, proportional to the surface area of a sphere (3D)

or the perimeter of a cylinder (2D) of radius r [90], and the orientation factor, which takes into

account the anisotropic nature of the source radiation (the intrinsic radiation pattern, e.g., no

radiation in the direction to which the dipole points).

These observations indicate that the differences in the angular distribution of the molecular

sources’ radiation, given the unified format Eq. (3.64) of the 1D Green’s function, may arise only

from the local reflection coefficients Eq. (3.67) or the orientation factors Eq. (3.69). Indeed, in

the context of our investigation, these two equations constitute the main result. As E〈ξ〉‖ϕ and

〈eξ〉ϕ do not depend on θ, and EΓ
‖
n = eΓn, they imply that as far as the TE-polarized radiation is

concerned, the ELS radiation pattern is identical to the radiation pattern produced by the optical

point dipole, if both are normalized to their maximum. In other words, normalized TE-polarized

measurements of realistic devices, containing a combination of HEDs and VEDs, should match

theoretical radiation patterns derived for 2D ELSs, as was already observed by us [88].

For the TM-polarized radiation, the relation between the 2D and 3D results is less trivial.

However, its analysis is useful, as it highlights the different nature of the two origins of this

emission. The VED produces pure TM-polarized emission; in that sense its response is identical

to that of the 2D MLS (See Eq. (3.67)), with the exception that the intrinsic dipole radiation

pattern, proportional to sin2 θ Eq. (3.69), must be taken into consideration. On the other hand,

the TM-polarized emission originating in the HED is modified with respect to the MLS radiation

due to the difference in the orientation of their images: although the local reflection coefficients
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Eq. (3.67) in both cases follow the TM Fresnel formula (e.g. may exhibit Brewster’s angle

reflection or coupling to surface plasmons), when images of the MLS are aligned parallel to the

source, images of the HED, in the same geometry, would be antiparallel Fig. 3.15. Therefore,
MΓ
‖
n bears a minus sign in Eq. (3.67). The orientation factor in this case is proportional to

cos2 θ, in consistency with the π/2 orientation shift with respect to the VED (See Eq. (3.69)).

3.4.3.2 Conducting half-space

In order to demonstrate the significance of our observations, we consider a two-layer configuration,

corresponding to Fig. Fig. 3.14 with M = 1, N = 0 (Fig. 3.16(a)). The half-space z < 0 is

filled with Silver, with permittivity of ε−2 = −13.9ε0and conductivity of σ−2 = 0.925ωε0, where

ε0 is the vacuum permittivity and the sources are oscillating in air (z > 0, ε1 = ε−1 = ε0,

σ1 = σ−1 = 0) at a frequency ω corresponding to a wavelength of λ = 600nm [85]. Our prototype

source is an electric point dipole located at z = z′ and tilted by π/4 with respect to the z-axis; a

decomposition to its HED and VED components yields equal projections, i.e. eI⊥0 l = eI
‖
0l.

Figure 3.16: Radiation patterns (normalized to their maximum) for sources in front of a Silver
half-space, separated by z′ = 180nm (blue dotted line) or z′ = 350nm (red solid line). (a)
Schematic of the scenario under consideration, with an electric point dipole tilted by π/4 with
respect to the z-axis acting as a prototype source. (b)-(c) TE-polarized and TM-polarized
radiation patterns for the prototype source (VED to HED projection ratio of 1:1). (d)-(g)
Radiation patterns produced by ELS, MLS, and TM-polarized radiation pattern of VED and
HED, respectively. (h) Total TE-polarized (green) and TM-polarized (blue) power radiated by
an HED, and total (TM-polarized) power radiated by a VED (red), as a function of source-metal
separation.

Radiation patterns (normalized to their maximum) of the various sources in the conducting

half-space scenario are depicted in Fig. 3.16(b)-(g), for two values of source-metal separation,

z′ = 180nm and z′ = 350nm. Fig. 3.16(b)-(c) present, respectively, the TE-polarized and

TM-polarized radiation patterns of the tilted electric dipole, i.e. they represent the measured

polarization-resolved radiation patterns of the 3D realistic system, whereas Fig. 3.16(d)-(e) present

the radiation patterns produced by the model 2D ELS and MLS if placed at the same coordinates.
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For comparison, the individual contributions of the VED and HED to the TM-polarized emission

of the tilted dipole are shown in Fig. 3.16(f)-(g).

The close relations between the 2D and 3D models as reflected in Eqs. (3.67)-(3.69) are

highlighted by the presented radiation patterns. As for the TE-polarized emission, it is very clear

that the radiation patterns of the 3D system (Fig. 3.16(b)) and the ELS (Fig. 3.16(d)) match

perfectly. This demonstrates our main claim, that measured TE-polarized radiation patterns

produced by electric point dipoles can be exactly recovered by the 2D ELS model. However,

for the TM-polarized emission, comparison of Fig. 3.16(c) and Fig. 3.16(e) reveals significant

discrepancies between the 3D system and the MLS responses. This is not surprising, as in the

general case we consider herein, the tilted dipole radiation is a combination of HED and VED

contributions; thus, the relations between the MLS and the individual VED or HED solutions

cannot be observed clearly.

To clarify this, we consider the VED and HED contributions to the TM-polarized radiation

separately in Fig. 3.16(f)-(g), respectively. First, we verify that, in consistency with Eq. (3.69),

the VED and HED radiation vanish in the direction to which the dipole points, i.e. at θ = 0 and

θ = π/2, respectively. Second, we note that from Eqs. (3.67)-(3.69), the transition between the

MLS and VED responses involves merely a multiplication by sin2 θ, thus we may say that the

VED response can be reconstructed in a straightforward manner once the 2D MLS solution is

available. Indeed, the similarity between Fig. 3.16(e) and Fig. 3.16(f) at large angles (note that

the patterns are normalized) is observable. On the other hand, due to the differences in local

reflection coefficients Eq. (3.67), it would be hard to deduce the HED TM-polarized radiation

pattern from the MLS response.

However, as noted before, both VED and HED contribute to the TM-polarized radiation.

Therefore, it seems that the ability to derive the VED radiation pattern from the 2D MLS model

is useless for analysis of realistic systems. Nonetheless, at certain configurations, only one of the

contributions (VED or HED) is dominant. As discussed in Subsubsection 3.4.3.1, the different

image-source relations of the VED and HED induce different metal-source separation distances

for constructive and destructive interference. This phenomenon becomes distinct when the total

radiated power, i.e. Prad =
∫ π/2
−π/2 dθSr (θ), of the various dipole contributions is plotted as a

function of z′ (Fig. 3.16(h)). It is evident that HED radiation (both TE- and TM-polarized)

nodes correspond to VED radiation antinodes, and vice-versa. More specifically, considering

our example, for z′ = 180nm the HED contribution is dominant over the VED contribution,

whereas for z′ = 350nm the situation is reversed. Indeed, the combined radiation pattern of

Fig. 3.16(c) resembles the HED response when the tilted dipole is located at z′ = 180nm, while

for z′ = 350nm it shows similarity to the VED pattern. This implies that at certain scenarios,

where HEDs undergo destructive interference, measured TM-polarized radiation patterns are

dominated by VED response, ergo can be interpreted by the 2D MLS solution, requiring only

the consideration of the suitable orientation factor.

3.4.4 Conclusion

We have presented a comparison between the radiation patterns produced by 2D electric and

magnetic line sources, acting as simplified model sources, and electric 3D point dipoles, repre-
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senting realistic elementary optical sources, embedded in stratified media. Utilizing a TE/TM

decomposition of the horizontal dipole, we were able to show that assuming random in-plane

orientation of the incoherent dipoles, the normalized radiation patterns of the 2D electric line

source are identical to the TE-polarized emission expected to be measured for the optical sources.

For the TM-polarized radiation of the realistic 3D scenario, we have shown that it can be

interpreted as originating from a 2D magnetic line source only for the vertical dipole, while for

the horizontal dipole, the difference in image orientation should be taken into account. In both

cases (vertical and horizontal TM-polarized emission) an orientation factor proportional to the

intrinsic radiation pattern of the dipole must be considered.

These results, verified for the classical conducting half-space configuration, offer an original

insight to the contributions of the various realistic 3D sources to the overall radiation, by

interpreting them as a combination of modified 2D line sources, generating either pure TE- or

pure TM- polarized emission. Furthermore, the exact relations we have derived herein, presenting

a unified analytical format for all radiation patterns, indicate in which cases the 2D model

is capable of reproducing experimental measurements of physical 3D configurations, and list

the necessary modifications, thus enabling a simplified analytical approach to layered media

problems.



Chapter 4

Analytical estimation of electrical

properties from optical features

In this Chapter we present two analytical methods that utilize the closed-form expressions developed

in Chapter 3 to estimate spatial properties of the radiating exciton ensemble from emission pattern

measurements. The first method, presented in Section 4.1, is applicable to prototype OLEDs and

relates the angles in which emission pattern minima and maxima are observed to the position of

the excitons, assuming a very narrow (delta-like) emission zone profile. The relation is expressed

in closed-form by considering the specific optical properties of the prototype OLED configuration,

and is interpreted as a generalized Bragg condition for interference between the source and its

image, induced by the reflecting cathode [88]. Next, we withdraw most of the limitations on the

prototype OLED, and develop a more general method which is capable of estimating the first

(expectation value) and second (standard deviation) moments of the radiative exciton spatial

distribution, from the extrema angles and fringe prominence of the image-source interference

pattern that we decouple analytically from the measured emission (Section 4.2). The more

general method uses the 3D model for the radiating dipole (See Section 3.4) and also indicates the

steps that should be taken in order to reveal information on preferential dipole orientation, if exists.

129
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4.1 Analytical extraction of the recombination zone location in

organic light-emitting diodes from emission pattern extrema

A. Epstein, N. Tessler, and P. D. Einziger, ”Analytical extraction of the recom-

bination zone location in organic light-emitting diodes from emission pattern

extrema”, Optics Letters, Vol. 35, No. 20, pp. 3366-3368, October 2010. [88]

The paper presented in this Section is offering a unique analytical approach for evaluating the

position of a very narrow emission zone in OLEDs from the angles in which local extrema

appear in the emission pattern. This task of estimating the radiating exciton spatial distribution

(or emission zone) has become very important in recent years, after the recognition that the

exciton profile plays a crucial role in determination of the outcoupling efficiency of OLEDs (See

Subsection 1.3.1). Our method is sticking out in view of the vast number of similar procedures

developed lately by various research groups which are exclusively numerical, relying on advanced

fitting procedures and extensive data sets (polarization, angle and wavelength resolved) to find

the emission zone profile that produces optical output that matches best the measured quantities

(See Section 1.4). In contrast, our method is completely analytical and utilizes only a single

feature of emission pattern measured at a single wavelength.

To that end, we harness the closed-form analytical expressions derived in Section 3.1 for

the OLED emission pattern, simplified using the typical characteristics of standard BE-OLEDs,

namely, almost lossless organic layers which share similar optical constituents, also resembling

those of the ITO anode, and a substrate thicker than the coherence length of the source

ensemble. Using these analytical expressions we relate the local extrema observed in the emission

pattern, which originate in the image-source interference phenomenon [85] to the exciton position,

by deriving them and equating the resultant expressions to zero. Applying the Leontovitch

approximation on the local reflection coefficient from the cathode/organic interface [125], implying

that plane-waves impinging upon that interface with different angles of incidence do not affect

much the propagation direction of the waves transmitted (and absorbed) in the metal, we arrive

at a transcendental set of equations which relate in closed-form the extrema angles to the optical

properties of the cathode, active layer, and cathode, and, most importantly, the distance between

the cathode and the radiating exciton.

These equations resemble Bragg’s condition, matching the phase accumulated from the source

to the cathode and back summed with the phase induced by the reflection from the cathode to an

integer number of cycles for constructive interference (local maxima) or an integer number and a

half cycles for destructive interference (local minima). Due to the presence of the substrate, the

emission from the active layer must be transmitted through the ITO/substrate and substrate/air

interfaces to be recorded in the observation point; the refraction at each of these interfaces

introduces a correction term to the constructive interference Bragg condition, which then form a

generalized Bragg condition. This stresses once more the relation between the main features of
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the emission pattern and the image-source interference phenomenon (See Subsection 1.2.1).

We employ several algebraic steps which approximate the transcendental equations that

require numerical evaluation to linear or quadratic equations, valid for different intervals of the

parameters. These enable analytical solution, which is then verified successfully using simulated

data and measured emission patterns reported in the literature. The application of our method

to experimental data reveals that a very good agreement between the extracted emission zone

position and the known value obtained by other means is very good, provided that we work with

TE-polarized emission patterns. This despite the fact that the expressions in [85] (Section 3.1)

are derived for 2D line sources, rather than for the realistic 3D dipoles which should be used for

an accurate modelling of molecular sources. This observation was later shown to be arising from

fundamental equivalence, which can be proven rigorously, between TE-polarized emission patterns

produced by 2D electric line sources and 3D electric dipoles (See Section 3.4), thus ensuring the

validity of the our method for realistic devices. Nonetheless, the presented method cannot be

used as is to gather information from TM-polarized emission patterns1 which may shed light on

the orientation preference of dipoles in the device. The application of the concepts conceived in

this work on the realistic 3D model which is capable of producing realistic TM-polarized emission

patterns, as well as an extension of the method applicability and the information it provides, is

developed and presented in Section 4.2.

In summary, the method developed in this paper introduces a novel approach for accessing

the OLED electrical properties from optical measurements, providing an original analytical

algorithm to estimate the position of the excitons from the local extrema of measured emission

patterns. The resulting procedure is based on physical intuition in the form of a generalized

Bragg condition, and avoids the use of extensive experimental work and complicated numerical

fitting techniques, thus forming an efficient engineering tool for OLED design and verification.

Abstract

We present an analytical method for extracting the recombination zone location from emis-

sion patterns produced by organic light-emitting diodes (OLEDs). The method is based on

derivation of the closed-form expressions for OLED radiated power developed in previous

work, and formulation of analytical relations between the emitter position and the pattern

extrema. The results are confirmed to be in a good agreement with reported optical mea-

surements. The resultant formulae offer an insight of the dominant physical processes in

the device and can be utilized to assess or verify the location of the recombination zone, a

very important parameter in the optimization process of OLED efficiency, from standard

optical measurements, otherwise a very difficult task to achieve.

Organic light-emitting diodes (OLEDs) have been intensively investigated in the past two

decades as promising candidates for novel optoelectronic applications, such as thin and flexible

displays and low-cost lasers [2, 4]. In recent years, a major effort is being made in order to

1There is no analogous equivalence between TM-polarized emission patterns produced by 2D magnetic line
sources and 3D electric dipoles.
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Figure 4.1: Physical configuration
of a general two-dimensional BE-
OLED.

improve the outcoupling efficiency of the emitted light [25, 109]. In the frame of these attempts

it has been shown that the fine details of the device structure, choice of materials and the

recombination zone location, are closely related to the device efficiency [25,58,160]. As direct

measurement of the recombination zone location and width is hard to get by, numerical simulations

solving the transport equations in the device, numerical fitting procedures or cumbersome

experimental techniques remain the main means for optimization and verification of these

important parameters [18,48,59].

In this Letter we present a rigorous analytical formulation of the relations between the emitter

location and the produced emission pattern for a general bottom-emitting (BE) OLED structure.

Relying on previous work [85], in which an analytical expression for the emission pattern was

derived, we obtain a clear and simple relation between the emission pattern extrema and the

recombination zone location. The resultant expressions offer a novel method for extracting

electrical properties of devices from their optical characteristics. This enables the examination of

dominant electrical processes as well as verification of the recombination zone location, which

have a major effect on the device efficiency and far-field angular distribution [25, 58, 85]. For

the sake of simplicity and clarity, we focus on a two-dimensional canonical configuration excited

by impulsive (line) sources, instead of using the more realistic three-dimensional dipole model.

However, the essence of the problem and the physical phenomena remain the same, and, as shall

be presented, our formulation can be used to accurately obtain the recombination zone location

from reported experimental measurements.

We consider a two-dimensional prototype device with five distinct layers, with a line source

embedded at a certain plane z = z′, sandwiched between layers (−1) and (+1), as depicted in

Fig. 4.1 [4, 25]. Both transverse electric (TE) and transverse magnetic (TM) excitations are

considered, denoted by e and m superscripts or subscripts throughout the paper, respectively.

The wave number of the n-th layer is given as kn = ω
√
µnεn [1− jσn/ (ωεn)] = (ω/c) (nn − jκn),

where c, n and κ denote the velocity of light in vacuum, refractive index and extinction coefficient,

respectively, and εn, µn and σn are the permittivity, permeability and conductivity, respectively.

Furthermore we define the two-dimensional space vector2,, ~r = ρtt̂+ zẑ = (−r sin θ) t̂+ (r cos θ) ẑ,

where ρt and t̂ are its transverse coordinate magnitude and direction, and θ is the angle between

the z-axis and ~r. A full description of the notations used in our model can be found in [85].

2In the original paper [88] the 2D observation point was denoted by ~ρ. We use ~r to stay consistent with the
notations laid out in Chapter 2.
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Examining the typical choice of material and exciton ensemble characteristics we assume

the following: (1) The spatial distribution of the exciton ensemble is small compared to the

active layer dimensions, i.e. the spatial broadening can be neglected, (2) The coherence length is

much smaller than the weak-microcavity optical length, i.e. interference effects due to multiple

reflections in the weak-microcavity formed between the substrate/air and organic/metal interfaces

can be neglected, (3) Losses in non-metallic layers can be neglected, and (4) Reflection from

the interface between active layer and ITO is negligible. Under these assumptions the emission

pattern of the device is given by [85]

Sr(θ) ≈
P4

2πr
TIS
(
kt, z

′)TDR(kt)TWM (kt)

∣∣∣∣
kt=k4 sin θ

(4.1)

where P4 is the nominal power of a line source in unbounded homogeneous air, and we define the

simplified image-source, direct-ray and weak-microcavity transmission factors, respectively, as

follows

TIS
(
kt, z

′) = 1 +
∣∣∣Γ̂−1 (kt)

∣∣∣2 − 2<
{

Γ̂−1 (kt)e
−2j<{β1}(z′−d−1)

}
(4.2)

TDR (kt) =
4∏

n=3

|1 + Γn−1 (kt)|2 (4.3)

TWM (kt) =

qmax∑
q=0

{∣∣∣Γ̂−1 (kt)
∣∣∣2 |Γ3 (kt)|2

}q
(4.4)

where Γn(kt) is the forward local reflection coefficient of the n-th interface, n > 0, given by

the Fresnel formula, Γn = (1− γn) / (1 + γn), where we used the definition of the generalized

wave-number ratio, emγn = (kn/kn+1)±1 (kn+1/kn) (βn/βn+1). For the reversed direction, n < 0,

we define Γ̂n = −Γn−1. We use the notation ~kt = ktt̂ for the transverse wave-vector and

βn =
√
k2
n − k2

t is the wave-number in the propagation direction ẑ.

Taking the terms of Eq. (4.1) up to the first order in |Γ3| (substrate/air reflection), neglecting

|Γ2| (ITO/substrate reflection) and deriving with respect to χair = cos θ (viewing angle) results

in the emission pattern extrema conditions, namely,

2φsrcχact + αimg − α0 =

{
2πν + π local min

2πν + π − 2ψDR local max
(4.5)

where χact = cos θact = β1/k1 denotes the propagation angle in the active layer; (αimg − α0) is the

phase addition due to reflection from the metallic cathode, tan e
mαimg = 2χ±1

actrimg/
(

1− χ±2
actr

2
img

)
,

αe0 = π and αm0 = 0; and φsrc = k1z
′ is the phase accumulated by propagation in the active

layer from the source to the metal/organic interface at θ = 0. The effect of the direct-ray

transmission on the extrema condition is encapsulated in tanψDR = (φsrc + φ0)χDR where
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e
mφ0 = (±1/χact)

[
χ±1

actrimg/
(

1 + χ±2
actr

2
img

)]
, and

e
mχDR =



r2
actχ

2
air

χact (1− rsubχair)

r2
actχ

2
air (rsub + χair)

rsubχact

(
1− rsubχ

2
air

)
(4.6)

In the equations above rimg = n1/κ−2, ract = n4/n1 and rsub = n4/n3 denote metal/organic,

air/organic and air/substrate wavenumber ratios, respectively. The parameter ν is the solution

order, an integer enabling the choice of the appropriate branch of the tangent in Eq. (4.5). When

the source is located close enough to the cathode (with respect to the effective wavelength in the

active layer), the zeroth order solution is applicable. If the active layer is thicker, solutions of

higher orders must be taken into account.

Once we establish Eq. (4.5), the physical interpretation of the extrema condition becomes

clear. First, we observe that the angles of local maxima and minima do not depend on the layer

dimensions, but only on the emitter location, pointing out that the dominant optical process in

determining the emission pattern extrema is the image-source interference. This is due to the

incoherent nature of the exciton ensemble which allows us to neglect multiple reflections from

the media interfaces [85]. Second, the extrema condition takes the form of a phase matching

condition. The left side of Eq. (4.5) is the phase accumulated by the ray upon propagation

from the source to the cathode and back, and reflection from the metal/organic interface. For

destructive interference (local minima), the right side matches this phase to a full cycle and a

half. For constructive interference (local maxima), the phase matching involves a phase shift due

to transmission from the active layer to air, which in the limiting case of TDR → 1 reduces to

the familiar Bragg phase matching condition for constructive interference.

We make use of the Taylor series expansion for arctan (tanψDR) around ψDR = 0, π/2 which

allows us to solve Eq. (4.5) for φsrc analytically. The resulting solutions are

φmin
src =

2πν + π − (αimg − α0)

2χact

∣∣∣∣
θ=θmin

(4.7)

φmax,<
src =

2πν + π − (αimg − α0)− 2φ0χDR
2 (χact + χDR)

∣∣∣∣
θ=θmax

(4.8)

φmax,>
src =

2πν − (αimg − α0)− 2φ0χact

4χact

{
1±

√
1 +

8χact [2− φ0χDR (αimg − α0 − 2πν)]

χDR (2πν − (αimg − α0)− 2φ0χact)
2

}
θ=θmax

(4.9)

The expressions in Eqs.(4.7)-(4.9) establish the desirable analytical relation between the re-

combination zone location, z′ = φsrc/k1, and the angles in which the emission pattern extrema

occur. Eq. (4.7) is applicable for angles in which a local minimum of the emission pattern occurs,

and Eqs. (4.8), (4.9) are applicable for angles in which a local maximum occurs. The solution

φmax,<
src is valid whenever

∣∣(φmax,<
src + φ0

)
χDR

∣∣ ≤ 1 whereas the solution φmax,>
src is valid whenever∣∣(φmax,>

src + φ0

)
χDR

∣∣ ≥ 1. If both conditions are met simultaneously then the most accurate

solution is given by φmax
src = 1

2

(
φmax,<

src + φmax,>
src

)
.
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Figure 4.2: A comparison between
the exact recombination zone lo-
cation (blue line) and the values
extracted from the emission pat-
tern local minima (green circles and
squares) and local maxima (red x
and plus markers) produced by elec-
tric (circles and x markers) and mag-
netic (squares and plus markers) line
sources located in position z′.

We verify our results using the prototype device (Fig. 4.1) based on the device analyzed,

fabricated and measured by Mladenovski et al. [25]. The device configuration can be matched to

the one presented in Fig. 4.1 herein, with n−2 = 0.129, n1 = 1.8, n3 = 1.5, n4 = 1 as the refractive

indices of the organic layers, glass substrate and air region respectively, and the extinction

coefficient of the silver cathode set to κ−2 = 3.25. The emission central wavelength is λ = 530nm,

and z′ can get values up to 230nm. A comparison between the exact source locations and the

evaluated recombination zone from simulated emission pattern minima and maxima, for both

electric and magnetic line sources, is presented in Fig. 4.2. The evaluation is performed using

Eqs. (4.7)-(4.9) with ν = 0 for z′ <∼ 1
2λ/n1 and ν = 1 for higher values. Values of z′ for which no

evaluation is available on the plot are emitter locations for which the emission pattern has no

extrema except for θ = 0.

Fig. 4.2 shows a good agreement between the extracted recombination zone locations and

the exact values, for both electric and magnetic line source emission patterns. Moreover, it is

observant that for almost all of the relevant range of emitter position values, at least one of the

polarization sources produces extrema which allow the desirable extraction.

In order to demonstrate the efficiency and accuracy of the method we extract the recombination

zone location from the measured emission patterns presented in Fig. 4 of [25]. The device

configuration dictates that rimg = 0.55, ract = 5/6, rsub = 1 and φsrc = z′ [nm] /46.86. For

the emission pattern plotted in Fig. 4(c) of [25] we identify a local maximum around θ = π/6.

Calculating the angle-dependent parameters from Eqs. (4.7)-(4.9) for this value we find that

χDR = 4.272, χact = 0.909, αimg = 0.933 and φ0 = 0.442 for the TE case. Using ν = 1 we

arrive at φmax,<
src = 0.758 and φmax,>

src = 4.719. This implies that
∣∣(φmax,<

src + φ0

)
χDR

∣∣ > 1 and∣∣(φmax,>
src + φ0

)
χDR

∣∣ ≥ 1. Hence, according to the method described above, only the second

solution is valid, which yields z′ = 221nm. The distance of the recombination zone from the

cathode was designed by Mladenovski et al. [25] to be 230nm for the case considered, and it is

readily observed that the results obtained by the method presented in this letter are in good

agreement with this value. The same procedure can be performed for the emission pattern

presented in Fig. 4(b), and a similar agreement between the extracted and the listed values is

found, when using the local maximum in θ = π/3 and ν = 0 for the evaluation process. The
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method is proved to work well for other sets of materials as well, e.g., when executed on the

results presented in Fig. 2 of [160]. From these results we assess that the TE polarization is

dominant in the devices measured in [25,160], and that there is a great similarity between the

results obtained by the simplified two-dimensional and the realistic three-dimensional models, at

least as far as emission patterns are considered.

To conclude, we have presented an analytical method for extracting electrical properties of

OLEDs, namely the recombination zone location, from measured optical characteristics, namely

the produced emission pattern extrema. The suggested method was applied to a prototype

device, and a very good agreement between measured and extracted values was demonstrated.

These results emphasize the importance of analytical approaches for optical analyses of OLEDs,

leading to a clear physical interpretation of the dominant processes in the device as well as simple

and powerful analytic tools, which can be efficiently utilized by engineers for device optimization

and design verification.
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4.2 Analytical estimation of emission zone mean position and

width in OLEDs from emission pattern image-source inter-

ference fringes

A. Epstein, M. Roberts, N. Tessler, and P. D. Einziger, ”Analytical estimation

of emission zone mean position and width in organic light-emitting diodes from

emission pattern image-source interference fringes”, In preparation, September

2013.

The paper presented in this Section augments the method discussed in Section 4.1 such that it

would be applicable to a wider range of OLED structures and exciton profiles, enabling analytical

estimation of emission zone mean position (expectation value of the effective spatial distribution

function) and width (standard deviation of the effective spatial distribution function) from local

extrema and fringe prominence, respectively, observed in image-source interference patterns

isolated from measured emission patterns.

In fact, the results described in this paper constitutes a summary of all our work so far,

utilizes all of our novel observations regarding plane-parallel OLEDs, thus also providing a

complete rigorous model for realistic OLEDs which highlights the dominant optical processes

in the device and the cross relations between them and the source ensemble, layer dimensions

and material composition. First, we derive closed-form expressions for the emission pattern

produced by realistic 3D electric dipoles, which posses, in general, both vertical (parallel to the

z axis) and horizontal (perpendicular to the z axis) components. In view of Section 3.4, the

TE-polarized and TM-polarized emission patterns can be formulated, taking into account the

spatial, spectral, and also the orientation distributions of the source ensemble (Section 3.1). The

3D model can be utilized to also estimate the orientation preference of the dipoles, if such exists,

which affects the TM-polarized emission pattern (Subsubsection 4.2.2.7). This could not be

achieved using 2D model results of [85, 88], as only the TE-polarized emision patterns calculated

therein are valid for reaslistic devices (Section 3.4). In addition, it provides a formal correction

to the work presented in [85] (Section 3.1), emphasizing the role of the dipole lifetime, related

to the EQE, when quantification of the integrated response of the ensemble is of interest (See

also Section 1.4). The accurate representation of polrarization and frequency resolved emission

patterns of a general OLED presented in Eqs. (4.21)-(4.22) indicate that when the integrated

response is considered, only the effective radiating exciton distributions, i.e. the product of the

EQE and the distribution function, can be observed (Eq. (4.24), Eq. (4.25), Eq. (4.39)).

Second, the theoretical part of the paper also considers in detail the practical effect of layers

thicker than the coherence length defined by the source ensemble or the measurement equipment,

as formulated from first principles in Section 3.2 and for the OLED application in Section 3.1.

In Subsubsection 4.2.2.3 we define the modified reflection coefficients (Eq. (4.19)), which allow a

separation between the interaction of the fields produced by the source with OLED nanometric
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stack and the thick substrate, as required by the conclusions of [85,86].

Third, it utilizes the observations of Subsubsection 3.1.2.5 and Subsubsection 3.1.3.2 regarding

the effect of spatial broadening on the processes contributing to the emission pattern to facilitate

the estimation of the effective emission zone width from the measured patterns. One aspect of

this is the understanding that the spatial distribution of the excitons only affects the image-source

interference phenomenon, which is accounted only by the IS transmission actor TIS . This implies

that a more accurate estimation of this distribution can be enabled by first isolating this factor

from the emission pattern, which according to our derivation requires dividing the measured

emission pattern by the direct-ray and weak-microcavity transmission factors3. This introduces

an additional pre-processing step with respect to the method presented in Section 4.1, however

enhances the accuracy of the estimation dramatically, and can be applied on OLEDs of arbitrary

material composition. The second aspect of the conclusions from Subsubsection 3.1.2.5 and

Subsubsection 3.1.3.2 that we harness herein is that the effect of the emission zone profile on

the IS interference pattern is introduced in the form of a spatial broadening attenuation factor,

multiplying the interference cross-term. This attenuation factor can be related analytically to

the width of the distribution, thus provides a path for its estimation.

Finally, relying on all these results and observations, we may define an analytical algorithm for

evaluation of EZ mean position and width from two features of the measured emission patterns.

It consists of three steps, all of them are applied to the measured TE-polarized emission pattern:

first, the image-source transmission factor is isolated from the measured emission pattern by

dividing the measured response by the DR and WM transmission factors; second, the angles

in which local extrema of the IS interference pattern appear are used to estimate the EZ mean

position via Bragg’s condition (Subsubsection 4.2.2.5); and third, the IS interference fringe

prominence, quantified by the ratio between the forward to the side lobe emission, is used to

evaluate the EZ width via the extent of spatial broadening attenuation reflected by the measured

fringe prominence values (Subsubsection 4.2.2.6). In addition, we indicate in Subsubsection 4.2.2.7

that after evaluating the effective exciton spatial distribution, this knowledge can be used to

decouple the effective contributions of the VEDs and HEDs to the measured TM-polarized

emission patterns, hence to yield information regarding the orientation preference of the radiating

dipoles.

The method is capable of handling any form of spatial distribution functions, provided it

is narrow with respect to the emission wavelength in the active layer, by utilizing its moment

representation, which is considered up to the leading order. This rigorous incorporation of

the moment series relates clearly the positions of the emission pattern extrema to the EZ

mean position, and the spatial broadening attenuation factor to the EZ width which enhances

the broadening effect, where higher moments of the distribution function are neglected. This

approximation is verified successfully on simulated emission pattern, generated using symmetrical

and asymmetrical emission zone profiles in a prototypical OLED.

In addition to the verification of our method on simulated data Subsubsection 4.2.3.1, we use

it to investigate the exciton formation in OLEDs that were designed, fabricated and characterized

by Roberts et al. [161], which provided the experimental data for this work (Subsubsection 4.2.3.2).

3As implied herein, these factors can be calculated analytically using only the device dimensions and material
optical constituents, regardless to the exciton spatial distribution.
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From the simulated results we conclude that the analytical method performs well on EZ profiles

with different shapes, and that an accurate estimation of the EZ mean positions can be obtained

for a wide range of mean position values, provided that we consider a wide enough spectral

interval, usually accessible for inhomogeneously broadened spontaneous emission. This is in

contrast to conclusions drawn by other research groups [65] which limit accurate estimations

to mean positions which are around the minimum TE-polarized EQE. Consideration of a wide

spectral region is crucial, as not every emission wavelength produces distinct image-source

interference extrema, which are essential for application of our method. Another result which

arises from the processing of simulated data is that while both minima and maxima can be used

for estimating the EZ mean position, the EZ width can be accurately evaluated only from IS

interference minima. This stems from the observation that the fringe prominence, or the ratio

between forward and side lobe emission, possess a wide dynamical range for minima, however

exhibits a small dynamical range for maxima, the latter resulting in poor accuracy for width

estimations.

The application of our method on the experimental results in Subsubsection 4.2.3.2 reveals

that the device under investigation has imbalanced hole and electron mobilities, more specifically

that µe > µh, which causes the preferential formation of the excitons far away from the electron-

injecting cathode, as indicated by the estimation of a large EZ mean position (large source-cathode

separation). This phenomenon becomes more pronounced when the applied voltage is increased4,

driving the excitons more and more to the anodic facet of the active layer. This is reflected in

the EZ widths evaluated by our algorithm, showing narrowing of the emission zone as the current

and voltage are increased. These results are in a very good quantitative agreement with results

obtained by Roberts et al. [161] using numerical techniques, as well as electrical measurements

and simulations, of the same device.

In summary, this paper concludes our work on plane-parallel configurations in the sense

it presents a full description of the emission pattern produced by an ensemble of 3D electric

dipoles, taking into consideration the orientation, spatial and spectral distributions of the

dipoles and their observable effects. The developed analytical algorithm retains the same merits

of the analytical method presented in Section 4.1, namely, simple implementation, reduced

computational complexity (no numerical fitting is involved), and requirement of a focused set

of measurements (only two main features of the IS interference patters are utilized). Moreover,

maybe the most important advantage of the presented analytical procedure is that it is based

on physical intuition in each one of the steps, relating the EZ mean position to local extrema

corresponding to constructive and destructive interference between the source and its reflection

from the cathode, and the EZ width to the fringe prominence corresponding to the extent of

averaging that is applied on this interference pattern. This forms an efficient and intuitive

engineering tool, verified successfully on both simulated and measured data, providing a great

deal of information regarding electrical properties of OLEDs from distinctive features of measured

emission patterns.

4We have considered emission patterns measured for three current regimes: low current (0.03mA, 5.9V), medium
current (0.3mA, 8.7V), and high current (1mA, 11V) (Subsubsection 4.2.3.2).
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Abstract

We present an analytical method for evaluation of the first and second moments of the

exciton effective spatial distribution in organic light-emitting diodes (OLED), namely, the

emission zone (EZ) mean position and width, from two features of the interference phe-

nomenon taking place due to interaction between the emission sources and their images

induced by the reflective cathode, namely, the angles in which extrema are observed and

the prominence of the interference fringes, respectively. The relations between these param-

eters are derived rigorously for a general OLED structure, indicating that, in consistency

with our previous work, extrema angles are related to the mean position of the radiating

excitons via Bragg’s condition and the spatial broadening is related to an attenuation of

the image-source (IS) interference prominence due to an averaging effect. The method

is applied successfully on both controlled simulated emission patterns and experimental

data, exhibiting a very good agreement between results obtained by numerical techniques

in previous reports. We investigate the method performance in detail, showing that it can

produce accurate estimations for a wide range of source-cathode separation distances, in-

cluding sources which are rather close to the cathode, provided that the measured spectral

interval is large enough; guidelines for achieving accurate evaluations are deduced from

these results as well. Our analytical method forms a unique alternative to numerical meth-

ods which are usually used to perform similar tasks to date, relying on physical intuition

and resulting in enhanced computational efficiency (no fitting is involved) and reduction of

required experimental work. This introduces a novel set of engineering tools for effective

design and verification of OLEDs, highly important in the view of the dramatic effects of

variations in the exciton distribution on the device performance.

4.2.1 Introduction

OLED technology has advanced immensely over the past two decades. Overcoming the spin

statistics problem by combining phosphorescent emitters in active layers, and introduction of

doped transport layers, have improved dramatically the electrical properties of the devices,

enabling realizable designs with almost 100% internal efficiency [9, 10, 118]. In contrast, the

optical properties of the devices are still far from optimal, limiting external efficiencies to ∼ 20%

in standard OLEDs [26,29]. It is well established by now that the optical properties of OLEDs,

in particular the outcoupling efficiency, are strongly dependent on the spatial distribution of the

radiating excitons in the active layer and their orientation preference (if exists) [18,28,44,58,85,117].

Consequently, accessing these emission zone (EZ) properties by optical means has become highly

desirable, as it offers an efficient way to evaluate these parameters, critical for device performance,

during the research and development process or as quality control at the manufacturing line.

Moreover, as the emission zone profile is determined by the electrical characteristics of the device

(charge carrier mobilities, diffusion coefficients, injection barriers, etc.), such tools also provide an

effective way to investigate the charge transport properties of the device, which are still subject

to intensive studies [118,119].

Indeed, in the last couple of years numerous authors have presented methods to recover EZ

properties from a variety of optical measurements, such as electroluminescence spectra, emission
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patterns, external efficiencies, or photoluminescence lifetimes [59, 60,62–65,69]. These methods

heavily utilize fitting procedures, which may yield highly resolved evaluation, however usually

require extensive data sets, and naturally rely on advanced numerical techniques, which tend

to obscure the underlying physical phenomena [64,67,68]. In recent work we have presented a

different approach to this problem, developing analytical closed-form formulae to extract the

emission zone location from emission pattern extrema, assuming the excitons are concentrated in

a very narrow region [88]. We have shown therein that the angles in which maximum or minimum

emission occurs are related to the emitter location via a generalized Bragg’s condition, which

stems from the interference between the radiating source and its image, induced by the reflecting

cathode. The resultant set of expressions allows evaluation of the emission zone location by a

simple back-of-an-envelope calculation, requiring only a knowledge of the local extremum angles

and the optical constants of the various layers at a single wavelength [162]. As expected from

an analytical approach, the method we have presented relies on a focused set of measurements,

requires small computation power (no fitting is involved), and reflects the dominant physical

processes.

Nonetheless, that efficient method relies on several simplifying assumptions which are not

always satisfied. First, a very narrow emission zone was assumed, neglecting any spatial

broadening effects. While this approach proved efficient for reproducing the location of the

dominant region from which the outcoupled emission originates, it did not provide any information

regarding the width of the exciton distribution. Second, we have assumed that the anode and

the organic layers in the device have similar optical properties, leading to reduced accuracy when

the organic stack surrounding the active layer contained substances with index of refraction

other than that of the active material. Third, the presented algorithm relied on a simplified

2D formulation, using 2D line sources instead of 3D point dipoles. Although we have recently

proven that the transverse electric (TE) polarized emission patterns predicted by the simplified

formulation match exactly that of the realistic devices thus ensuring the validity of our previous

results [97,98], this simplification prevented us from estimating the orientation distribution of

the emitting dipoles.

In this paper we augment our previously introduced method to allow a more detailed and

accurate estimation of the EZ properties, including emission zone mean position and width,

while preserving the key advantages of an analytical approach. The method is based on three

analytical steps, all of them relate to the TE-polarized emission pattern, which is less sensitive

to the dipole orientation [63,65, 68]. First, we apply a simple division operation to the measured

emission pattern to isolate the image-source interference term. Second, we apply a simplified form

of our previous theory to determine the mean of the exciton spatial distribution from Bragg’s

condition. The third step utilizes the extracted EZ mean position and the ratio between forward

and side-lobe emission to estimate the EZ width from the extent of averaging that the pattern

exhibits. In addition, we indicate the precise steps that should be taken as to distinguish between

the contributions of the horizontal and vertical dipoles to the TM-polarized emission, utilizing

the difference in intrinsic emission patterns of the two species and the EZ profile evaluated in

previous steps; however, a detailed investigation of this last step is beyond the scope of this

paper. This procedure, based on physical intuition in each one of the steps, relying only on
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several specific data points of the polarized emission patterns at a single wavelength, and allowing

analytical evaluation of the EZ properties, constitutes a novel, simple and efficient tool for device

optimization and verification.

4.2.2 Theory

4.2.2.1 Formulation

Figure 4.3: Physical configuration of a typical OLED. An arbitrarily oriented dipole (black hollow
arrow) is decomposed to a horizontal dipole (blue dotted hollow arrow) and a vertical dipole
(red dotted hollow arrow). Note that the active layer, organic stack and anode thicknesses are
smaller than the coherence length, usually in the order of hundreds of nanometres, whereas the
substrate is usually much thicker than the coherence length, usually in the order of hundreds of
micrometers.

We consider a prototype device with N+2 distinct layers. An electric dipole of dipole moment
eI0l is embedded at a certain plane, z = z′, sandwiched between layers (−1) and (+1), forming

an angle of α with the negative z-axis (Fig. 4.3). The emission pattern measured for the actual

device would be a superposition of the emission of various such dipoles, distributed along the

active layer and having various orientations following the characteristic spatial and orientation

distribution functions of the realistic device [63,65]. The prototype configuration consists of a

metallic cathode, an organic active layer containing the emitting excitons, a stack of additional

organic layers, and a transparent anode, all fabricated on a thick transparent substrate; the

far-field observation point ~r lies in air, forming an angle of θ with the z-axis. In case the active

layer is separated from the cathode by another stack of organic layers (i.e., positioned between

layer (−1) and layer (−2) in Fig. 4.3), the model remains valid as long as their optical properties

do not deviate much from these of the active material.

Each layer is characterized by its permittivity, permeability and conductivity, given for the

nth layer by εn, µn and σn, respectively; in the active layer ε−1 = ε1, µ−1 = µ1 and σ−1 = σ1.

Considering a time-harmonic excitation with time dependence ejωt, the wave number of the

nth layer is given by kn = ω
√
µnεn [1− jσn/ (ωεn)] = (ω/c) (nn − jκn), where c is the speed of

light in vacuum, and nn and κn denote the refractive index and extinction coefficient of the nth

layer, respectively; the wave impedance is defined as Zn = ωµn/kn. Our formulation is based on

decomposition of the currents and fields to their plane-wave spectrum [85,97], where we use the
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common notation of kt and βn =
√
k2
n − k2

t for the transverse and longitudinal components of

the wave number in the nth layer, respectively [36,41,44,85]. In order to satisfy the radiation

condition we demand that ={kn} ≤ 0 and ={βn} ≤ 0.

4.2.2.2 Emission pattern of a single dipole

The first step in evaluating the emission pattern of the tilted current element of Fig. 4.3 is to

decompose it into a vertical electric dipole (VED) of magnitude eI⊥0 l = eI0l cosα, producing only

TM-polarized emission, and an horizontal electric dipole (HED) of magnitude eI
‖
0l = eI0l sinα,

contributing to both TM-polarized and TE-polarized emission [36, 41, 44, 85]. Following previous

work [97,98,124] we further decompose the latter into TE-generating current element and TM-

generating current element, which allows an elegant derivation of the polarized emission pattern

of the device, defined as the projection of the Poynting vector on the observation direction r̂.

This procedure leads to the identification of three primitive source species: the TM-generating

VED, denoted by ⊥ and M superscripts, the TE-generating component of the HED, denoted

by ‖ and E superscripts, and the TM-generating component of the HED, denoted by ‖ and M

superscripts, throughout the paper. The individual emission patterns of these primitive species

can be formulated in a unified manner [85,88,97,98]

Sr
(
θ; z′, ω

)
=

3ξ(kt)

2

PN+1

4πr2
TIS
(
kt, z

′)TDR(kt)TWM (kt)

∣∣∣∣
kt=kN+1 sin θ

(4.10)

where the image-source (IS), direct-ray (DR) and weak-microcavity (WM) contributions are

given, respectively, by [85]

TIS
(
kt, z

′) = 1 +
∣∣∣Γ̂−1(kt)

∣∣∣2 − 2<
{

Γ̂−1(kt) e
−2j<{β1}(z′−d−1)

}
, (4.11)

TDR (kt) = |1 + Γ1(kt)|2 ×
N−1∏
n=1

∣∣∣[1 + Γn+1(kt)] e
−jβn+1(dn+1−dn)

∣∣∣2 , (4.12)

TWM (kt) =
1∣∣∣1− Γ̂−1(kt)R1(kt) e−2jβ1(d1−d−1)

∣∣∣2 ×
N−1∏
n=1

1∣∣1 + Γn(kt)Rn+1(kt) e−2jβn+1(dn+1−dn)
∣∣2

(4.13)

and Γn(kt) and Rn(kt) are, respectively, the local and total reflection coefficients at the nth

interface, in the forward direction . The local reflection coefficients consider only the reflection

due to the discontinuity between the nth and the (n+ 1)th media, whereas the total reflection

coefficients take into account the overall reflection due to the stack of layers to the right of the

nth interface, including multiple reflections (Fig. 4.3). Therefore, the total reflection coefficients

are recursively defined viaRn(kt) =
Γn(kt) +Rn+1(kt) e

−2jβn+1(dn+1−dn)

1+Γn(kt)Rn+1(kt) e−2jβn+1(dn+1−dn)

RN+1(kt) = 0

(4.14)
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while the local reflection coefficients are given by the Fresnel formula, Γn = (1− γn) / (1 + γn),

where γn is the generalized impedance ratio around the nth interface. Due to the difference in

boundary conditions, γn must be defined separately for each of the primitive sources, [85, 97, 98]

Mγ⊥n =
kn+1βn
knβn+1

(
Zn+1

Zn

)−1

, E
Mγ
‖
n =

(
kn+1βn
knβn+1

)±1Zn+1

Zn
(4.15)

It is worth noting that from Eq. (4.15) it follows that MΓ
‖
n = −MΓ⊥n , which has a simple image

theory interpretation. According to image theory, the vertical and horizontal dipoles induce

parallel and antiparallel images, respectively, thus a π phase difference between the respective

reflection coefficients is indeed expected [63,65,97].

The local reflection coefficients in the reversed direction are denoted by a hat, and are given

analogously for n < 0 by Γ̂n = (1− γ̂n) / (1 + γ̂n), where γ̂n = 1/γn−1 (which implies that

Γ̂n = −Γn−1; for n > 0 we define Γ̂n = −Γn.

Besides the difference in local reflection coefficients, the different orientation of the primitive

sources also induces a difference in their emission patterns (e.g., it is known that dipoles do not

radiate parallel to the direction of the dipole moment). This effect is introduced to Eq. (4.10) by

the orientation factor, ξ (kt), given for the various sources by [97,98]

Mξ⊥(kt)=

(
kt

kN+1

)2

, E
Mξ
‖(kt)=

1

2

(
βN+1

kN+1

)1∓1

(4.16)

where we have considered the dipole moments to have no azimuthal preference for their orientation

(i.e., the ϕ dependence of the dipoles is averaged) [36,41,97]. In Eq. (4.10) Pn = Zn |eI0knl|2 / (12π)

is the power radiated by an electric dipole in unbounded medium, and r is the distance between

the origin and the observation point.

The emission pattern of a dipole tilted by α with respect to the z-axis (Fig. 4.3) is thus given

as a superposition of the three orthogonal contributions, namely,

Sr
(
θ;α, z′, ω

)
= MS⊥r

(
θ; z′, ω

)
cos2 α+

[
ES‖r

(
θ; z′, ω

)
+ MS‖r

(
θ; z′, ω

)]
sin2 α (4.17)

4.2.2.3 Layers thicker than the ensemble coherence length

For layers thicker than the coherence length defined by the spectral resolution of the measurements

Lc = c/∆ω, Eq. (4.13) would produce spurious weak-microcavity interference fringes which would

not be observable in measured data [52, 85, 86]. In typical OLEDs the substrate is the only layer

which is affected by this phenomenon [85], thus Eq. (4.13) should be modified accordingly,

TWM (kt) =
1∣∣∣1− Γ̂−1(kt) R̃1(kt) e−2jβ1(d1−d−1)

∣∣∣2 ×
N−2∏
n=1

1∣∣∣1 + Γn(kt) R̃n+1(kt) e−2jβn+1(dn+1−dn)
∣∣∣2

× 1

1−
∣∣∣ΓN(kt) R̂N−1(kt)

∣∣∣2 , (4.18)
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where the modified total reflection coefficients are defined as to disregard the substrate/air

interface via the recursion base condition, namely,R̃n(kt) =
Γn(kt) +R̃n+1(kt) e

−2jβn+1(dn+1−dn)

1+Γn(kt)R̃n+1(kt) e−2jβn+1(dn+1−dn)

R̃N(kt) = 0,

(4.19)

and we introduce the total reflection coefficients in the reversed direction for n > 0 as
R̂n(kt) =

Γ̂n(kt) +R̂n−1(kt) e
−2jβn(dn−dn−1)

1+Γ̂n(kt)R̂n−1(kt) e−2jβn(dn−dn−1)

R̂1(kt) =
Γ̂1(kt) +Γ̂−1(kt) e

−2jβ1(d1−d−1)

1+Γ̂1(kt)Γ̂−1(kt) e−2jβ1(d1−d−1)
,

(4.20)

and we emphasize the different definitions of Γ̂n for n ≶ 0 (Subsubsection 4.2.2.2).

In case the optical measurements are preformed using an index-matched half-sphere [25,27,

64, 161], the reflection from the substrate/air interface can be neglected for emission pattern

calculations, and the formulae Eqs. (4.11)-(4.14) remain valid, provided we replace the air layer

((N + 1)th layer) with a semi-infinite substrate, extending to z →∞.

4.2.2.4 Emission pattern of the dipole ensemble

We may now formulate an expression for the measured spectrally-resolved polarized emission

pattern of the entire (spatially incoherent [132]) exciton ensemble by integrating the respective

terms of Eq. (4.17) over the spatial distribution of the excitons, f (z′), and their orientation

distribution, h (α), yielding [65]

ESr (θ;ω) = p (ω)

d1∫
d−1

dz′
π/2∫
0

dαf
(
z′
)
h (α) sinαηext

(
z′, α, ω

)
ES‖r

(
θ; z′, ω

)
sin2 α (4.21)

MSr (θ;ω) = p (ω)

d1∫
d−1

dz′
π/2∫
0

dαf
(
z′
)
h (α) sinαηext

(
z′, α, ω

)(MS‖r (θ; z′, ω) sin2 α

+MS⊥r (θ; z′, ω) cos2 α

)
(4.22)

for TE-polarized and TM-polarized emission, respectively. The parameter ηext (z′, α, ω) relates to

the external quantum efficiency (EQE) of a dipole tilted by α with respect to the z-axis, radiating

from the plane z = z′ at an angular frequency of ω. It is determined by the internal quantum

efficiency of such a dipole, which considers electrical losses and non-classical decay channels,

multiplied by the ratio between the power radiated by the dipole (both TE and TM polarizations,

all angles considered) to free space (layer N+1 in our formulation) and the total power dissipation

of the dipole (e.g., also to waveguided, substrate and surface-plasmon modes) [65]. The spectral

distribution of the sources p (ω) acts as spectral weight function to the nominal power radiated by

a single dipole in an unbounded active layer PN+1 (Eq. (4.10)). The distribution functions must,

of course, satisfy normalization conditions, namely,
∫ π/2

0 dα sinαh (α) = 1,
∫ d1

d−1
dz′f (z′) = 1.
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4.2.2.5 Evaluation of emission zone mean position

After establishing the constituent relations for the polarized emission pattern, our first step

is to evaluate the mean position of radiating exciton, i.e. the first moment of the effective

exciton spatial distribution. To that end, we note that the effect of the dipole location on the

primitive source emission pattern (Eq. (4.10)) arises only from the image-source transmission

factor (Eq. (4.11)). Thus, we begin by decoupling this contribution from the measured emission

pattern, defining the ensemble image-source contribution to the TE-polarized emission pattern as

ET IS (θ;ω) =
ESr (θ;ω)

3Eξ‖(kt)
2

ETDR(kt)
ETWM (kt)

∣∣∣
kt=kN+1 sin θ

= p (ω)
PN+1

4πr2

π/2∫
0

dαh (α) sin3 αηext

(
z′, α, ω

) d1∫
d−1

dz′f
(
z′
)
ET IS

(
kt, z

′)∣∣
kt=kN+1 sin θ

(4.23)

We first evaluate formally the integral over the orientation angle, defining the effective

contribution of the HEDs to the EQE, η̄
‖
ext (z′, ω) via

η̄
‖
ext

(
z′, ω

)
=

π/2∫
0

dαh (α) sin3 αηext

(
z′, α, ω

)
, (4.24)

using which we define the normalized effective contribution of the HEDs to the spatial exciton

distribution

f̄‖
(
z′, ω

)
= f

(
z′
)
η̄
‖
ext

(
z′, ω

)
/¯̄η
‖
ext (ω) , (4.25)

where the normalization factor ¯̄η
‖
ext (ω) is defined as to ensure that

∫ d
0 dz

′f̄‖(z′, ω) = 1. Substi-

tuting these definitions into Eq. (4.23) yields

ET IS (θ;ω) = p (ω) ¯̄η
‖
ext (ω)

PN+1

4πr2

×

1 +
∣∣∣Γ̂−1 (kt)

∣∣∣2
−2<

{
Γ̂−1 (kt)

d∫
0

dz′f̄‖ (z′, ω) e−2jβ1z′

}
 (4.26)

where we assumed that losses in the active layer are negligible, and defined its width as d = d1−d−1

(Fig. 4.3).

Next, we expand the integral in the third term in the parenthesis of Eq. (4.26) using the
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moments of f̄‖(z′, ω),

d∫
0

dz′f̄‖
(
z′, ω

)
e−2jβ1z′ =

= e−2jβ1〈z′〉
d∫

0

dz′f̄‖
(
z′, ω

)
e−2jβ1(z′−〈z′〉)

= e−2jβ1〈z′〉
d∫

0

dz′f̄‖
(
z′, ω

) ∞∑
m=0

(−2jβ1)m

m!

(
z′ −

〈
z′
〉)m

= e−2jβ1〈z′〉
∞∑
m=0

(−2jβ1)m

m!
E
[(
z′ −

〈
z′
〉)m]

, (4.27)

where E [(z′ − 〈z′〉)m] is the mth moment of the function f̄‖(z′, ω) about its expectation value,

and we assume the excitons are distributed on an interval smaller than the wavelength in the

active layer, such that the summation converges. In fact, we further assume that the spatial

distribution is such that it can be described well by its first two moments, and we neglect the

higher order terms m ≥ 3 in the moment series. Noting that E [(z′ − 〈z′〉)] = 0, and defining the

distribution width W as its standard deviation W 2 = E
[
(z′ − 〈z′〉)2

]
, Eq. (4.27) transforms into

d∫
0

dz′f̄‖
(
z′, ω

)
e−2jβ1z′ ≈ e−2jβ1〈z′〉

[
1− 1

2
(2β1W )2

]
. (4.28)

As implied in our previous work [85, 88], the extrema angles of the IS interference fringes are

closely related to the mean position of the emission zone. Thus, our second step involves finding

the zeros of the derivative of the decoupled IS response Eq. (4.26) with respect to the wavenumber

in the active layer, β1 = k1 cos θact, which is related to the observation angle monotonically via

Snell’s law kt = kN+1 sin θ = k1 sin θact, where θact is the propagation angle in the active layer.

As the absolute value of the cathode/organic reflection coefficient
∣∣∣Γ̂−1 (kt)

∣∣∣ varies very little

with the observation angle, we neglect its contribution to the derivative, and the IS interference

extrema are thus given by the equation

∂

∂β1
<

̂Γ−1e
−2jβ1〈z′〉

d∫
0

dz′f̄‖
(
z′, ω

)
e−2jβ1(z′−〈z′〉)

=0, (4.29)

which reads, using Eq. (4.28),

<


e−2jβ1〈z′〉(∂Γ̂−1

∂β1
− 2j 〈z′〉 Γ̂−1

)(
1− 1

2 (2β1W )2
)

− Γ̂−1

β1
(2β1W )2


=0. (4.30)

Treating the spatial broadening as a perturbation (2β1W )2 � 1, we neglect, as a zeroth order
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approximation, the contribution of the second term in the square brackets which leads us to

<

{
e−2jβ1〈z′〉 Γ̂−1

β1

(
β1

Γ̂−1

∂Γ̂−1

∂β1
− 2jβ1

〈
z′
〉)}

=0. (4.31)

which relates 〈z′〉 to the observation angles in which IS interference extrema occur (via β1).

Similarly to our previous work [88], to facilitate the analytical solution of Eq. (4.31) we

utilize the Leontovich surface impedance approximation [125] for the cathode/organic reflection

coefficient, yielding,

Γ̂−1 =
1− (rimgχact)

2 − 2jrimgχact

1 + (rimgχact)
2 (4.32)

β1

Γ̂−1

∂Γ̂−1

∂β1
= − 2jrimgχact

1 + (rimgχact)
2 (4.33)

where rimg = n1/κ−2 is the ratio between the active layer refractive index and the cathode

extinction coefficient, and χact = cos θact = β1/k1 is the projection of the propagation direction

in the active layer on the z axis [88].

Finally, given the angles in which maxima or minima are observed in the decoupled IS

interference pattern, the mean position of the radiating excitons can be evaluated via

2k1

〈
z′
〉
χact + (αimg − α0) =

{
2πν + πlocal min

2πν local max
(4.34)

where, in consistency with [88], (αimg − α0) is the phase addition upon a single reflection at the

cathode/organic interface for TE-polarized fields, given explicitly by tanαimg =
2rimgχact

1−(rimgχact)
2 and

α0 = π. The parameter ν is an integer standing for the interference order; if the sources are

positioned close to the cathode (on a wavelength scale), the ν = 0 is applicable; for thick active

layers solutions of higher order should be taken into account as well.

Indeed, Eq. (4.34) is a manifestation of Bragg’s condition, matching the phase accumulated

in propagation from the source to the cathode ans back (first term) added to the additional

phase due to the reflection from the cathode/organic interface (second term), on the left-hand

side (LHS) of the equation, to an integer number of full cycles (constructive interference) or full

cycles and a half (destructive interference), on its right-hand side (RHS).

4.2.2.6 Evaluation of emission zone width

As demonstrated in [85], the finite width of the spatial distribution function gives rise to spatial

broadening attenuation factor, which reduces the relative contribution of the IS interference

cross-term to the overall emission pattern. This implies that the prominence of IS interference

fringes will be reduced as the EZ width grows, due to an averaging effect. Consequently, we

utilize the mean EZ position evaluated in Subsubsection 4.2.2.5 to predict the fringe prominence

that would have been measured if the EZ width was infinitesimally small, and estimate the EZ

width in the OLED under test by comparing this reference fringe prominence to the measured

value. The fringe prominence is defined, using Eq. (4.26) and Eq. (4.28), as the measured forward
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to side-lobe emission ratio, namely

P =
ET IS (θ = 0;ω)
ET IS (θ = θex;ω)

=
I0 −X0

[
1− 1

2 (2k1χact,0W )2
]

Iex −Xex

[
1− 1

2 (2k1χact,exW )2
] , (4.35)

where the IS interference self and cross terms are defined, respectively, as

I (θ) =

[
1 +

∣∣∣Γ̂−1 (kt)
∣∣∣2]

kt=kN+1 sin θ

X (θ) = 2<
{

Γ̂−1 (kt) e
−2jβ1〈z′〉

}
kt=kN+1 sin θ

, (4.36)

and the subscripts 0 and ex denote evaluation at θ = 0 and θ = θex, respectively, where the latter

may correspond to angles of local minima θmin or local maxima θmax.

Eq. (4.35) can be solved for the perturbation W 2, yielding the desirable relation between the

measured fringe prominence and the spatial distribution width, namely,

1

2
(2k1W )2 =

I0 −X0 −P (Iex −Xex)

PXex (χact,ex)2 −X0 (χact,0)2 . (4.37)

It is worth noting that defining the fringe prominence of an infinitesimally broadened emission

zone as P̃ = (I0 −X0) / (Iex −Xex), we may rewrite Eq. (4.37) as

1

2
(2k1W )2 =

(
P̃ −P

)
× Iex −Xex

PXex (χact,ex)2 −X0 (χact,0)2 , (4.38)

which clearly indicates that similarity between the measured P and reference P̃ fringe prominence

values would yield width estimations approaching zero, in consistency with our discussion in the

beginning of this Subsection.

4.2.2.7 Evaluation of effective dipole orientation

As mentioned in Subsection 4.2.1, a thorough discussion in the evaluation of effective dipole

orientation is beyond the scope of this paper. However, it is worthwhile to denote the steps that

may be taken in order to estimate this parameter. Our concept for evaluating the effective dipole

orientation relies on the fact that the VEDs do not emit to the forward direction due to their

intrinsic radiation pattern (Eq. (4.16)) [65,97,98]. This implies that we may use the measured

TM-polarized emission in the forward direction, together with the EZ profile estimated according

to Subsections 4.2.2.5 and 4.2.2.6, as a means to predict the TM-polarized emission pattern that

would have been produced by HEDs alone; the deviation from this prediction would indicate the

relative contribution of VEDs to the emission pattern.

Formally, we should define the effective contribution of the VEDs to the EQE in analogy to

Eq. (4.24),

η̄⊥ext

(
z′, ω

)
=

π/2∫
0

dαh (α) sinα cos2 αηext

(
z′, α, ω

)
, (4.39)
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Figure 4.4: Physical configuration of
the prototype device, based on the
device fabricated, characterized and
analyzed by Van Mensfoort et al. [64].
Simulated emission patterns for this
device are used for verification of our
evaluation method.

transforming the expression for the measured TM-polarized emission pattern of Eq. (4.22) into

MSr (θ;ω) = p (ω)

d1∫
d−1

dz′

[
¯̄η
‖
ext (ω) f̄‖(z′, ω)MS

‖
r (θ; z′, ω)

+¯̄η⊥ext (ω) f̄⊥(z′, ω)MS⊥r (θ; z′, ω)

]
(4.40)

where we used the definition of the normalized effective contribution of the VEDs to the spatial

exciton distribution f̄⊥(z′, ω) = f (z′) η̄⊥ext (z′, ω) /¯̄η⊥ext (ω); once more, the normalization factor

ensures that
∫ d

0 dz
′f̄⊥(z′, ω) = 1. Using the moments of f̄‖(z′, ω) recovered in the previous

subsections and the measured emission at θ = 0 we may estimate the HED contribution to the

TM-polarized emission pattern for all relevant angles via Eqs. (4.10-(4.13). Subtracting this

result from Eq. (4.40) yields the emission pattern produced by VED ensemble alone. Finally,

the procedure formulated by Eqs. (4.23)-(4.38) can be repeated in an analogous manner for this

isolated VED emission pattern to estimate ¯̄η⊥ext (ω) f̄⊥(z′, ω), from which, in conjunction with

¯̄η
‖
ext (ω) f̄‖(z′, ω), the relation between the HED and VED effective spatial distributions can be

deduced, indicating the nature of the orientation distribution h (α).

4.2.3 Results and Discussion

4.2.3.1 Application of the method on simulated data

We first verify our method using simulated emission patterns of a prototype device, based on

the device fabricated, characterized and analyzed by Van Mensfoort et al. [64]. The prototype

device consists of a glass substrate (1mm), ITO anode (120nm), PEDOT:PSS injection layer

(100nm), NRS-PPV active layer (200nm), and an Aluminium cathode (Fig. 4.4). The spectral

dependence of the refractive index and extinction coefficient of the NRS-PPV and PEDOT:PSS

were extracted from [64], of the ITO from [57, 61, 163], of the glass (non dispersive BK7) and

Aluminium from [164].

We have generated spectrally resolved TE-polarized emission patterns of the prototype device

with symmetrical and asymmetrical emission zones with varying mean positions and widths,

following Eq. (4.21) and Eq. (4.26). We first analyze results obtained for symmetrical EZ profiles,

where we have considered six EZ mean positions 〈z′〉, namely, 60nm, 80nm, 100nm, 120nm,

140nm, and 160nm, in conjunction with three EZ widths W , namely, 2nm, 10nm, and 20nm,

corresponding, altogether, to eighteen different EZ profiles. The symmetrical effective spatial
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distribution is consequently defined as

f̄‖sym

(
z′, ω

)
=

1

Fsym
exp

{
−|z

′ − 〈z′〉|
(W/2)

}
(4.41)

In addition, we demonstrate the performance of the method on asymmetrical spatial distri-

bution functions as well, where we consider nine EZ profiles, exponentially decaying from the

vicinity of the anodic facet of the active layer towards the cathode [61, 63, 161], with combi-

nations of varying mean positions of 〈z′〉 = 140nm, 160nm, and180nm, and varying widths of

W = 2nm, 10nm, and20nm. The asymmetrical (left-decaying) effective spatial distribution is

consequently defined for z′ ≤W + 〈z′〉 as

f̄‖asym

(
z′, ω

)
=

1

Fasym
exp

{
−W + 〈z′〉 − z′

W

}
, (4.42)

and we note that the asymmetrical distribution peaks at z′ = W + 〈z′〉, as opposed to the

symmetrical distribution which peaks at z′ = 〈z′〉. In both cases, provided the active layer

is wide enough d � W , the distribution expectation value and standard deviation are 〈z′〉
and W , respectively (Fig. 4.5), and the parameter F is a normalization factor ensuring that∫ d

0 dz
′f̄‖(z′, ω) = 1, as required.

Figure 4.5: Visual demonstration of the definitions of symmetrical (a) and asymmetrical (left-
decaying) (b) spatial distribution functions, with expectation value and standard deviation
〈z′〉 = 100nm and W = 20n, respectively. The dashed black line denotes the exciton mean
position 〈z′〉 and the .double sided arrow denote the distribution width W .

As our method yields estimations using individual spectrally resolved emission patterns, i.e.

it does not rely on any relations between different spectral components of the emission, we may

disregard the spectral dependence of the prefactors p (ω) ¯̄η
‖
ext (ω) in Eq. (4.26) for the simulation

purposes. These prefactors, however, may evaluated later on from the measured emission to

θ = 0, one the EZ properties are estimated. We have simulated emission in the spectral interval

λ ∈ [400nm, 800nm] in 5nm steps and angular interval θ ∈ [−85◦, 85◦] in 1◦ steps.

The generated emission patterns were then used as input to a software tool [165] that we

have developed which implements the three steps of our analytical estimation method: isolation

of the image-source interference term; identification of the extrema angles and evaluation of the
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emission zone mean position (Subsubsection 4.2.2.5); and identification of the fringe prominence

and estimation of the emission zone width (Subsubsection 4.2.2.6). In order to allow consistent

processing of noisy experimental data, the identification of extrema, which is a critical step in our

estimation method, is executed only if a certain degree of symmetry between the extremum angles

discovered in the angular intervals θ ∈ [−90◦, 0◦] and θ ∈ [0◦, 90◦] exists (we allow deviation

of up to 5◦) and we only consider extrema in the range |θ| ∈ [10◦, 80◦]. Although no artificial

noise was added to the simulated data, the software tool introduces some noise due to built-in

preliminary interpolation and averaging step, essential for maintaining a reasonable accuracy in

identification of local extrema in measured emission patterns.

Figure 4.6: Evaluation of emission zone mean position from simulated emission pattern image-
source interference extrema, corresponding to the device described in Subsubsection 4.2.3.1 with
symmetrical EZ profiles. Six EZ mean positions 〈z′〉 are considered, namely, 60nm (blue), 80nm
(red), 100nm (green), 120nm (black), 140nm (magenta), and 160nm (cyan), in conjunction with
three EZ widths W , namely, 2nm (circles), 10nm (triangles), and 20nm (squares), corresponding,
altogether, to eighteen different EZ profiles. The generated emission patterns were simulated in
the spectral interval λ ∈ [400nm, 800nm] in 5nm steps. We present the extracted IS interference
minima (a) and maxima (b) angles, and the EZ mean position as evaluated from these minima
(c) and maxima (d) angles, as a function of wavelength and EZ profile. Averaged values for each
EZ profile appear in dashed lines, along with the corresponding mean evaluated 〈z′〉 of all EZ
profiles with the same mean position (and varying widths); the deviation is also indicated.

Symmetrical emission zone profiles: mean position evaluation Fig. 4.6 presents the

emission zone mean positions evaluated via Eq. (4.34) from local minima (Fig. 4.6(c)) and local

maxima (Fig. 4.6(d)) of image-source interference isolated from simulated emission pattern via
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Eq. (4.23), for the symmetrical distributions defined in Eq. (4.41) (Fig. 4.5(a)). The extracted

minima (Fig. 4.6(a)) and maxima (Fig. 4.6(b)) angles on which the estimation relies are also

presented for reference.

As expected from the nature of the IS interference phenomenon that is in the basis of the

evaluation procedure, different source-cathode separations (corresponding to difference EZ mean

positions) produce distinctive extrema in different spectral regions (Fig. 4.6(a)-(b)); also the

type of extrema (minima or maxima) varies with this parameter. Nonetheless, it is important

to note that by considering the whole λ ∈ [400nm, 800nm] spectral range we have achieved an

accurate evaluation of the EZ mean position for all EZ profiles considered, with uncertainties

below 5nm. This is somehow in contrast to conceptual rules presented in previous investigations

(e.g., Flämmich et al. [65]), where it was deduced that accurate determination of the emission

zone from TE-polarized measurements requires the specially designed OLEDs working near

the minimum TE efficiency point (we will return to this point in the following discussion ”

Symmetrical emission zone profiles: width evaluation”). In consistency with our methodology,

which treats the spatial broadening as a perturbation, the results for the prototype device indicate

that indeed the mean position of the emission zone is quite decoupled from its width, and the

extrema angles (Fig. 4.6(a)-(b)) and consequently the evaluated mean positions (Fig. 4.6(c)-(d))

are not very sensitive to this parameter. This demonstrates the efficiency of our analytical EZ

mean position evaluation procedure, accurately recovering the EZ mean positions for a wide

range of EZ profiles.

Symmetrical emission zone profiles: width evaluation Fig. 4.7 presents the emission

zone widths evaluated from the simulated emission pattern image-source interference fringe

prominence corresponding to the local minima (Fig. 4.7(c)) and local maxima (Fig. 4.7(d))

presented in Fig. 4.6(a)-(b) via Eq. (4.37), for the symmetrical distributions defined in Eq. (4.41)

(Fig. 4.5(a)). The ratios between the forward emission and the minima (Fig. 4.7(a)) or maxima

(Fig. 4.7(b)) side lobe emission on which the estimation relies are also presented for reference.

Examination of Fig. 4.7(a)-(b) reveals an important difference between the fringe prominence

calculated from destructive (minima related) and constructive (maxima related) image-source

interference. Whereas the fringe prominence computed from destructive side lobes (Fig. 4.7(a))

exhibits a large dynamical range, with significant differences between values corresponding to

different EZ widths, the fringe prominence values computed from constructive side emission

(Fig. 4.7(b)) are almost identical for all EZ widths considered, and only vary with emission

wavelength and EZ mean position. This explains why the estimation procedure works rather

well for emission zones for which the IS interference produces distinctive minima (e.g., 〈z′〉 =

120nm, 140nm, 160nm, see Fig. 4.7(c)), while resulting in a complete failure for emission zones

which only produces interference maxima (e.g., 〈z′〉 = 60nm, 80nm, 100nm, see Fig. 4.7(d)). Due

to the low sensitivity of the fringe prominence to different EZ widths in the latter scenarios,

for EZ profiles with 〈z′〉 = 60nm our method evaluates the EZ width to be between 1nm and

10nm without any correlation to the real EZ profile, while for EZ profiles with 〈z′〉 = 80nm and

〈z′〉 100nm it does not even yield a valid evaluation (i.e., there is no real solution to Eq. (4.37)).

This suggests that in order to achieve accurate evaluation of EZ widths, the OLED under test

should operate in conditions which produce IS interference minima in a limited spectral range,
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Figure 4.7: Evaluation of emission zone width from simulated emission pattern image-source
interference fringe prominence, corresponding to the device described in Subsubsection 4.2.3.1 with
symmetrical EZ profiles. Six EZ mean positions 〈z′〉 are considered, namely, 60nm (blue), 80nm
(red), 100nm (green), 120nm (black), 140nm (magenta), and 160nm (cyan), in conjunction with
three EZ widths W , namely, 2nm (circles), 10nm (triangles), and 20nm (squares), corresponding,
altogether, to eighteen different EZ profiles. The generated emission patterns were simulated in
the spectral interval λ ∈ [400nm, 800nm] in 5nm steps. We present the extracted IS interference
fringe prominence for the minima (a) and maxima (b) angles presented in Fig. 4.6(a)-(b), and
the EZ widths as evaluated from these minima (c) and maxima (d) angles, as a function of
wavelength and EZ profile. Averaged values for each EZ profile appear in dashed lines, along
with the corresponding mean evaluated W for each EZ profile.

and these should be used for the evaluation procedure. In this context, these results are consistent

with the observations of Flämmich et al. [65], where it was concluded that accurate recovery of

EZ properties from measured emission patterns requires a working point in which the sensitivity

of the emission pattern to variations in EZ width is high (usually near the minimum of the

TE-polarized EQE). We note again that while this statement holds for the estimation of the

EZ width, we have shown in the previous discussion ”Symmetrical emission zone profiles: mean

position evaluation” that an accurate evaluation of EZ mean position is possible even in these

working points (Fig. 4.6(d)).

It is worth noting that the slight underestimation of the EZ widths for broad emission

zones (W = 10nm and W = 20nm originates in the fact that the spatial broadening factor of a

symmetrical distribution such as the one defined in Eq. (4.41) follows a Lorentzian trend [85],

whereas the approximated moment representation of Eq. (4.28) is actually the Taylor expansion

of that Lorentzian to the leading order, which indeed can be shown to overestimate the original
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function. This discrepancy is expected to increase as the EZ width grows larger.

Figure 4.8: Evaluation of emission zone mean position (a) and width (b) from simulated emission
pattern image-source interference fringe angles and prominence, corresponding to the device
described in Subsubsection 4.2.3.1 with asymmetrical EZ profiles. Three EZ mean positions
〈z′〉 are considered, namely, 140nm (blue), 160nm (red), 180nm (green), in conjunction with
three EZ widths W , namely, 2nm (circles), 10nm (triangles), and 20nm (squares), corresponding,
altogether, to nine different EZ profiles. The generated emission patterns were simulated in
the spectral interval λ ∈ [400nm, 800nm] in 5nm steps. (a) Averaged values for each EZ profile
appear in dashed lines, along with the corresponding mean evaluated 〈z′〉 of all EZ profiles with
the same mean position (and varying widths); the deviation is also indicated. (b) Averaged
values for each EZ profile appear in dashed lines, along with the corresponding mean evaluated
W for each EZ profile.

Asymmetrical emission zone profiles We now turn to examine the sensitivity of our

evaluation procedure to the exact shape of the spatial distribution. To that end, we employ

our method on the asymmetrical (left-decaying) distribution function defined in Eq. (4.42)

(Fig. 4.5(b)). Fig. 4.8 presents the mean position (Fig. 4.8(a)) and width (Fig. 4.8(b)) evaluated

from the simulated emission pattern image-source interference local minima and the corresponding

fringe prominence values. The results clearly indicate that the evaluation procedure performs well

also for asymmetrical distributions, with accuracies comparable to those received for symmetrical

distributions with the same mean position and width (Fig. 4.6(c) and Fig. 4.7(c)), despite the

significant differences in the full moment series expansion of the two types of distributions [85].

This verifies the robustness of our method, yielding accurate estimations of the EZ mean position

and width for these two prototypical spatial distribution functions, thus is predicted work well

for arbitrary EZ profiles as well.

It should be noted that although the estimated values are in good agreement with the

predefined EZ mean positions for all EZ widths considered, a decisive overestimation trend is

observable as the EZ width increases (Fig. 4.8(a)). This overestimation originates in the fact

that the left-decaying asymmetrical distributions peak at z′ = W + 〈z′〉, therefore the fraction of

excitons located to the right of the mean position is much larger than those located to the left

of it. Due to the fact that we disregard higher orders of the moment series of Eq. (4.28), the

described phenomenon introduces a drift in the evaluated expectation value as the distribution

gets broader (the peak moves further to the right). Nonetheless, this drift does not deteriorate
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Figure 4.9: Physical configuration
of the blue polymer OLED fabri-
cated, characterized and analyzed
by Roberts et al. [161]. Experimen-
tal data measured for this device is
used for verification of our evaluation
method.

significantly the accuracy of the results, which remains better than 5% for EZ mean position

(for EZ profiles yielding image-source interference with distinctive local minima). As with the

symmetrical distributions, applying the estimation method on data related to maxima angles

(relevant only to the distributions with 〈z′〉 = 180nm) yields reasonable estimation of the EZ

mean position, however fails to recover the EZ width due to the limited dynamical range of the

fringe prominence values.

4.2.3.2 Application of the method on experimental data

After verifying our method in a controlled manner on data sets simulated for a prototype device,

we apply it to experimental data measured by Roberts et al. [161] for a blue polymer OLED

(P-OLED) consisting of an Aluminium cathode, a light-emitting polymer (LEP) layer of 130nm,

an interlayer (IL) of 15nm, an hole injection layer (HIL) of 35nm, an ITO anode of 45nm, and a

glass substrate of 0.7mm (Fig. 4.9). TE-polarized and TM-polarized spectrally resolved emission

patterns were measured using an index matched glass hemisphere attached to the bottom of the

substrate, which broadens the angular content of the outcoupled emission (see note on the last

paragraph of Subsubsection 4.2.2.3). The emission was measured for wavelengths in the range

λ ∈ [360nm, 830nm] in 10nm steps, and angles in the range θ ∈ [−70◦, 70◦] in 10◦ steps. Our

software tool interpolates this data to facilitate higher accuracy of extrema extraction, increasing

the spectral resolution to 5nm and the angular resolution to 1◦ (see Subsubsection 4.2.3.1).

Fig. 4.10 presents the measured TE-polarized spectrally resolved emission patterns (Fig. 4.10(a)-

(c)) and the respective image-source interference patterns isolated via Eq. (4.23) (Fig. 4.10(d)-(f)),

for three different operating conditions: low current (0.03mA, 5.9V) (Fig. 4.10(a),(d)), medium

current (0.3mA, 8.7V) (Fig. 4.10(b),(e)) and high current (1mA, 11V) (Fig. 4.10(c),(f)).

Fig. 4.11 presents the estimated values of EZ mean position (Fig. 4.11(a),(b)) and width

(Fig. 4.11(c),(d)) evaluated from minima (Fig. 4.11(a),(c)) and maxima (Fig. 4.11(b),(d)) extracted

from Fig. 4.10(d)-(f) following our method. However the scatter of the evaluated EZ mean

positions is greater than obtained for the simulated emission patterns, it is clear from the

estimated values that the excitons form preferably far from the cathode/organic interface of

the 130nm thick active layer, quite close to the LEP/IL interface, with mean exciton-cathode

separations in the range 100− 130nm (Fig. 4.11(a),(b)). This would usually indicate that the

electron and hole mobilities (µe and µh, respectively) are imbalanced, with the high mobility

electrons injected from the cathode flowing in the device faster than the low mobility holes
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Figure 4.10: Measured TE-polarized spectrally resolved emission patterns (a)-(c) and the
respective image-source interference patterns extracted via Eq. (4.23) (d)-(f) of the P-OLED
designed, fabricated and characterized by Roberts et al. [161], described in the first paragraph of
Subsubsection 4.2.3.2. Measurements were performed for three different operating conditions:
(a),(d) low current (0.03mA, 5.9V); (b),(e) medium current (0.3mA, 8.7V); (c),(f) high current
(1mA, 11V).

injected from the anode facet, causing the formation of the excitons rather far away from the

cathode.

In addition, if we consider only the EZ properties evaluated from IS interference minima

(Fig. 4.11(a),(c)), which from our investigations so far seem to exhibit higher level of accuracy,

we may observe a subtle but consistent differences in the way excitons are formed in each one of

the current regimes; this is despite the fact that Fig. 4.10(d)-(f) do not exhibit any significant

differences upon a standard visual inspection. The estimated values imply that while the EZ

mean position remains more or less the same for all operating conditions, the EZ width is

consistently reduced for increasing applied current and electric field, from W ∼ 26.2± 3nm via

W ∼ 20.5 ± 4nm to W ∼ 17.6 ± 2nm in the high current regime. This observation supports

the hypothesis that in the measured device electron mobilities are larger than hole mobilities

(µe > µh), as in such a scenario increase in the external voltage affects electron velocities more

than it affects hole velocities, causing the excitons to form closer and closer to the LEP/IL

interface as the applied voltage increases. Even though the scatter of the estimated EZ widths

cannot be ignored when drawing this conclusion, it should be noted that the same EZ ”shrinking”

trend is observed when the evaluated results at individual wavelengths are considered, i.e. the

blue circles in Fig. 4.11(c), corresponding to the low current operating conditions, are always

greater than the red circles, corresponding to the medium current operating conditions, which

are always above the green circles, related to the high current regime, thus providing further

support to our conjecture made based on the estimated value averages.

These results agree very well with the EZ properties obtained by numerical fitting techniques
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Figure 4.11: Evaluation of emission zone mean position (a)-(b) and width (c)-(d) from measured
emission pattern image-source interference minima (a),(c) and maxima (b),(d) and respective
fringe prominence, corresponding to the P-OLED device designed, fabricated and characterized
by Roberts et al. [161]. The raw emission patterns, presented in Fig. 4.10, were collected in three
different operated conditions: low current (0.03mA, 5.9V) (blue), medium current (0.3mA, 8.7V)
(red) and high current (1mA, 11V) (green). Averaged values for each current regime appear
in dashed lines, along with the corresponding mean evaluated 〈z′〉 (a)-(b) and W (c)-(d); the
standard deviation is also indicated.

for the same device, presented by Roberts et al. [161] (see Subsection 3.5 therein) and verified

by other means as well, e.g. electrical simulations and measurements. The measured charge

carrier mobilities presented therein indicate that indeed the electron mobilities in the LEP are

larger than the hole mobilities, which result in a preferable formation of the EZ near the LEP/IL

interface and reduction of EZ width with increasing current. More specifically, the EZ width

W was numerically estimated there to be 25nm, 20nm, and 16nm, for the low, medium, and

high current operating conditions (see Fig. 12 of [161]), which are in a very good agreement

with the values extracted by our analytical method from the IS interference minima of the same

measurements (Fig. 4.11(c)). As for the EZ mean position, Roberts et al. [161] have found the

best fit to a left-decaying exponential peaking at 128nm for the high current regime, from which

it follows that their evaluated mean position is 〈z′〉 = 112nm. This value is less than ∼ 10%

smaller than what was obtained from minima angles (Fig. 4.11(a)) and well within the range

of values extracted from IS maxima angles (Fig. 4.11(b)), thus may be considered to be in a

reasonable agreement with our results.

As a final note, when the variation of the EZ mean positions evaluated from IS interference

local maxima (Fig. 4.11(b)) are examined in more detail, it seems that there exists a consistent

monotonic increase of the estimated values with increasing wavelength. This allegedly contradicts
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our previous observations (Subsubsection 4.2.3.1) that while inaccuracies in the EZ widths

evaluated from maxima are expected, the evaluation of EZ mean positions from these angles

should exhibit small uncertainties (see, for comparison, Fig. 4.6(d)). If we disregard possible

inaccuracies originating from measurement errors (for which we find no reason to induce a

consistent correlation between evaluated EZ mean position and wavelength) we may relate this

monotonic increase in EZ mean position with wavelength to the dependence of the effective

contribution of the HEDs to the EQE in dipole position and radiation frequency, as formulated

in Eqs. (4.24)-(4.25).

As laid out by Eqs. (4.26)-(4.28), our evaluation procedure is capable of estimating the

normalized effective contribution of the HEDs to the spatial exciton distribution f̄‖(z′, ω) of

Eq. (4.25), which is a product of the spatial distribution of the excitons f (z′) and the relative

effective contribution of the HEDs to the EQE η̄
‖
ext (z′, ω) /¯̄η

‖
ext (ω), which is frequency dependent.

However, the efficiency does not depend directly on the source location z′ and layer dimensions

dn and independently on the emission wavelength λ, but rather on their relative values, z′/λ

and dn/λ (the dimensions scale with the wavelength [44]). Thus, for a constant exciton spatial

distribution with a finite width around the mean position, we expect the efficiently emitting

group of excitons to be located near a constant value of z′/λ regardless of the radiation frequency,

provided that the change in the relative layer interface position dn/λ (which affect microcavity

optical lengths and consequently the coupling to waveguided modes) do not alter much the EQE

in the neighbourhood of EZ mean position of interest. Indeed, as the most reflecting boundaries in

the device under test are the cahotde/organic and ITO/substrate interfaces, the weak microcavity

formed between the two is thick enough such that the coupling to waveguided modes in the device

is not affected much by variation of the effective thickness of the microcavity (see similar effects in

Fig. 13 of [24]). Thus, a more or less constant ratio z′/λ is expected as to maintain approximately

the same EQE, by satisfying similar wide-angle interference conditions [44]. Therefore, we expect

a shift in the radiatively efficient part of the exciton distribution 〈z′〉 towards higher values when

the emission wavelength is increased, as indeed is observed in Fig. 4.11(b).

This explanation is also consistent with the 〈z′〉 values obtained for shorter wavelengths in

Fig. 4.11(a), which estimate similar values of 〈z′〉 ∼ 125nm at different emission wavelength

of λ ∼ 450nm (Fig. 4.11(a)) and λ ∼ 650nm (Fig. 4.11(b)). This is demonstrated by the

calculations performed by Neyts et al. [44] for a simplified multi-layered configuration that can be

approximately matched to the P-OLED investigated herein, which show that around the region

of minimum emission (which is the case for 〈z′〉 ∼ 125nm in the spectral region of interest [65])

it is possible for the same source-cathode separation to yield similar EQEs at two different

wavelengths. This is shown on Fig. 4.12 taken from [44] (Fig. 10 therein), where the constant

EQE lines around the relevant working point of our device are highlighted in red color. The

vertical dashed lines mark two scaled thicknesses approximately corresponding to λ = 450nm

and λ = 650nm (given the microcavity thickness of de = 225nm in our device), which cross the

constant EQE lines at the same source-cathode separation z /de which approximately corresponds

to 〈z′〉 /de in our use of notations. The same plot also demonstrates that indeed, as described in

the previous paragraph, in order to keep the same EQE value (i.e. remain on the constant EQE

lines) around the minimum EQE regions, one must increase the value of 〈z′〉 with increasing
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wavelength, provided the the microcavity thickness de remains constant. These observations

provide a complete, however partially qualitative, explanation to the behaviour of the evaluated

EZ mean position as a function of the emission wavelength observed in Fig. 4.11(a),(b).

Figure 4.12: Variation of EQE with wavelength λ and source-cathode separation z , assuming
a constant microcavity thickness de for a simplified LED formation consisting of Aluminium
(Al) cathode, Zinc Sulfide (ZnS) active layer with refractive index ne, and emitting into air,
taken from [44] (Fig. 10 therein). The simplified structure corresponds approximately to the
P-OLED under investigation [161], where the LEP/IL/HIL/ITO stack can be represented by
an effective homogeneous active layer with refractive index ne ≈ 1.3 which is the ratio between
the average stack refractive index and the glass substrate refractive index (in [44] the emission
is to air). The microcavity thickness is de = 225nm corresponding to the distance between the
cathode/LEP and ITO/substrate interfaces, and z = z′ using our notations. Two constant EQE
lines are highlighted in red thick lines marking a region of minimum EQE which describes well
the operating conditions of the P-OLED under investigation. The vertical dashed lines mark
two scaled thicknesses approximately corresponding to λ = 450nm and λ = 650nm given the
microcavity thickness of de = 225nm in our device, which cross the constant EQE lines at the
same source-cathode separation z /de which approximately corresponds to 〈z′〉 /de in our use
of notations, thus demonstrating the possibility of receiving similar EZ mean positions at two
different wavelengths, as observed in Fig. 4.11(a),(c). The plot also shows that in order to keep
the same EQE value (i.e. remain on the constant EQE lines) around the minimum EQE regions,
one must increase the value of 〈z′〉 with increasing wavelength, provided the the microcavity
thickness de remains constant.

Before we conclude, we note that however our method provides information regarding the

first two moments of the EZ profile, 〈z′〉 and W , it does not indicate what is the exact functional

dependence that describes that profile. In order to construct an equivalent exciton distribution,

one must use the physical characteristics of the device in conjunction with the evaluated properties.

For example, in the P-OLED investigated in this Subsection, both LEP and IL contain fluorescent

molecular sites, thus the EZ is probable to extend of both layers. However, from the electrical

modelling and analysis conducted by Roberts et al. [161] it follows that the relations between

charge carrier mobilities in LEP and IL imply that it would be most probable that the EZ

would peak at the LEP/IL interface and decay towards the anode and the cathode within these

layers. Using this conjecture and the estimated values of the EZ mean position and width it is
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now possible to construct a spatial distribution function, peaking at the LEP/IL interface and

decaying exponentially to the IL and the LEP with decay coefficients W+ and W−, respectively,

and exhibiting the same mean position and width. Provided the LEP and IL are wide enough,

this would be given by the following bilateral distribution

f̄
‖
bi

(
z′, ω

)
=

1

Fbi

exp
{
− |d−z

′|
W−

}
z′ ≤ d

exp
{
− |d−z

′|
W+

}
z′ > d,

(4.43)

where

W± =
1

2

[
±
(〈
z′
〉
− d
)

+

√
2W 2 − (〈z′〉 − d)2

]
.

We hope this provides a clearer idea of how to transform the evaluated EZ properties into a

full functional description, in case such is required. We do stress, in consistency with other

reports [65,161] that knowledge of the EZ mean position and width alone already reveals a great

deal regarding the electrical properties of the OLED under consideration.

4.2.4 Conclusion

In conclusion, we have presented a complete and rigorous derivation of closed-form analytical

relations between the constituent characteristics of the effective exciton spatial distribution in

OLEDs and the main features of the image-source interference fringes as extracted from measured

emission patterns. The formulation results reveal that Bragg’s phase matching conditions can be

used to evaluate the emission zone mean position and width from the angles of constructive and

destructive image-source interference and the respective fringe prominence, respectively. The

method was verified using controlled simulated emission patterns, for both symmetrical and

asymmetrical emission zones, and employed successfully on experimental data, exhibiting good

agreement with EZ properties extracted by numerical techniques and electrical measurements.

Our investigation suggests that due to differences in the dynamical range of fringe prominence

values for emission patterns exhibiting distinct minima or maxima, evaluation of EZ width

from minima are more accurate. Nonetheless, extraction of EZ mean position seems to perform

equally well for IS interference minima and maxima, and we have demonstrated that our method

yields accurate results even when applied on scenarios where the source-cathode separations

are rather small, provided that a wide spectral range is included in the measurements. Thus,

the analytical method presented herein forms a unique alternative to the exclusively numerical

methods presented in the current literature, introducing a novel set of efficient engineering

tools for design and verification which convey physical intuition regarding the dominant optical

processes in the device, reduce dramatically the computational complexity, and directs the

experimental work to a focused set of measurements.
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Chapter 5

Curvature effects on optical emission

of flexible OLEDs

In this Chapter we present a rigorous electromagnetic model for the problem of 2D cylindrically

curved flexible OLEDs, using Felsen’s concept of azimuthal perfect absorber to produce complete

analogy between the formulation of plane-parallel and cylindrically-bent FOLEDs. The model

is used to derive closed-form analytical expressions for the emission pattern of flexible devices,

relating the radius of curvature to the angular distribution of the emitted power. The interplay

between the radius of curvature and the substrate thickness is investigated using a ray-optical

interpretation, pointing out a new path for enhancing outcoupling of substrate modes [89].
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5.1 Curvature effects on optical emission of flexible organic light-

emitting diodes

A. Epstein, N. Tessler, and P. D. Einziger, ”Curvature effects on optical emission

of flexible organic light-emitting diodes”, Optics Express, Vol. 20, No. 7, pp.

7929-7945, March 2012. [89]

The paper presented in this Section formulates the EM fields and power relations for cylindrically

curved multi-layered configurations, forming a complete analogy to the theory presented in

Section 3.1 for plane-parallel stratified media. The motivation for this is driven by the emerging

field of flexible OLEDs, for which no rigorous formulation of the optical emission is present in

the literature. In contrast with other work dealing with FOLEDs, we are not interested herein in

the mechanical properties of the device, or fabrication-related issues, but rather would like to

examine the effects of the curvature on the optical properties of the device, and the emission

pattern in particular.

We conduct our analysis in an analogous manner to the one presented in Section 3.1 for the

planar configuration. Once more, the formulation is performed for model 2D line sources instead

of the more realistic 3D dipoles, in order to reduce the analytical complexity while retaining the

dominant physical properties. When it comes to the far-field radiation, we show that the emission

pattern expression we achieve indicates that, once more, the geometrical optics approximation is

valid. This, in conjunction with the conclusions from the work presented in Section 3.4, can be

used to assess the required modifications to adjust the 2D model results to the realistic case of

3D electric dipoles1 .

First, we relate the EM fields to a 2D Green’s functions, which is then expressed as an integral

over a continuum of cylindrical waves, with a wavevector having a radial (longitudinal) and

an azimuthal (transversal) components, in analogy to the plane-wave spectral decomposition

performed for the plane-parallel configuration [85]. The complex amplitude of these waves

is denoted again by gn, the 1D Green’s function, this time describing the radial propagation

along ρ, rather then the longitudinal propagation along z. As the partially bent OLED does

not form a closed cylinder, it cannot be solved by separation of variables. To circumvent this

problem2, we follow Felsen’s concept3 of azimuthal perfect absorber [157,166], which involves the

formal placement of a perfectly absorbing plane at the edges of the bent formation ϕ = 0 and

ϕ = π. This plane facilitates the separability of the problem, and at the same time avoids the

introduction of spurious standing azimuthal waves. This technique is valid under the conditions

1As the equivalence presented in Section 3.4 was rigorously derived only for plane-parallel configurations, a
similar investigation should be conducted for cylindrically curved structures to enable a quantitative prediction of
the required modifications (See Subsection 6.1.3).

2If the analysis was conducted on full cylindrical shells structure, standing azimuthal waves ma be formed,
which do not exist for the realistic bent device.

3This concept was conceived for radome applications, which tend to exhibit a hemispherical shape similar to
the bent device discussed herein.
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that there exists finite losses in the media and that the radius of curvature is very large with

respect to the wavelength, such that the EM fields arriving at the device edges are attenuated

enough as to neglect any edge diffraction4. In practice, this approach guides the construction of

a spectral integral in a manner that takes into account only azimuthal waves which propagate

from the source towards the edges, and does not consider any waves reflected back from these

edges. Utilization of this concept enables a complete analogy between the planar and cylindrical

problems, while the results of the latter elegantly approach those of the former when the radius

of curvature goes to infinity.

Next, we enforce the boundary conditions on the 1D Green’s function which gives rise to

reflection coefficients, which can be viewed as curvature-corrected Fresnel coefficients. These

reflection coefficients are proportional to ratios of Hankel functions of the first and second kind

and their derivatives, evaluated at the various shell-interface radii. As in the plane-parallel case,

we formulate the EM fields in a recursive manner and subsequently represent them as a set of

multiply reflected (cylindrical) waves. This implies that the EM power would possess the form of

an interacting-waves series, as in the planar scenario (Subsubsection 3.1.2.3).

The next step in the formulation consists of evaluating the radiation integral corresponding

to the 2D Green’s function. To do so, a rapidly oscillating phase factor should appear, as

required by the standard SDP method (Subsection 2.2.1). To that end, we utilize the Debye

approximation, which provides an asymptotic evaluation of the Hankel functions for very

large arguments, corresponding to the product of the wavenumber and the radial coordinate5

(Subsubsection 5.1.2.3). This approximation transforms the cylindrical waves into curvature-

corrected plane-waves, enabling the employment of the standard SDP procedure.

Finally, it follows from the formulation that the resultant emission pattern coincides with

the GO solution of the problem, where only rays departing from the source and arriving at the

observation point following Snell’s law of refraction and reflection contribute to the measured

radiation at the observation point. It should be noted that the tracing of the rays (or equivalently

the evaluation of the saddle point) in the cylindrical scenario is very different from the same

procedure performed for the plane-parallel configuration. As described in Subsubsection 5.1.2.3,

in the cylindrical case different number of multiple reflections between the cathode/organic and

substrate/air interfaces indicate different saddle point values. This is due to the fact that the rays

propagate along the substrate/air curved interface upon increasing number of multiple reflections,

which vary the observation angle to which the emission is directed with respect to the common

origin of the concentric cylindrical shells. Thus, for each observation angle, different number of

multiple reflections define different propagation angle of the ray in internal layers, which makes

the evaluation procedure more complicated. However, due to the fact that the measured response

should also consider the spectral broadening effect, formulated for arbitrarily-shaped interface

in Section 3.2 and Section 3.3, only a finite number of multiple reflections should be taken into

account, substantially reducing the computational complexity of the ray tracing.

Once we have established the closed-form expression for the emission pattern, we refer to

4Actually, these are the same conditions that enable treating the plane-parallel configuration as infinite in the
transverse direction x̂y.

5The Debye approximation is applicable in our case as we have already required that the radius of curvature,
and thus all valid radial coordinates, would be much larger than the emission wavelength.
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examine the effect of different radii of curvature on the FOLED emission (Subsection 5.1.3). It

is readily verified that due to the thin dimensions of the OLED nanometric (organic/anode)

stack with respect to realistic radius of curvature6, the only optical process that is affected by

the bending is the direct-ray contribution, which includes propagation in the thick substrate

and refraction in the substrate/air interface7. Therefore, the curvature effects depend almost

exclusively in the ratio between the radius of curvature and the substrate thickness. When

emission patterns of OLEDs with decreasing radii of curvature (increasing bending) are plotted

using the analytical emission pattern expressions, we notice that as the emission to large angles is

enhanced, and an expansion of the emission pattern towards large observation angles is observed.

In some cases, a significant part of the power may even be emitted to the back of the device

(back illumination).

These effects can be explained by utilizing the geometrical optics interpretation, which we

have shown rigorously to be valid in this scenario (Subsubsection 5.1.2.3). It is possible to show

that due to geometrical considerations alone, rays departing from the source at the same angle

in the plane-parallel and cylindrically-curved devices, would impinge upon the substrate/air

interface at different angles of incidence. In the cylindrical scenario, the angle of incidence would

be dependent on the ratio between the radius of curvature and the substrate thickness, and would

always be smaller than the angle of incidence of the same ray for the plane-parallel configuration.

For that reason, the transmission coefficient experienced by the ray in the cylindrical scenario

would be always larger than the corresponding transmission coefficient in the planar scenario,

hence the observed enhancement of large angle emission (Subsubsection 5.1.3.1).

Using the same geometrical considerations we may also calculate the trajectory of the critical

ray, i.e. the ray which arrives at the substrate/air interface in a critical angle of incidence and

departs the device in a direction tangent to the interface and beyond which rays suffer from

total internal reflection, when the radius of curvature is varied. Due to the fact that the angle in

which the critical ray departs from the source increases with the radius of curvature, also the

tangent to the curved substrate/air interface at the point of incidence, in which the critical ray

departs the device, is varied. This explains how the possibility for back-illumination becomes

real. In Subsubsection 5.1.3.1 we present an analytical quantification of this effect.

Another outcome of this inverse-proportionality between the angle in which the critical ray

departs from the source and the radius of curvature is that a larger fraction of the rays departing

the source reach the substrate/air interface at angles of incidence smaller than the critical angle

as the radius of curvature decreases. This corresponds to an increase in the effective escape cone

of the source, which is translated into a reduced number of rays which undergo total internal

reflections, and consequently a overall enhancement of the FOLED outcoupling efficiency. This

effect, which can be also quantified analytically using a generalization of the concept of escape

efficiency [167], offers a new path for improvement of outcoupling efficiency, which, as discussed

widely in Subsection 1.2.3 and Section 1.3, comprise a very important task in the context of

6The radius of curvature is limited in our analysis due to the utilization of Felsen’s azimuthal perfect absorber
and the Debye approximation to be at least one order of magnitude larger than the emission wavelength.

7The weak-microcavity contribution is hardly affected by bending as the spectral broadening effect attenuate all
phenomena related to phase accumulated during propagation in the thick substrate. The image-source contribution
is not affected by bending due to the fact that the radius of curvature is so large with respect to the source-cathode
separation, that the source experiences reflection as if it was placed in front of an almost planar mirror.
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OLED applications. Our calculations show that the outcopling enhancement, which stems

from improvement of outcoupling of substrate modes, can reach very high values of four-fold

enhancement with respect to the planar device, depending on the original outcoupling efficiency

of the planar OLED, and the radius of curvature which can be realized (Subsubsection 5.1.3.2).

In summary, our work provides a rigorous framework for analysis of curved OLED configura-

tions using original analytical tools, forming a complete and elegant analogy to the plane-parallel

structure, and indicating the conditions in which GO solution coincides with the results of the

rigorous derivation. This, in turn, enables physical interpretation and analytical quantification of

the observable bending-induced phenomena, such as large-angle emission enhancement, back-

illumination, emission pattern expansion, and reduced total internal reflections. All in all, this

forms an efficient set of engineering tools and design rules for these novel class of devices.

Abstract

We present an analytical model for the optical emission of a two-dimensional source in a

flexible organic light-emitting diode formation with arbitrary curvature. The formulation

rigorously produces closed-form analytical expressions which clearly relate the emission

pattern and the device configuration, in particular, the radius of curvature. We investigate

the optical properties of a prototype model through the resultant expressions, revealing

that the bending induces a dramatic enhancement of emission to large angles, allowing for

large viewing angle and reduced total internal reflection losses. These effects, shown to arise

from geometrical considerations, demonstrate the unique advantages which curved flexible

devices offer with respect to their planar counterparts. To the best of our knowledge, this is

the first time that a rigorous analytical investigation of the optical characteristics of these

novel devices is conducted. The resultant analytical formulae provide a robust basis for

future analysis, as well as a set of design rules for efficient device engineering.

5.1.1 Introduction

Organic light-emitting diodes (OLEDs) have been intensively investigated for the past two

decades as promising candidates for novel electrooptic applications, such as thin flexible displays,

low-cost lasers and efficient lighting instruments [2, 10, 75, 76]. While rigid plane-parallel OLEDs

(PPOLEDs) have drawn most of the research attention in previous years, lately there has

been a growing interest in the emerging field of flexible OLEDs (FOLEDs) and their exciting

applications [13,27,70–72,74,168]. However, most of the literature in this area focuses on the

mechanical aspects or fabrication issues related to the device flexibility [13, 71, 76], while there is

almost no reference to the optical effects that are introduced by this new degree of freedom.

In this paper we present a rigorous electromagnetic (EM) canonical model for curved (con-

centric) stratified media with an emitter embedded in one of the internal layers, namely, analysis

of a layered cylindrical FOLED configuration. Since, in practice, these devices are character-

ized by large radius of curvature with respect to wavelength, azimuthal periodic effects should

be ignored; this is most efficiently achieved by utilizing Felsen’s ”perfect azimuthal absorber”

concept [40, 166, 169]. Furthermore, incorporating Deybe’s approximation [131] enables us to

formulate clear and compact expressions for the EM fields in each layer, establishing a complete
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analogy to the standard model of rigid PPOLEDs [85], which in this representation is simply

the limit of infinite radius of curvature. This approach, applied to a realistic prototype model,

yields closed-form analytical expressions for the FOLED emission pattern, which reflect the

relations between the latter and the device dimensions, emitter location, choice of materials,

and most importantly, radius of curvature. This allows us to explore the effects of different

radii of curvature on FOLED emission, revealing the unique optical properties arising from the

cylindrical geometry. For the sake of simplicity and clarity, we focus on a two-dimensional (2D)

canonical configuration excited by impulsive (line) sources, instead of using the more realistic

three-dimensional (3D) model. However, as has been shown before [88], the essence of the

physical phenomena remains the same, and insight gained by the results can, in general, be

applied to 3D devices as well.

5.1.2 Theory

5.1.2.1 Formulation

Figure 5.1: Two-dimensional configuration for the curved FOLED model. The source location is
denoted by ~ρ ′ (red) and the observation point by ~ρ (blue). Only outbound azimuthal waves are
taken into account by placing a ”perfect azimuthal absorber” at the azimuthal boundaries of the
curved FOLED [166].

We consider a 2D device with M +N + 2 concentric layers, with a line source embedded at a

certain distance from the origin, ρ′, sandwiched between layers (−1) and (+1), as depicted in

Fig. 5.1. The homogenous layer formed by combining layers (−1) and (+1), containing the line

source, is termed the active layer. Each layer is characterized by its permittivity, permeability

and conductivity, marked εn, µn and σn, respectively, for the nth layer. Furthermore, the nth

and (n+ 1)th layers are separated by the cylindrical shell ρ = an for n > 0 and ρ = an+1 for

n < 0, and we define a0 = ρ′, aN+1 = ρ and a−(M+1) = 0. The radius of curvature of the device is

defined by the radius of the innermost cylindrical shell, R = a−M , which is infinite for a PPOLED,

and decreases as the FOLED is bent. Note that ε−1 = ε1, µ−1 = µ1 and σ−1 = σ1. For the
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sake of completeness, we treat here both transverse electric (TE) and transverse magnetic (TM)

modes, excited via an electric line source and a magnetic line source, having current magnitudes
eI0 and mI0, respectively. Throughout the paper, we use e and m superscripts or subscripts to

denote electric or magnetic cases, respectively. Both sources are assumed to be time harmonic,

with time dependence of ejωt. The wave number and wave impedance of the nth layer are given

as kn = ω{µnεn [1− jσn/ (ωεn)]}1/2 = (ω/c) (nn − jκn) and Zn = (µn/{εn [1− jσn/ (ωεn)]})1/2,

where c, n and κ denote the velocity of light in vacuum, refractive index and extinction coefficient,

respectively. To satisfy the radiation condition we require that the imaginary part of the

wavenumber will be non-positive, i.e. ={kn} ≤ 0, leading to ={Zn} ≥ 0. The 2D source vector is
~ρ′ = (ρ′, ϕ′) and the observation point is denoted by ~ρ = (ρ, ϕ).

As the schematics in Fig. 5.1 reveals, only a segment of the cylindrical layered media is of

interest in our problem, as the bent FOLED does not form a closed cylinder. Therefore, following

Einziger and Felsen in their work on 2D radomes [157,166], we utilize the ”perfect azimuthal

absorber” concept to rigorously solve the Maxwell equations for the FOLED scenario in a natural

manner, i.e., emphasizing the true physical phenomena and ignoring fictitious effects. In the

frame of this methodology, a planar ”perfect absorber” is placed at ϕ = 0 and ϕ = π. The aim

of this absorber is to establish the realistic scenario in which power which flows azimuthally

from the source to the edges of the formation is ”lost” (much like waveguided energy does in

the plane-parallel scenario [85]). We note that the perfect absorber placement is quite arbitrary,

and is selected as to fit the model physical configuration. The absorber is ”perfect” in the

sense that the azimuthal waves impinging upon it are absorbed completely without any spurious

reflections. Hence, this method is applicable when the radius of curvature is large enough such

that edge-diffraction effects may indeed be ignored, i.e. |knR| � 1, and when there are small

losses in the device such that the waves are sufficiently attenuated towards the device facets.

Note that this model is probably the most elegant analytical tool to recover the limit of infinite

radius of curvature, leading to the planar configuration solution.

5.1.2.2 Power relations

The line source excitations in our problem are formally defined as

e

m
~J = −emI0δ

(
ϕ− ϕ′

) δ (ρ− ρ′)
ρ′

ẑ (5.1)

We define the 2D cylindrical Green function, G
(
~ρ, ~ρ′

)
, as the spectral response to this impulsive

excitation, related to the transverse components of the EM fields by

Et
(
~ρ, ~ρ ′;ω

)
= jkZJsG

(
~ρ, ~ρ ′

)
−Ms

∂G (~ρ, ~ρ ′)

∂ρ
,

Ht

(
~ρ, ~ρ ′;ω

)
= −Js

∂G (~ρ, ~ρ ′)

∂ρ
+jkYMsG

(
~ρ, ~ρ ′

)
(5.2)

where eJs = eI0, mMs = mI0, and mJs = eMs = 0; eEt = Ez,
eHt = −Hϕ, mEt = Eϕ, and

mHt = Hz [170]. The source excitation can be decomposed to a set of azimuthal waves;

consequently, the 2D cylindrical Green function can be expressed by the following spectral
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integral

G
(
~ρ, ~ρ′

)
=

1

πρ′

∞∫
0

g(ν)
(
ρ, ρ′

)
cos
[
ν
(
ϕ− ϕ′

)]
dν (5.3)

The function g (ρ, ρ′) is termed the one-dimensional (1D) cylindrical Green function, and the

parameter ν is the order of the function, which serves as a normalized azimuthal (transverse)

wavenumber, in analogy to the PPOLED case [85]. This form of the 2D Green function satisfies

the ”perfect azimuthal absorber” conditions, letting only azimuthal waves propagating from

the source azimuth towards the device edges to reside [166]. The wave equation and boundary

conditions for the 1D and 2D Green functions are outlined in Table 5.1, where we used the

definition of the impedance ratio, emγn = (Zn+1/Zn)±1 [170].

Table 5.1: Wave equation and boundary conditions for the 1D and 2D cylindrical Green functions.

Two-dimensional One-dimensional

Wave equa-
tion

(
∇2 + k2

)
G
(
~ρ, ~ρ′

)
= −δ

(
~ρ− ~ρ′

) [
1

ρ

∂

∂ρ

(
ρ
∂

∂ρ

)
+

(
k2 −

ν2

ρ2

)]
g (ρ, ρ′) = −δ (ρ− ρ′)

Source
condition

∮
∣∣∣~ρ−~ρ′∣∣∣→0

∇G
(
~ρ, ~ρ′

)
· d~S = −1

∂

∂ρ
g (ρ, ρ′)

∣∣∣∣
ρ→ρ′+

−
∂

∂ρ
g (ρ, ρ′)

∣∣∣∣
ρ→ρ′−

= −1

Radiation
condition

√
ρ

(
∂

∂ρ
+ jk

)
G
(
~ρ, ~ρ′

)∣∣∣∣
ρ→∞

= 0
√
ρ

(
∂

∂ρ
+ jk

)
g (ρ, ρ′)

∣∣∣∣
ρ→∞

= 0

Continuity
conditions G

(
~ρ, ~ρ′

)∣∣∣
ρ→a−n

= γn
kn+1

kn
G
(
~ρ, ~ρ′

)∣∣∣
ρ→a+n

g (ρ, ρ′)|
ρ→a−n

= γn
kn+1

kn
g (ρ, ρ′)|

ρ→a+n

(n > 0)
∂

∂ρ
G
(
~ρ, ~ρ′

)∣∣∣∣
ρ→a−n

=
∂

∂ρ
G
(
~ρ, ~ρ′

)∣∣∣∣
ρ→a+n

∂

∂ρ
g (ρ, ρ′)

∣∣∣∣
ρ→a−n

=
∂

∂ρ
g (ρ, ρ′)

∣∣∣∣
ρ→a+n

In analogy to the planar model solution [85], we express the 1D cylindrical Green function in

the various layers using recursive relations, as summarized in Table 5.2. For clarity we use the

notation H
(i)
l,m to indicate the Hankel function of the ith kind at the lth layer side of the mth

interface, H
(i)
ν (klam), and a similar convention for the derivative, H

(i)′

l,m = ∂H
(i)
ν (Ω) /∂Ω

∣∣∣
Ω=klam

;

the normalized derivative is consequently defined as h
(i)
l,m = H

(i)′

l,m/H
(i)
l,m, and the order of the

functions, ν, is usually omitted and can be inferred from the context.

In the spirit of previous work [85], we express the cylindrical 1D Green function in the

observation region, n = N + 1, for N,M ≥ 1, as a sum of multiple reflections between the layer

boundaries,

gN+1

(
ρ, ρ′

)
=

N+1∏
n=2

(1 + Γn−1)
N+1∏
n=1

H
(2)
n,n

H
(2)
n,n−1

h
(1)
n,n − h(2)

n,n

h
(1)
n,n−1 − h

(2)
n,n−1

kN+1

(
h

(1)
N+1,N+1 − h

(2)
N+1,N+1

) 1∑
l′=0

∞∑
l1=−1

(
− w1,0

w1,−1

)l′
l1+1∑
s1=0

∞∑
p1=0
· · ·

lN−1+1∑
sN−1=0

∞∑
pN−1=0

K (1, N, lq, sq, pq)
l̂−1+1∑
ŝ−1=0

∞∑
p̂−1=0

· · ·
l̂−M+1∑
ŝ−M=0

∞∑
p̂−M=0̂

K
(
−M,−1, l̂q, ŝq, p̂q

)
N∏
n=2

 ∞∑
l̃nn=−1

(
−Γn−1

wn,n
wn,n−1

)l̃nn+1 l̃nn+1∑
s̃nn=0

∞∑
p̃nn=0

l̃nn+1+1∑
s̃nn+1=0

∞∑
p̃nn+1=0

· · ·
l̃nN−1+1∑
s̃nN−1=0

∞∑
p̃nN−1=0

K
(
n,N, l̃nq , s̃

n
q , p̃

n
q

)(5.4)
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where the forward (K) and backward (K̂) multiple reflection parameters, which take into account

all the possible combinations of cylindrical wave trajectories within the device for the considered

azimuthal order ν, are defined in Table 5.2. The summation limits vary for each combination,

and are given by ln =
∑n−1

k=1 (pk − sk) + l1, l̂n =
∑−1

k=n+1 (p̂k − ŝk) + l̂−1, l̂−1 = l′ + l1 and

l̃nq =
∑q−1

k=n (p̃nk − s̃nk) + l̃nn.

Finally, we utilize Eqs. (5.2)-(5.4) to formulate the variation of the far-field radiated power

density with azimuth, for a given spectral distribution of sources p (ω) [85], namely

Sρ
(
ϕ− ϕ′

)
= lim

ρ→∞
4PN+1

∞∫
−∞

dωp (ω)GN+1

(
~ρ, ~ρ′

)[ ∂
∂ρ
GN+1

(
~ρ, ~ρ′

)]∗
(5.5)

where e
mPn = |emI0|2 kn (Zn)±1 /8 is the power density radiated by a line source in unbounded

homogeneous medium sharing the optical properties of the nth cylindrical shell8.

8The definition of the nominal power was adjusted with respect to the original paper as to be consistent
with [97].
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Table 5.2: Recursive relations of the cylindrical 1D Green function.

Forward Direction (ρ > ρ′, n > 0) Backward Direction (ρ < ρ′, n < 0)

gn (ρ, ρ′)

√
k1/kn

k1H
(2)
1,0e
−j(π4 +ν π

2 )
(
h

(1)
1,0 − h

(2)
1,0

)1−R̂−1w1,0

1−R1R̂−1

 n∏
p=2

Tp


[
e−j(

π
4

+ν π
2 )H

(2)
ν (knρ)−Rnej(

π
4

+ν π
2 )H

(1)
ν (knρ)

]
√
k1/kn

k1H
(1)
1,0e

j(π4 +ν π
2 )
(
h

(1)
1,0 − h

(2)
1,0

)1−R1ŵ1,0

1−R1R̂−1

 −2∏
p=n

T̂p


[
ej(

π
4

+ν π
2 )H

(1)
ν (knρ)− R̂ne−j(

π
4

+ν π
2 )H

(2)
ν (knρ)

]

Total
reflection

Rn = wn,n

Xe
nΓn +Xo

n

Rn+1

wn+1,n

1 + Γn
Rn+1

wn+1,n

R̂n = ŵn,n

X̂e
nΓ̂n + X̂o

n

R̂n−1

ŵn−1,n

1 + Γ̂n
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ŵn−1,n
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Tn+1 = Wn

√
γnH

(2)
n,n

H
(2)
n+1,n

1 + Γn

1 + Γn
Rn+1
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T̂n−1 = Ŵn

√
γ̂nH

(1)
n,n

H
(1)
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1 + Γ̂n

1 + Γ̂n
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ŵn−1,n
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condition

RN+1 = 0 R̂−(M+1) = −ej(
π
2

+νπ)

Local
reflection

Γn = −
h

(1)
n+1,n − γnh
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n,n
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(2)
n+1,n − γnh

(1)
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Γ̂n = −
h

(2)
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(2)
n,n

h
(1)
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e
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)±1
e
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(
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Phase
factor
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H

(2)
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e−j(
π
2
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H

(1)
l,m

H
(2)
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π
2

+πν)

Geometric
factors

Xe
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h
(2)
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(2)
n,n

h
(1)
n+1,n − γnh

(1)
n,n

Xo
n = −

h
(1)
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(2)
n,n
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(1)
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h
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X̂e
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Ŵn =
h

(2)
n,n − h

(1)
n,n
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reflections
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Xe
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(lq+1
sq

)(lq+1+1
pq
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)lq+1+1

(−Γq)
pq
(
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q −Xe
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q
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Xe
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K̂
(
n1, n2, l̂q , ŝq , p̂q

)
=

(
e−j(

π
2
−νπ)

ŵn1−1,n1−1

)l̂n1−1+1

n2∏
q=n1


(l̂q+1
ŝq

)(l̂q−1+1
p̂q

)( ŵq−1,q−1

ŵq−1,q
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)p̂q (
X̂o
q − X̂e

q Γ̂2
q

)l̂q−ŝq+1 (
X̂e
q Γ̂q

)ŝq


5.1.2.3 Debye approximation and saddle point evaluation

In order to analytically resolve the integrals of Eq. (5.5) we make use of the Debye approximation

of the Hankel functions [166], which is applicable whenever the argument, denoted here generally

by Ω, is large (|Ω| � 1) and significantly different from the order, ν. Under these conditions, the
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Hankel function of the first kind is given by ( [40], pp. 710-712; [131])

H(1)
ν (Ω)∼

[
(2/π)2

Ω2 − ν2

]1/4


exp

{
j
[(

Ω2 − ν2
)1/2 − ν

(π
2
− arcsin

ν

Ω

)]
− j π

4

}
ν < |Ω|

exp
{
−
[(
ν2 − Ω2

)1/2 − νarccosh
ν

Ω

]
− j π

2

}
ν > |Ω|

(5.6)

and the approximated Hankel function of the second order is readily derived from Eq. (5.6) using

the identity H
(2)
ν (Ω) =

[
H

(1)
ν (Ω∗)

]∗
. We define Ωl,m = klam and sinαl,m = ν/Ωl,m, which in

conjunction with the definitions of Table 5.2 yield the following approximation for the phase

factors,

wl,m = (ŵl,m)−1 ∼


e−2jΩl,m(cosαl,m+αl,m sinαl,m) ν < |Ωl,m|

e−j(πν−
π
2 ) ν > |Ωl,m|

(5.7)

For the optical wavelengths considered, the condition |Ω| ∼ |knR| � 1 is easily met in realistic

devices, hence the Debye approximation conditions are satisfied.

Phase factors as the ones listed in Eq. (5.7) are suitable for the execution of the steepest

descent path method for saddle point evaluation, as they contain a large argument, Ωl,m ( [40],

pp. 382-391). In contrast with the saddle point evaluation for the plane-parallel structure [85],

the saddle points for the various combinations of multiple reflections may differ significantly;

thus, in general, we cannot neglect the contribution of the internal layer trajectories to the saddle

point condition. Moreover, in order to fit the integrals of Eq. (5.5) to the standard saddle point

evaluation format, we treat separately the two azimuthal harmonics which form the cosine factor,

namely, ejν(ϕ−ϕ′) and e−jν(ϕ−ϕ′). Considering these arguments, the saddle point condition for the

multiple reflection term defined by a certain set of indices
(
lq, l̂q, l

′, l̃pq
)

in Eq. (5.4) reads [157,166]

±
(
ϕ− ϕ′

)
+
N+1∑
n=1

(αn,n − αn,n−1) + 2
N∑
n=1

(αn,n − αn,n−1)

n+ ln +
n∑
p=2

l̃pn


+2

−1∑
n=−M

(αn,n+1 − αn,n)
(
l̂n + 1

)
+
(
l̂−(M+1) + 1

) (
2α−(M+1),−M − π

)
= 0

(5.8)

As the azimuthal momentum values ν > |Ωl,m| constitute the evanescent spectrum of the

problem’s Green function (complex αl,m), for far-field evaluation it is sufficient to consider

solutions in the interval ν ∈ [0,Ωmin), where Ωmin = min {Ωn+1,n}. As was shown in detail

by Einziger and Felsen [157, 166], the saddle point condition is a manifestation of the laws of

geometrical ray-optics. In fact, Eq. (5.8) forms an ”angular conservation law”, as αn,n and αn,n−1

indicate the angles between the ray trajectory in the nth layer and the normal to the nth or

(n− 1)th interfaces, respectively. This points out a major difference from the planar scenario,

responsible for most of the effects discussed further on, as due to the curved geometry, a ray meets

the two boundaries of the same layer at different angles of incidence (αn,n 6= αn,n−1). In that

sense, the saddle point value, νs

(
lq, l̂q, l

′, l̃pq
)

, is the one that ensures, through the law of sines,

that from all the possible rays which depart from the source and satisfy the laws of geometrical

optics, only the ones which reach the observation point, i.e. cover the angular aperture between

source and observation points, (ϕ− ϕ′), are taken into consideration (See Fig. 4 of [157]).
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The asymptotic evaluation of the 2D Green function is therefore given by

G±N+1

(
~ρ, ~ρ′

)
=

1

2π

1∑
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· · ·
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∞∑
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∞∑
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∞∑
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∞∑
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ν=ν±s (lq ,l̂q ,l′,l̃pq)

(5.9)

where GN+1

(
~ρ, ~ρ′

)
∼ G+

N+1

(
~ρ, ~ρ′

)
+G−N+1

(
~ρ, ~ρ′

)
, ν±s

(
lq, l̂q, l

′, l̃pq
)

is the solution to Eq. (5.8)

with the appropriate sign and index set, and Qlq ,l̂q ,l′,l̃pq (ν) is the second derivative of the fast-

varying phase [40], given by

Qlq ,l̂q ,l′,l̃pq (ν) =
N+1∑
n=1

[
(Ωn,n cosαn,n)−1 − (Ωn,n−1 cosαn,n−1)−1

]
+2

N∑
n=1

(
n+ ln +

n∑
p=2

l̃pn

)[
(Ωn,n cosαn,n)−1 − (Ωn,n−1 cosαn,n−1)−1

]
+2

−1∑
n=−M

(
l̂n + 1

) [
(Ωn,n+1 cosαn,n+1)−1 − (Ωn,n cosαn,n)−1

]
+2
(
l̂−(M+1) + 1

) (
Ω−(M+1),−M cosα−(M+1),−M

)−1

(5.10)

Note that the Hankel functions and related parameters in Eq. (5.9) are approximated according

to Debye (Eqs. (5.6)-(5.7)) to enable the evaluation procedure. The emission pattern of the

device is readily obtained using Eq. (5.5) once the 2D Green function is resolved analytically

according to Eq. (5.9).

5.1.2.4 Closed-form solution for prototype device

In order to investigate the curvature effects on the optical emission of FOLEDs, we apply the

general formalism developed in previous subsections to a prototype device. A literature survey

reveals several strategies for FOLED design, differing mainly by the choice of anode and substrate

materials [70–72,74–76]. In order to remain compatible with the prototype device analyzed for the

planar scenario [85], we consider a device similar to [72], which is fabricated on a poly(ethylene

terephthalate) (PET) substrate, whose refractive index is similar to that of glass, and an ITO
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anode, as specified in Table 5.3. The elementary device, depicted in Fig. 5.2(a), corresponds to

Fig. 5.1 (setting M = 1 and N = 3) with an electric line source excitation located at
(
ρ′, ϕ′ = π

2

)
,

radiates typically at λ ≈ 600nm. We demonstrate the implications of our analysis using the

2D TE source, as the interference processes attributed to parallel electric sources have been

found to be the dominant contribution to typical OLED radiation [63,88]. Note that the layers

are assumed to conserve their thickness under bending, thus the device geometry is defined by

the interface distances dn from the cathode/organic boundary, where the curvature effect is

introduced by an = R+ dn; consequently we define the source-cathode separation as z′ = ρ′ −R,

in analogy to the planar case. The corresponding PPOLED prototype, achieved by taking the

limit R→∞, is depicted in Fig. 5.2(b), along with the suitable polar coordinate system (ρ̃, θ).

Figure 5.2: (a) Physical configuration of the prototype FOLED specified in Table 5.3. (b) For
very large radius of curvature with respect to the device dimensions, the prototype PPOLED is
received. A polar coordinate system (ρ̃, θ) is defined as in [85] (note the different origin).

Table 5.3: Geometrical and electrical properties of a prototype FOLED, corresponding to Fig.
5.1. Data is retrieved from [85].

n Layer Material nn κn dn[nm]

−2 Silver 0.124 3.73 −∞
−1 MEH-DOO-PPV 1.9 0.01 0
+1 MEH-DOO-PPV 1.9 0.01 200
+2 ITO 1.85 0.0065 300
+3 PET 1.57 0 105

+4 Air 1 0 +∞

We observe three important typical features of such a device. First, as knR � 1 (Subsub-

section 5.1.2.3), the thin-film characteristics of the device imply that the radius of curvature

is much larger than the thickness of the anode and the active layer, i.e. R � (dn+1 − dn), for

|n| ≤ 1; this can be written alternatively as ∆an+1,n = (an+1 − an)� an, |n| ≤ 1. Thus we may
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approximate these layers’ contribution to the saddle point condition (Eq. (5.8)) by

αn+1,n+1 − αn+1,n ≈ −
∆an+1,n

an
tanαn+1,n (5.11)

which can be neglected, as normally Ωn+1,n � Ωmin > ν for |n| ≤ 1 due to the typical refractive

indices. In other words, rays crossing these thin-film layers do not vary significantly their

angle of incidence between the two boundaries of the layer, therefore their contribution to the

”angular conservation law” enforced by the saddle point condition, is negligible. This leaves only

contributions of thick layers with respect to the radius of curvature, namely, the substrate.

The second property which allows simplification of Eq. (5.8) is the metallic cathode occupying

the innermost cylinder, n = −2. At optical wavelengths, the metal has high losses, which are

expressed as a very large imaginary part of α−2,−1; thus, the factor of this term must be zero

in order to allow for a real solution of the saddle point condition. This forces the number of

ray crossings from one side of the cylindrical structure to the other side through the innermost

cylinder,
(
l̂−2 + 1

)
, to be zero, which physically means that rays which penetrate the metallic

cathode suffer from a rapid decay, therefore do not contribute to the far-field emission pattern.

The third observation is related to the magnitude of the reflection coefficients of the various

interfaces. Considering the refractive index differences between the device layers (Table 5.3) we

notice the formation of a weak-microcavity (WM), as for most ray trajectories the dominant

reflections originate in the subtrate/air or organic/cathode interfaces [85]. This allows us to

reduce substantially the number of multiple reflection terms taken into account in the series

representation of the 1D Green function (Eq. (5.4)) and consequently simplify the saddle point

condition.

Utilizing these features of the prototype FOLED yields the following reduced form of the

saddle point condition,

∣∣ϕ− ϕ′∣∣+ (α4,4 − α4,3) + [2 (l3 + 1) + 1] (α3,3 − α3,2) = 0 (5.12)

where we recall that (l3 + 1) is a non-negative integer which signifies the number of multiple

reflections of rays passing back and forth through the substrate. Returning to the geometrical

ray-optics interpretation, the reduced saddle point condition states that the significant effects on

the ray trajectory arise from its propagation in the relatively thick substrate, including multiple

reflections, and the refraction from substrate to air. Note that as we removed the possibility

to cross the innermost metallic shell, only one of the cosine harmonics has a saddle point in

the valid solution domain, i.e. GN+1

(
~ρ, ~ρ′

)
∼ G±N+1

(
~ρ, ~ρ′

)
for (ϕ− ϕ′) ≷ 0, and there remains

only one applicable saddle point condition for each observation angle, Eq. (5.12). Hence, the

EM far-fields for the prototype device can be derived from a simplified version of the 2D Green

function, given by

G4

(
~ρ, ~ρ′

)
∼ 1√

2πρρ′

lmax∑
l1=−1

l1+1∑
s1=0

l2+1∑
s2=0

{
e−jν|ϕ−ϕ

′|

2jk4 cosα4,4
tIS (ν) tDR (ν)K

(l1,s1,s2)
WM (ν)

}
ν=νs(l3)

(5.13)

where the azimuthal wavenumber at the saddle point, ν = νs (l3), is a real solution for Eq. (5.12),
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i.e. it defines the appropriate angles of incidence as to satisfy the ”angular conservation law”;

for the prototype device it is sufficient to take into account multiple reflections in the WM up

to lmax = 3. Utilizing the definition of the optical path, Ln,m,l, of a ray propagating in the nth

layer from ρ = am to ρ = al, namely,

knLn,m,l = Ωn,m (cosαn,m + αn,m sinαn,m)− Ωn,l (cosαn,l + αn,l sinαn,l) (5.14)

the simplified Image-Source (IS) transmission factor reads

tIS (ν) = 1− Γ̂−1 exp {−2jk1L1,0,−1} =
1∑

l′=0

K
(l′)
IS (ν) (5.15)

where we define the IS interference cross-term as K
(l′)
IS (ν) =

(
−Γ̂−1

)l′
e−2jl′k1L1,0,−1 ; the

simplified Direct-Ray (DR) transmission factor is given by

tDR (ν) =
4∏

n=2

(1 + Γn−1)
4∏

n=1

√
cosαn,n

cosαn,n−1
exp {−jknLn,n,n−1} ; (5.16)

and the simplified WM multiple reflection combination is defined as

K
(l1,s1,s2)
WM (ν) =

1√
Ql3 (ν)

(
l1 + 1

s1

)(
l2 + 1

s2

)[
Γ̂−1Γ1

]s1
[
Γ̂−1

(
1− Γ2

1

)
Γ2

]s2 [
Γ̂−1

(
1− Γ2

1

) (
1− Γ2

2

)
Γ3

]l3+1

exp {−2j [(l1 + 1) k1L1,1,−1 + (l2 + 1) k2L2,2,1 + (l3 + 1) k3L3,3,2]}

(5.17)

The physical interpretation of the expressions in Eqs. (5.13)-(5.17) is simple: the response of

the device to an excitation in an internal layer consists of a geometrical factor, which is multiplied

by transmission factors which take into account the interference between the source and the

image induced by the reflecting cathode (IS), the transmission through the shell boundaries

from the source to the observation point (DR), and a series of multiple reflections between the

cathode/organic and substrate/air interfaces (WM). This forms a direct analogy to the Green

functions derived for the planar prototype device [85]; the main differences are the requirement

to recalculate the saddle point for multiple reflection combinations that differ by the number of

times they cross the substrate, and the necessity to include in the calculation also transmission

factors through the internal layers (e.g.,
(
1− Γ2

1

)
). These requirements somewhat complicate

the formal expressions, however they are necessary if an exact solution for the full range of radii

of curvature is desirable.

As a final step, we incorporate the spectral distribution of the source (exciton) ensemble into

our formalism, a step which is essential to produce emission patterns consistent with experimental

results. This translates into multiplication of each multiple reflection combination cross-term,

formed by the product of the series representation of the 2D Green function (Eq. (5.13))

and its derivative (Eq. (5.5)), with the suitable spectral broadening attenuation factor [85].

These attenuation factors arise from the convolution of the emission pattern with the spectral
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distribution, assumed to be Gaussian with width of ∆ω, and are squared exponential in the ratio

between the ray total optical path and the source ensemble coherence length, Lc = c/∆ω. In

OLEDs, as was discussed in detail in [85], due to the typical small coherence length with respect

to the substrate thickness (Lc � d3), emission pattern features induced by interference of rays

multiply reflected from the substrate/air interface are dramatically averaged when the spectral

distribution is taken into account. The practical meaning is that cross-terms which contain

interference phase accumulated about passage in the substrate can be completely omitted from

the emission pattern calculation.

Finally, substituting Eq. (5.13) into Eq. (5.5), the emission pattern of the prototype FOLED

reads

Sρ
(∣∣ϕ− ϕ′∣∣) ∼ P4

2πρ

3∑
l1=−1

l1+1∑
s1=0

l2+1∑
s2=0

3∑
l̄1=−1

l̄1+1∑
s̄1=0

1∑
l′=0

1∑
l̄′=0

|tDR (ν)|2

k4ρ′ cosα4,4
K

(l′)
IS (ν)K

(l1,s1,s2)
WM (ν)

[
K

(l̄′)
IS (ν)K

(l̄1,s̄1,s̄2)
WM (ν)

]∗

exp

−
1

2 (k4Lc)
2

2
(
l′ − l̄′

)
<{k1L1,0,−1}

+2
(
l1 − l̄1

)
<{k1L1,1,−1}

+2
(
l2 − l̄2

)
<{k2L2,2,1}


2



ν=νs(l3=l̄3)

(5.18)

where it follows from the latter discussion regarding the spectral distribution effect that only

terms with l3 = l̄3 should be taken into account, which implies s̄2 = l3 − l̄1 + s̄1.

5.1.3 Results and discussion

Emission patterns for the prototype FOLED, Sρ (|ϕ− ϕ′|), with decreasing radii of curvature are

plotted in Fig. 5.3(b)-(g) , where Fig. 5.3(a) presents the emission pattern for the corresponding

PPOLED, Sρ̃ (θ), calculated according to the formulation in [85]. Each plot contains emission

patterns for two emitter separations from the cathode, namely, z′ = 20nm (red dashed line) and

z′ = 140nm (blue solid line). These two emission zone locations differ by their emission pattern

characteristics due to different IS interference, the former yielding a quasi-Lambertian pattern,

while the latter contains a distinct local maximum at an angle of 58◦, for the PPOLED case [85].

As customary, the emission patterns are normalized according to the maximal value.

Before relating to the unique phenomena arising from the introduction of curvature, it is

worth noting that a quick review of Fig. 5.3 confirms that as the radius of curvature increases

from 50µm < d3 (Fig. 5.3(g)) to 2000µm � d3 (Fig. 5.3(b)), the FOLED shell interfaces

approach plane-parallelism and the emission patterns converge to the PPOLED emission patterns

(Fig. 5.3(a)). This convergence can be validated rigorously using our formulation: for R� d3 we

may utilize Eq. (5.11) for n = 3, reducing the saddle point condition of Eq. (5.12) to its PPOLED

limit, ρ sinα4,4 = a3 sin (α4,4 + |ϕ− ϕ′|), which can be solved analytically for ν. Introducing

the resultant saddle point into the expressions listed in Table 5.2 yields exactly the closed-form

analytical expressions obtained for the PPOLED case in [85]. The importance of carrying this

validation procedure is that it indicates that the curvature effects become apparent only when

the radius of curvature becomes comparable with the substrate thickness (R ∼ d3), therefore
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translates into an important design rule for FOLEDs. It is worth noting that the PPOLED

limit is reached in such a straightforward manner only due to the utilization of Felsen’s ”perfect

azimuthal absorber” in our formulation, emphasizing once more the elegance of this method.
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Figure 5.3: Emission patterns of (a) the prototype PPOLED and (b)-(g) the prototype FOLED
with radii of curvature varying from (b) R = 2000µm to (g) R = 50µm. The emission patterns
are plotted for two source-cathode separations of z′ = 20nm (red dashed line) and z′ = 140nm
(blue solid line). For the z′ = 140nm case, the local maximum angle is denoted in the legend of
each subplot. (h) Illustration of the main curvature effects, emphasizing the difference between
the planar (dotted lines and captions) and the curved (solid lines and captions) devices. The red
lines demonstrate the behavior of a ray which departs the anode/substrate interface in an angle
below the critical angle for the substrate/air interface, θc, and the blue lines follow a ray with an
angle of departure above θc. Normals to the interfaces at the point of incidence are denoted by
thin dotted lines. The geometrical ray-optics interpretation indicates that the angle of incidence,
and hence the local reflection coefficients, at the substrate/air interface are always smaller for
the curved FOLED than for the PPOLED.
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5.1.3.1 Emission pattern ”stretching” and back-illumination

The first observation we make of the results presented in Fig. 5.3 is that as the radius of curvature

decreases, it seems that the emission pattern undergoes ”stretching” towards large angles. For

instance, if we follow the local maximum for the z′ = 140nm emission zone, a pronounced increase

of the angle, |ϕ− ϕ′|max, in which this extremum is achieved is observed. This effect is reversed

as we cross from Fig. 5.3(e) (R = 200µm) to Fig. 5.3(f) (R = 100µm), and a ”compression” is

observed when the radii of curvature further decrease. Note that this effect involves not only

the extrema angle variation, but also the corresponding expansion (or shrinkage) of the range of

angles to which substantial power is emitted; at some instances this effect even allows power

emission towards observation angles larger then π/2 (e.g. R = 200µm (Fig. 5.3(e))). This

phenomenon of back-illumination (BI) is unique to the curved formation, and cannot be observed

for PPOLEDs.

The origin of the ”stretching” effect can be identified using our analytical formulation. As

demonstrated by Eq. (5.13), the angular distribution of the emitted power is shaped by three

physical processes: the IS interference, the DR transmission and the WM multiple reflections.

From these three, the dominant contributions to the main emission pattern features come from the

IS interference and the DR transmission from substrate to air [88]. Analyzing these contributions

in the light of geometrical optics reveals that under bending the reflecting cathode becomes a

(non-ideal) convex mirror; however, due to the small source-cathode separation with respect

to the mirror focus, z′ � R/2, the IS interference is almost unaffected by the curvature. This

indicates that the curvature affects mostly the DR transmission factor, which is dominated by

the substrate/air interface reflection.

To demonstrate this, we calculate the FOLED observation angle |ϕ− ϕ′| which yields the

same substrate/air reflection coefficient, Γ3, as the one received when the PPOLED observation

angle is θ, i.e. we require that ΓPPOLED
3 (θ) = ΓFOLED

3 (|ϕ− ϕ′|). This implies cosα4,3 = cos θ [85],

and consequently ν = k4a3 sin θ. Substituting this into Eq. (5.12) yields for a far field observation

point ∣∣ϕ− ϕ′∣∣ = θ + arcsin

(
k4a3

k3a2
sin θ

)
− arcsin

(
k4

k3
sin θ

)
(5.19)

which implies that |ϕ− ϕ′| > θ. In other words, the same substrate/air reflection losses

are obtained at larger observation angles in FOLEDs. From a slightly different point of

view, the last result means that for a given observation angle, the transmission through

the substrate/air interface would be larger for a curved FOLED than for a PPOLED, i.e.∣∣1 + ΓPPOLED
3 (θ = |ϕ− ϕ′|)

∣∣ < ∣∣1 + ΓFOLED
3 (|ϕ− ϕ′|)

∣∣. This indicates that application of bend-

ing enhances the transmission of power emitted by the source towards large angles, or alternatively,

that the DR transmission factor, which acts as an angular low-pass filter, has a wider angu-

lar bandwidth. Considering the relative insensitivity of the IS interference to curvatures, the

emission pattern of the curved FOLED, which is a product of the DR and IS contributions,

appears to be a ”stretched” form of the corresponding PPOLED pattern, in the sense that the

IS interference features which appear at larger angles become more pronounced due to the wider

angular bandwidth. The practical meaning of this observation is that the emission direction

can be modulated by simply increasing or decreasing the radius of curvature of the FOLED,
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as demonstrated in Fig. 5.3(b)-(g). As the information in the subplot legends indicates, the

extremum angles increase from 58.7◦ for the planar case up to 83.6◦ for R = 200µm.

The geometrical ray-optics interpretation of this phenomenon is presented in Fig. 5.3(h),

where the red solid line refers to a ray departing from the anode/substrate interface at a certain

angle, θ3 = α3,2, simultaneously for the planar and curved devices. The substrate/air interface

is met first for the curved device, and it is indicated by a refraction of the red solid line with

an incidence angle of α3,3. In the planar case, however, the ray continues further to meet the

substrate/air interface, as the dotted red line demonstrates, and the incidence angle remains

the same, θ3. According to the law of sines, α3,3 < θ3, therefore the reflection coefficient for the

curved device will also be smaller, which means an enhancement of the emission to large angles

in FOLEDs with respect to PPOLEDs, in consistency with the above discussion.

The extent of emission pattern expansion can also be extracted from our analysis. More

specifically, assigning θ = π/2 to Eq. (5.19) yields the FOLED angle which corresponds to the

PPOLED critical angle, i.e. defines the maximal possible viewing angle of the FOLED, for a

given radius of curvature

∣∣ϕ− ϕ′∣∣
view

(R) = π/2 + arcsin

(
k4a3

k3a2

)
− arcsin

(
k4

k3

)
(5.20)

and for a given set of materials, this expression can be maximized by choosing an optimal radius

of curvature

a3

a2
=
k3

k4
⇒ Ropt ≈

k4

k3 − k4
d3 ⇒

∣∣ϕ− ϕ′∣∣
view

(Ropt) = π − arcsin

(
k4

k3

)
(5.21)

Eqs. (5.20)-(5.21) indicate that BI can be achieved for FOLED, i.e. we can design our FOLED

in such a way that a substantial amount of the emission will reach the back of the device,

|ϕ− ϕ′| > π/2. It is not guaranteed that significant power will be back-illuminated; this is

mainly dependent on the IS interference, which predominantly determines the extrema angles

(e.g., see differences between blue solid plots and red dashed plots in Fig. 5.3(a)-(g)).

Further reduction of the radius of curvature below Ropt yields k4a3 ≥ k3a2, and the second

term of Eq. (5.20) becomes invalid. In this scenario, the radius of curvature is so small that the

limiting reflection coefficient is no longer related to the substrate/air interface, as all possible rays

incident upon it with angles below the critical angle (no total internal reflection (TIR) at the

substrate/air interface). Instead, the reflections from the anode/susbtrate interface, Γ2, become

the dominant factor of the DR transmission. Interestingly, it can be shown that the same Ropt

of Eq. (5.21) maximizes the viewing angle for both cases k4a3 ≷ k3a2. Therefore for a given set

of materials there is an optimal radius of curvature, Ropt, which maximizes the viewing angle.

For the prototype device, Eq. (5.21) yields Ropt ≈ 175µm, and indeed when we cross this

value, going from R = 200µm (Fig. 5.3(e)) to R = 100µm (Fig. 5.3(f)) we observe the reversal

of the ”stretching” effect. Moreover, the maximal viewing angle for a given radius of curvature

may be extracted by drawing a tangent to the corresponding emission pattern as it approaches

its zero. For R = 200µm, relatively close to Ropt, we find that |ϕ− ϕ′|view ≈ 120◦ (Fig. 5.3(e)).

This is in consistency with Eq. (5.20), which analytically predicts this value to be 123.3◦. This

forms another efficient design rule.
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5.1.3.2 Total internal reflections and light escape cone

The second phenomenon that we observe is related to the first, as the same physical mechanism

rules them both. As the radius of curvature decreases, an enhancement of the side lobe

emission with respect to the forward-illumination (FI, |ϕ− ϕ′| = 0) is observed (Fig. 5.3(a)-(g)),

particularly pronounced for the z′ = 140nm case. As the IS interference is hardly affected by the

curvature, and at |ϕ− ϕ′| = 0 so is the DR transmission, the FI should hold a constant level

for all plots of Fig. 5.3(a)-(g). This implies that a dramatic enhancement in the total device

emission is achieved upon application of bending, due to the enhanced emission to large angles.

In order to formally assess this enhancement we utilize the concepts of ”escape cone” and

”escape efficiency”, which are commonly used for analyzing the TIR losses in LEDs [167,171,172].

In the frame of the ”escape” approximation, one refers to the source as omni-directional and

considers rays which incident the various interfaces with angles below the critical angle as

fully-transmitted and rays which incident one of the interfaces with an angle above the critical

angle as totally-reflected. In 3D configurations, a cone is formed by the critical angle, and it is

termed the ”escape cone”; in 2D configurations, such as the one considered herein, this cone is

reduced to an ”escape triangle”. Consequently, the ”escape efficiency” is defined as the power of

the outcoupled emission divided by the total source power, under these assumptions [167]. This

is, of course, an approximation, as it does not take into account the specific reflection coefficient

for each individual ray, non-radiative processes, the fluorescence efficiency of the emitting specie,

the angular distribution of the source emission, multiple reflections etc. [24, 26]; however, it

gives a good qualitative analysis of the effect of the TIR on the extraction efficiency, using very

intuitive and simple relations. For a bottom-emitting PPOLED the 3D and 2D substrate escape

efficiencies are given by [171]

ηPPOLED
esc,3D = 1− cos θc = 1−

√
1−

(
k4

k3

)2

,ηPPOLED
esc,2D =

2θc
π

=
2

π
arcsin

(
k4

k3

)
(5.22)

where we considered the substrate/air reflection coefficient to be the limiting factor of the DR

transmission, thus sin θc = k4/k3.

On the other hand, when we consider the curved FOLED, the critical angle for the substrate/air

interface is larger due to the curvature effect. In order to zero |1 + Γ3|, the ray should incident the

substrate/air interface with an angle α3,3 which satisfies the TIR condition, namely (α3,3)c = θc,

as for the planar case; by definition, this implies ν = k4a3 sin (π/2). However, the angle in which

the same critical ray departs the anode/substrate interface, (α3,2)c, and which determines the

escape cone or triangle, may be much larger, and is given by assigning ν = k4a3 into the suitable

definition

sinαc = sin (α3,2)c =
a3

a2
sin θc =

k4a3

k3a2
(5.23)

This is merely a manifestation of the law of sines, as demonstrated in Fig. 5.3(h), where the

solid blue ray impinging upon the curved substrate/air interface at the critical angle (α3,3)c = θc

departed from the anode/substrate boundary at a larger angle (α3,2)c > θc. The dotted blue line

shows the trajectory of the same ray for a planar formation, indicating that the same ray that
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was outcoupled to air in the curved FOLED, undergoes TIR in the corresponding PPOLED,

hence the enhanced escape efficiency. Consequently, we should generalize the escape efficiency

expressions to account for the enhancement due to a finite radius of curvature, namely,

ηFOLED
esc,3D (R) = 1−cosαc =1−

√
1−
(
k4a3

k3a2

)2

, ηFOLED
esc,2D (R) =

2αc
π

=
2

π
arcsin

(
k4a3

k3a2

)
(5.24)

which, as expected, respectively converge to Eq. (5.22) in the planar limit R� d3. It should be

noted that the generalized 3D escape efficiency of Eq. (5.24) is valid only when the bending is

applied uniformly across three dimensions, i.e. for 3D spherical FOLEDs; for the 2D cylindrical

FOLED considered herein, only ηesc,2D is applicable.

This is a very important result. It indicates that the escape efficiency (of substrate modes)

can be increased by decreasing the radius of curvature. Moreover, it shows that for Ropt defined

in Eq. (5.21) the escape efficiency is 1, i.e. none of the rays departing the anode/substrate

interface incidents the substrate/air boundary at an angle larger than the critical angle.

A quantitative estimate of the potential improvement in FOLED performance due to this

effect is provided by Fig. 5.4, where we plotted the outcoupling efficiency enhancement as a

function of the radius of curvature, for the two previously considered emission zone locations

of the prototype FOLED, z′ = 20nm and z′ = 140nm. The graph presents the outcoupling

efficiencies of the bent device normalized by the outcoupling efficiencies of the corresponding

PPOLED, both calculated by numerical integration over angle of the emission patterns of Fig. 5.3,

rescaled according to FI. For comparison, we also plot our analytical closed-form estimate for

this enhancement, i.e. the escape efficiency enhancement, given by ηFOLED
esc,2D (R) /ηPPOLED

esc,2D .

Figure 5.4: Outcoupling efficiency enhancement (with respect to the corresponding PPOLED)
as a function of radius of curvature for the prototype FOLED, with emission zones located at
z′ = 20nm (red circles) or z′ = 140nm (blue × symbols), along with the 2D substrate escape
efficiency enhancement (green solid line, calculated according to Eq. (5.24) and Eq. (5.22)).

Fig. 5.4 shows that indeed, the outcoupling efficiency is enhanced as the radius of curvature

decreases, reaching 1.3-fold or 4-fold improvement at R = Ropt when the emission zone is at

z′=20nm or z′=140nm, respectively. The reason for this difference is that the IS interference

of the z′=20nm sources produces a quasi-Lambertian emission pattern, whereas the pattern
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produced by the z′=140nm emitters contains significant side-lobes at large-angles (see Fig. 5.3(a)).

Consequently, the latter suffers much more TIR losses than the former to begin with, and the

outcoupling enhancement, which is related to the reduction of these losses, acts accordingly.

Following the same argumentation, it is not surprising that the escape efficiency enhancement

lies in between these two trends, as its derivation assumes an isotropic emitter. Therefore, it

reaches an intermediate value of 2.3-fold enhancement, which also demonstrates the quality of

this parameter as an approximate measure for the outcoupling efficiency.

The last discussion is of high importance as it addresses one of the most severe problems which

to-date limits OLED outcoupling efficiency, namely the TIR at the substrate/air interface, which

accounts for ∼25% of the losses [24,26]. Over the years different methods have been proposed to

overcome this inherent refractive index mismatch and extract these substrate modes, e.g. by

using high-index substrate and a matching half-sphere [25] or microlens array [173] to reduce

incident angle, low-index thin-film to mediate the refractive mismatch [171], or low-index grid to

reduce probability of supercritical incidence [103]. However, all of these device modifications

require unique processing methods or introduction of specialized materials, whereas the presented

enhancement effect induced by the FOLED curvature is achieved without additional effort, and

is inherent to the geometry formed once the device is bent, an action the device was mechanically

and electrically designed to perform particularly well.

It is worth noting that significant enhancement of FOLED outcoupling efficiency can be

achieved with much more moderate bending if a thicker substrate is used, as the curvature effects

depend only on the ratio between R and d3. Nevertheless, there have been demonstrations

of flexible organic electronic devices which remained functional at radii of curvatures below

1mm [174], indicating the principled feasibility of the proposed enhancement concept.

5.1.4 Conclusion

We have presented a rigorous solution to the Maxwell equations for a 2D source embedded in a

concentric cylindrical shell formation, and formulated closed-form analytical formulae for the

FOLED emission pattern; utilization of the ”perfect azimuthal absorber” methodology enabled

natural convergence of the formulation to the PPOLED limit for infinite radius of curvature.

Based on the resultant expressions, a geometrical ray-optics interpretation was given, and two

important phenomena induced by the device curvature were observed and discussed. The first

is the ”stretching” of the emission pattern features towards larger observation angles, an effect

which allows BI. The second phenomenon is the reduction of substrate/air TIR losses, an effect

which enhances dramatically the outcoupling efficiency of substrate modes, which is one of the

main barriers for improving OLED external efficiencies. A modified expression for the FOLED

escape efficiency was formulated, clearly and intuitively indicating the curvature induced efficiency

enhancement. For both effects an optimal radius of curvature was found analytically.

This is the first time, to the best of our knowledge, that such a formulation of the optical fields

and emission of FOLEDs is presented, followed by an analytical investigation of the curvature

effects. The presented work is especially important in the face of the novelty of the flexible

devices, revealing unique phenomena, and offering a set of design rules which relate the curvature

to optical properties, thus can be efficiently utilized by engineers for device optimization.
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Chapter 6

Conclusion and outlook

The work presented in this dissertation has considerable implications both on optical analysis

of OLEDs and on fundamental aspects of electromagnetic modelling of arbitrary multi-layered

configurations with embedded statistical optical sources. In all of our reports compiled here

we follow the same approach, not always trivial when it comes to optoelectronic research: first,

we employ a rigorous analysis, stating the assumptions and approximations made in each step

of the derivation, thus clearly indicating the validity range of the results; second, we strive to

achieve closed-form analytical results, which, although sometimes requires simplifications and

approximations to be made, usually yield simple formulae which convey physical intuition. This

approach is very useful for producing efficient engineering tools, which were absent in this field

in our opinion.

From the point of view of the OLED application, our research provides a complete, rigorous

and analytical theory describing the emission patterns produced by such devices from first

principles. The work presented in Section 3.2 presents a rigorous description of the molecular

source ensemble within the framework of the theory of optical coherence as introduced by Mandel

and Wolf [142]. It implies that the radiating excitons can be treated as a stationary ensemble

of point sources of quasi-monochromatic radiation, each of which possesses a random phase,

related to the time in which the exciton’s decay has begun. As each exciton resides on a different

molecular site with unique position, dipole moment and energy levels, the emission spectrum of

the exciton ensemble is spread over some spectral range, giving rise to a quasi-Gaussian power

spectral density, radiated from spatially distributed sites within the active layer. These rigorous

descriptions of the ensemble spatial and spectral distributions are incorporated into the canonical

electromagnetic model of sources embedded in plane-parallel stratified media by introducing

an integration of the emission pattern produced by a single source. Closed-form expressions

for the emission pattern are derived using modal analysis (Section 2.1), and evaluated in the

observation point using the SDP procedure (Section 2.2), in conjunction with the ensemble

statistical distributions. This is done in Section 3.1 for 2D line sources, and in a more accurate

manner in Subsection 4.2.2, where we considered the realistic 3D electric dipole model (facilitated

by Section 3.4); Subsection 4.2.2 also takes into account the dipole lifetime, related to the EQE,

and the orientation distribution of the dipoles. While the final result of Subsection 4.2.2 is quite

established for some time now, and can be found also elsewhere (e.g., [65,175]), we have failed to

find a derivation of it from first principles, and a focused investigation of the dominant processes

187
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and ensemble distribution effects using analytical tools was never conducted before, to the best

of our knowledge.

The emphasis in Section 3.1 is on the analytical identification of the main optical processes

contributing to the OLED emission pattern, and the analytical quantification of the effects of the

exciton ensemble statistics on these processes. To that end, we first phrased the emission pattern

as a product of three factors, standing for the contributions of the image-source interference, the

direct-ray transmission and the weak-microcavity multiple reflections. These were postulated

using a recursive formalism, compactly taking into account all combinations of multiple reflections

of rays between the device layer interfaces. This form indicates clearly the role of layer dimensions

and material composition in determination of the emission pattern characteristics, and emphasizes

the different contributions of each optical process. More specifically, the exciton position in space

only affects the IS interference, determining the critical length scale for this interfernece; the

DR transmission is merely a product of Fresnel transmission coefficients connecting the source

and the observation point; and the WM multiple reflections are a geometrical series of multiple

reflections between the device boundaries, dependent on the distance between reflecting interfaces

(which determines the accumulated phase and the nature of the interference) and the Fresnel

reflection coefficients of these interfaces (which determine the strength of the cavity).

For the incorporation of the ensemble spectral and spatial distributions we use an iterative

(equivalent) representation of the emission patterns, now in the form of a series of interacting

multiply reflected rays. This representation is not very suitable for gaining intuition regarding the

dominant physical processes, however is very efficient for incorporation of the ensemble statistics,

as the integration of the exciton distributions can be executed term-by-term. This yields the

analytical quantification of the effects of the ensemble spectral and spatial distributions on the

emission pattern. The spectral distribution cause attenuation of WM interference cross-terms,

depending on the ratio between the optical path between reflecting boundaries and the coherence

length of the exciton ensemble, which is inversely proportional to the spectral distribution

bandwidth. Considering the typical dimensions and material optical constituents in OLEDs,

this affects mainly interference of rays multiply reflected between the cathode/organic and

substrate/air interface, which consequently can be completely neglected in the calculation. The

spatial distribution, on the other hand, causes attenuation of the IS interference cross-terms,

depending on the ratio between the spatial distribution width and the wavelength. Considering

the typical source-cathode separation distances, this spatial broadening effect would be reflected

as an averaging of the slowly-varying component of the OLED emission pattern, whereas the

spectral broadening effect would cause the rapidly oscillating nature of the emission pattern

(predicted for a strictly monochromatic source) to vanish completely. As we have shown, both

these effects are essential for producing emission patterns which are consistent with measured

data.

It is important to note that while the rapidly oscillating components originating in the

WM contribution have been disregarded in many analyses of OLEDs and similar systems

due to the allegedly ”incoherent” nature of thick layers, which were claimed not to be able

to sustain coherent interference between multiply reflected rays, we have found no rigorous

argumentation for that statement. This has lead, in certain cases, to inaccurate justifications
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for neglecting these interference phenomena, comparing the weak-microcavity thickness to the

emission wavelength [44], or introducing slight variations to the substrate thickness [45], both

physically irrelevant in the view of our results. Moreover, the binary distinction between

”coherent” and ”incoherent” layers is misleading, as the ratio between the weak-microcavity

thickness and the coherence length can possess any real value; consequently, the attenuation

of the WM interference cross-terms should also be gradual, and vary continuously between 1

and 0. Our derivation fills these gaps, by providing both a rigorous explanation to the observed

phenomenon and its quantitative description, for any WM thickness and coherence length, in the

form of an analytical spectral broadening attenuation factor.

The second contribution of this work to the field of OLED research and engineering is the

development of analytical tools to estimate the main characteristics of the effective exciton spatial

distribution within the active layer from distinctive features of raw (Section 4.1) or preprocessed

(Section 4.2) measured emission patterns. This task has become very important in recent years,

as the development in OLED research has indicated the crucial role the exciton position plays in

determination of OLED performance (Subsection 1.3.1). In addition, the electrical properties of

OLEDs, i.e. the dynamics of charge carriers and excitons within the device, are still under an

extensive investigation; as many details regarding these properties can be inferred by knowing

the radiating exciton spatial distribution, such tools have become standard aids to examinations

of electrical aspects of OLEDs as well. Indeed, due to the increasing demand for estimation

methods, a vast number of reports have emerged in the past couple of years by various research

groups, presenting numerical algorithms, based on fitting extensive optical data sets, e.g. the

polarization, angle and wavelength dependency of the outcoupled emission, to the output of the

optical model of the OLED with varying emission zone profiles.

In contrast to these exclusively-numerical methods, we have devised an original analytical

method, which relies on the closed-form expressions derived in Section 3.1 and the physical

intuition that they reflect. Our algorithm is very intuitive, requires only a focused set of

measurements, and consumes far less computational power, thus forming and efficient engineering

tool. The concept behind the algorithm is that the interaction between the radiating exciton

and its reflection from the cathode produces distinctive interference fringes, dependent on the

exciton spatial distribution, expressed in the contribution of the image-source factor to the

emission pattern. More specifically, we have been able to show that the angles in which local

extrema are observed in the IS interference pattern can be related analytically to the EZ mean

position (Subsubsection 4.2.2.5), and the prominence of the IS interference fringes, quantified by

the ratio between the forward and side lobe emission, can be related analytically to the spatial

broadening attenuation factor and subsequently to the EZ width (Subsubsection 4.2.2.6). More

than that, the relation between the local extrema and the EZ mean position can be shown to

manifest Bragg’s condition for contructive (maxima) and destructive (minima) interference, and

the relation between the fringe prominence and the EZ width can be understood as the interplay

between spatial broadening and averaging of Bragg interference peaks and valleys. These two

parameters, constituting the first and second moments of the distribution function, provide most

of the information required to construct an estimation of the effective spatial distribution of

the radiating excitons, with the aid of physical knowledge regarding the predicted electrical
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behaviour of the device under test. We note again that our method is purely analytical, and

does not involve any fitting procedures, and in addition relies only on two features of the IS

interference pattern.

Although the IS interference pattern can be readily isolated from the measured emission pat-

tern in an analytical manner (Subsubsection 4.2.2.5), it does require this additional preprocessing

step. In certain cases, where a very narrow emission zone is expected (e.g., due to trapping

of holes and electrons in a limited region of the active layer via blocking layers), the emission

patterns of OLEDs with standard material composition can be approximated such that the

local extrema observed in the raw measured emission pattern are directly related to the exciton

position. This relation is formulated via a generalized Bragg condition, which considers also the

effect of the DR transmission factor on the angles in which the IS interference maxima and minima

are observed in the outcoupled emission (Section 4.1). This forms another efficient engineering

tool, which when applicable, can produce EZ estimations with just the use of a handful of the

device optical constituents (refractive index and extinction coefficients of the various layers) and

the angles in which local extrema occur, using a back-of-an-envelope calculation, and without

any preprocessing.

These two methods, which are available in open source forms on the web [162, 165], and

have been verified both on simulated data (Subsubsection 4.2.3.1) and actual measurements

(Subsubsection 4.2.3.2), constitute a novel set of engineering tools, fully analytical, thus very

efficient and physically intuitive. It should be noted that although the numerical methods

are usually applied without truly considering the physical nature of the analyzed problem

(e.g., [64, 119], where high-resolution evaluation are the main goal), some observations were

presented in the literature regarding the physical conditions for achieving accurate estimations

(e.g., [65]). However these deduced guidelines do not explicitly relate to the IS interference

contribution, these reports do indicate that accurate estimations of EZ profiles are achieved

around working points of the OLED where the sensitivity of the IS interference pattern to the

spatial distribution of the excitons is the highest. Nonetheless, through our careful analytical

examination we have managed to show that in some cases, for instance at small source-cathode

separation distances, the information from measured emission patterns can be utilized to yield

accurate estimations of the EZ mean position (provided that a wide enough spectral range is

considered), in contrast with common beliefs in the OLED research community.

The report presented in Chapter 5 investigates an architecture related to an emerging branch

of organic light-emitting devices, which considers the development of flexible OLEDs for display

and lighting applications. In this context, the investigations reported in the literature focus on

the mechanical or fabrication aspects of devices which are allowed to bent, whereas no or little

thought is devoted to the effects of that bending on the optical emission of such devices. Equipped

with the tools of modal analysis developed for plane-parallel OLEDs, we have addressed this gap,

by providing a rigorous framework for analytical electromagnetic investigation of cylindrically

bent FOLEDs, capable of analyzing the curvature effects on their emission patterns. This

requires utilization of specialized analytical techniques developed originally to handle the curved

geometry of antenna radomes in the 1980s [157,166], namely the concept of azimuthal perfect

absorber, introduced by Felsen, and the Debye approximation of Hankel functions. The principal
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formulation steps are analogous to those performed for PPOLEDs in Section 3.1, and consists of

spectral decomposition of the singular source to the eigenfunctions of the structure (now done

with cylindrical and azimuthal waves instead of plane waves for PPOLEDs), enforcement of the

boundary conditions which gives rise to curvature-corrected Fresnel coefficients for reflection

and transmission, and saddle point evaluation which proves the validity of geometrical optics

approximation for evaluation of the angular distribution of the emitted power in the far-field. We

identify analytically the same optical processes in the curved device, namely, IS interference, DR

transmission and WM multiple reflections, using the recursive formalism, and by utilizing once

more the iterative interacting-ray-series representation of the emission pattern, we incorporate

the spectral broadening effects which greatly simplify the resultant expressions.

The unique application of Felsen’s perfect azimuthal absorber concept and Debye approxima-

tion to the FOLED configuration deserves a brief discussion. The first concept relates to the fact

that we would like to treat a partially bent cylindrical multi-layered formation, rather than a

closed-cylindrical one (Fig. 5.1); the problem is that while the latter can be solved analytically

by separation of variables, the former is non-separable in general. To that end, we place a

perfectly absorbing plane connecting the edges of the bent OLED, and subsequently neglect

the reflections arising from this new boundary condition. In practice, this formal procedure is

equivalent to neglecting the edge diffraction usually performed for planar devices as well, and it

is valid as long as finite losses exist in the stratified media and large enough radii of curvature

(with respect to the wavelength) are considered. This establishes a complete analogy between

the plane-parallel and the cylindrically-bent configurations, which naturally coincide when the

radius of curvature approaches an infinite value. The other analytical technique we use, namely,

the Debye approximation, is essential for enabling the saddle point evaluation for applying the

asymptotic evaluation of the far-field emission (Section 2.2). This tool, valid for large radii of

curvature with respect to the wavelength, approximates the cylindrical eigenfunctions (Hankel

functions of the first and second kind) by curvature corrected plane-waves (Subsubsection 5.1.2.3).

This introduces explicit rapidly oscillating phase to the radiation integral, which then enables

the saddle point evaluation and the analogy to ray optics.

As denoted, the final result of our rigorous formulation are closed-form expressions for the

FOLED emission patterns, completely analogous to those obtained for the planar device, which

coincide with the geometrical optics solution of the problem. In addition to the dependency in

the layer dimensions, material composition, and source position, the resultant emission pattern

also depend in the radius of curvature of the device. The investigation of this dependency yields

three important observations, which provide essential design rules for this novel architecture.

First, as realistic radii of curvature are limited1 to be above at least tens of µm, the nanometric

(organic/anode) stack would not be affected by the bending (i.e. the IS interference phenomenon

is almost unchanged). As the WM factor, after experiencing the spectral broadening effects,

hardly affects the angular distribution of the power, we conclude that the main curvature effects

arise from the DR transmission factor. Consequently, the critical dimensions that are involved in

these effects are of the dimensions of the thickest layer in the OLED, namely, the substrate, and

the radius of curvature. This leads to the first design rule, according to which the ratio between

1In any case, the validity of our model relies on the radius of curvature being at least one order of magnitude
larger than the emission wavelength, which is usually in the visible region of the optical spectrum.
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the radius of curvature R and the substrate thickness d3 determines the extent of curvature

effects on measured emission patterns; in order to observe any such effects, the radius of curvature

should be comparable with the substrate thickness.

Second, plotting the emission patterns of FOLEDs with increasing bending (decreasing radii of

curvature) reveals that the emission pattern expands towards larger angles (Subsubsection 5.1.3.1).

More specifically, the range of observation angles which receive radiation (disregarding edge

diffraction) is extended with decreasing radii of curvature until a certain radius is reached, which

we denote as the optimal radius (in the context of available viewing angle), below which the

pattern begins to shrink again. The reason for this phenomenon is the fact that, in contrast to

planar devices, the tangent to the substrate/air interface, which forms the dominant curvature

effects, is varied with the radius of curvature (except at θ = 0) with respect to the observation

region. If one is to use the GO picture to interpret the implications of this effect, the ray which

impinges the substrate/air interface at the critical angle of incidence, which can be defined as

the ray that is outcoupled with the largest observation angle, departs the substrate/air interface

parallel to the tangent plane to that interface. As the angle between this tangent plane and

the θ = 0 direction increases with decreasing radius of curvature, the critical ray is outcoupled

towards a larger observation angle. This effect is slightly more complexed, as the angle in which

the critical ray departs from the source becomes larger for smaller radius of curvature, thus both

effects should be taken into account when the maximal possible viewing angle (defined by the

outcoupling angle of the critical ray) is calculated. In Subsubsection 5.1.3.1 we have derived

an analytical expression for this parameter, showing that for small enough radii of curvatures,

some of the emitted power may reach observation angles beyond π/2, i.e. emitted to the back of

the device, forming a phenomenon of back-illumination; this phenomenon cannot be observed

for plane-parallel configurations (Fig. 5.3(h)). The possible viewing angle range is extended

by an additional
{

arcsin
[

nair
nsub

(
1 + d3

R

)]
− arcsin

(
nair
nsub

)}
, which is the difference between the

angles of departure of the critical ray from the substrate/anode interface, in the cylindrical

and planar cases, respectively. This forms the second design rule, relating the ratio between

the substrate thickness and radius of curvature to the extension in viewing angle caused by

the bending. As mentioned above, this process has an optimum with respect to the radius of

curvature, which occurs when the angle of departure of the critical ray from the anode/substrate

interface approaches π/2. From that radius on, continuation of the bending would result in

shrinking of the emission pattern, resulting from Snell’s law at the substrate/air interface.

The same increase in the angle of departure of the critical ray from the anode/substrate

interface observed with decreasing radius of curvature gives rise to an enhancement of the

emission to large observation angles, which results in enhanced outcoupling of substrate modes

(Subsubsection 5.1.3.2). In order to understand this we have generalized the concept of escape

efficiency to apply also to curved geometries as ours. In the frame of this approximation, one

considers an isotropic emitter for which all rays which depart from the source with an angle

below the critical angle are considered to be fully outcoupled (regardless to the respective Fresnel

coefficient), forming what is known as the escape cone. As in the cylindrical case, this angle of

departure of the critical ray from the source is increased with bending, the escape cone increases

correspondingly (Fig. 5.3(h)). This effect can be formulated analytically, forming a generalized
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form of the escape efficiency, quantifying the relative surface area defined by the escape cone,

which is valid for every radius of curvature and coincides with the expression for the planar

device for R→∞. This forms the third design rule, which for the two dimensional case that we

consider herein corresponds to ηesc = 2
π arcsin

[
nair
nsub

(
1 + d3

R

)]
.

These three design rules we have introduced which quantifies the main effects of the curvature

on the novel configuration of flexible OLEDs form an efficient analytical engineering tool which

can be used to optimize the viewing angle and outcoupling efficiency of a given device. Moreover,

also in other, more complicated, configurations of OLEDs which contain curved interfaces (e.g.,

corrugated substrate surfaces, which have become popular lately due to the enhanced outcoupling

of substrate modes they exhibit), these design rules can be used to assess the desirable parameters,

provided that the curvatures and the observation points are such that the GO approximation is

still valid.

As denoted in the beginning of this Chapter, our work also contains several contributions

which are more of a fundamental scientific nature. First, in Section 3.2 we provide a general ray-

optical theory for partially-coherent broadband emission, which has implications on analyses of

almost any optical and electromagnetic system which considers the far-field angular distribution of

radiated power. The report presented there considers the problem from first principles, beginning

with the rigorous description of partially-coherent emission, following the work of Mandel and

Wolf [142]. According to the theorems proved therein, the fields produced by a stationary

ensemble of partially-coherent sources can be described as an ensemble of strictly monochromatic

wave-functions, each of which can be represented as a set of statistically independent coherent

modes; each mode possesses a deterministic function which represents the EM fields and a

random phase, where the phases of different modes are statistically independent. In case the

EM fields obey the laws of geometrical optics, which is the case for many optical scenarios,

especially when the observation points are in the far-field, the emission can be expressed as a

sum of interacting rays, just as in the cases presented in Section 3.1 and Section 5.1 (where the

equivalence between the rigorous and the GO solutions have been shown analytically). Therefore,

the broadband spectral nature of the sources can be incorporated in a similar manner, by

term-by-term integration of this interacting-ray series, which yields a similar spectral broadening

attenuation factor. This factor depends on the ratio between the cross-optical path, defined as the

difference between the eikonals of two interacting rays, and the coherence length of the ensemble.

We quantify this attenuation factor analytically for the two common models of spontaneous

emission spectra, homogeneous broadening, which results in an exponential attenuation factor,

and inhomogeneous broadening, which results in a Gaussian attenuation factor.

These rigorously derived results are applicable for a wide range of scenarios, thus are capable

of shedding light on common practices used in analysis of optical and electromagnetic systems.

For instance, in ellipsometry researchers often distinguish between ”coherent” thin layers and

”incoherent” thick layers, where for the former the full interaction between the rays is taken into

account, whereas for the latter the interference cross-terms are neglected. Similar practice can

be found in the analysis of interaction of photovoltaic cells with solar radiation, or interaction of

EM fields produced by sources of spontaneous emission with their surrounding. Nonetheless, for

devices operating in lower frequencies, e.g. RF or THz regimes, electromagnetic analyses of the
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far-field radiation patterns take into consideration interaction between all rays, regardless to the

distance between reflecting boundaries. Our theory explains these different approaches by noting

that the coherence length of a certain scenario is defined by the spectral width of the source

ensemble or the spectral resolution of the measurement equipment, the smaller between these

two quantities. As the spectral resolution of apparatus suitable for low frequency measurements

is much smaller (in frequency units) than that suitable for high frequency measurements, the

effect of spectral broadening is negligible in the former, while it must be considered in the latter;

hence the observed differences in the modelling methodologies.

Our derivation also indicates that if the origin of these differences is not interpreted properly,

dangerous assumptions can be made, which can jeopardize the consistency between the optical

model and experimental results. For instance, in classical analysis of optical lenses usually only

the direct ray contribution to the emission is taken into account (yielding the focal distance

predicted by the lensmaker equation). However, as we have shown, there is no real justification

for that simplification of the ray tracing; according to our theory, this procedure would yield

results similar to experimental data if the lens thickness is very large compared to the ensemble

coherence length or the coherence length defined by the measurement equipment. However, in

case a thin lens is considered, such an approach would result in poor consistency between theory

and experiment. Instead, the full set of multiply-reflected rays should be taken into account,

and the spectral broadening attenuation factor, for which we provide an analytical expression

valid for all ranges of lens thickness and coherence length values, should be used to quantify the

radiation measured at the observation point.

In our detailed report (Subsection 3.2.3) we also indicate how the interplay between spectral

width and layer thickness can be generalized also to deterministic broadband sources, e.g. short

THz pulses, and analyses which consider also diffracting entities which can be described by

the geometrical theory of diffraction. In a complementary work (Section 3.3) we relate to the

computational benefit that the spectral broadening attenuation effects may yield if integrated

properly into electromagnetic solvers implementing ray tracing, which has a similarly large area

of applications. These complete a fundamental contribution of our work to the field of optical and

electromagnetic analyses, where the statistical nature of optical sources is rigorously integrated

into canonical electromagnetic models in which geometrical optics is valid, highlighting the

appearance of related phenomena in common practices, and interprets them using analytically

formulated tradeoffs.

Another notable fundamental contribution is described in the paper presented in Section 3.4,

where we established conditions for equivalence of radiation patterns produced by elementary

optical sources with different dimensionality, embedded in plane-stratified media. However driven

by our 2D preliminary analysis conducted for OLEDs in Section 3.1, we have performed a

systematic derivation of the power relations for 2D and 3D sources in arbitrary plane-parallel

multi-layered configurations. Thus our results are of general validity, providing fundamental

observations regarding any electromagnetic analysis of these canonical configurations. Our

investigation reveals that the radiation patterns produced by 2D electric and magnetic line

sources, and 3D vertical and horizontal electric dipoles, embedded in a planar structure, differ

only in two parameters: the local reflection coefficient, which is usually polarization dependent
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following Fresnel, and the orientation factor, which considers the intrinsic radiation pattern of the

source (i.e. in the absence of the surrounding structure). The rest of the response consists of the

squared absolute value of the characteristic Green’s function, which follows the same recursive

formulae of Subsubsection 3.1.2.3, with the possibility that the local reflection coefficients would

possess different values for different sources (See also Chapter 2).

These observations become very clear when a unified expression for the emission pattern,

applicable for all sources considered herein, is derived (Eq. (3.68)). To facilitate this derivation,

we first differentiate between sources which generate TE-polarized fields, and sources which

generate TM-polarized fields. Among the 2D sources we have considered, the ELS produces

only TE-polarized fields, whereas the MLS produces only TM-polarized fields. As for the 3D

electric dipoles, it is a well established fact that VEDs produce only TM-polarized fields, whereas

HEDs produce both TE and TM-polarized fields. Therefore, we followed Sokolik et al. [124] and

decomposed the HED into two current sources, each of which produces only TE-polarized or

TM-polarized fields. This decomposition is also quite interesting from a scientific point of view,

as it turns out to follow the Helmholtz decomposition of the source current (Subsection 2.1.3).

After establishing these five primitive sources, generating either TM-polarized fields (MLS,

VED, TM component of HED) or TE-polarized fields (ELS, TE component of HED), we may

perform the comparison effectively via the unified expression for the emission pattern. As

indicated by Table 3.3, each two primitive sources differ by at least one of the two parameters,

local reflection coefficient or orientation factor, therefore a general equivalence could not be

achieved. However, as the statistically distributed molecular optical sources that we consider in

the context of spontaneous emission devices (such as OLEDs) do not, in general, possess any

preferred direction in the x̂y plane (due to typical fabrication processes), and as they form a

spatially incoherent ensemble, we must perform an integration of the unified emission pattern

expression over the azimuthal coordinate using a uniform azimuthal distribution. When this

is executed, it turns out that in fact, the normalized TE-polarized emission patterns produced

by 2D ELS and 3D (arbitrarily oriented) electric dipoles are exacetly the same. This is a very

important conclusion in the context of our research, as it verifies the applicability of the results

we have obtained for 2D line sources also for the realistic devices, known to be modelled well by

3D electric dipoles2.

In contrast to the identity obtained for the normalized TE-polarized emission patterns, no

simple equivalence can be formulated between the TM-polarized emission patterns generated by

2D MLS and 3D arbitrarily oriented electric dipoles. The main reason for that is that while the

differences between the MLS and the VED, or the MLS and the TM component of the HED,

can be readily isolated and maybe overcome analytically with the aid of the unified expression,

the TM-polarized response of an arbitrarily oriented electric dipole is composed of both HED

and VED contributions, for which the unified expression is not applicable. Nonetheless, the

unified expression highlights the relations between TM-polarized fields generated by the various

sources. More specifically, while the MLS and VED share the same local reflection coefficient

(TM-polarized Fresnel formula), the local reflection coefficient suitable for the TM component

2It should be noted that this equivalence between TE-polarized emission patterns obtained by 2D modelling
and experimental measurements was already noticed by us in 2010 [88], however it was not till 2013 [97] that we
have been able to show rigorously the origins of this equivalence and its limitations.
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of the HED has a minus sign in front of the TM Fresnel formula. We interpret this difference

as arising from the different symmetries of the images induced by these sources upon reflection:

while the MLS and VED induce symmetrical images, the HED induces an antisymmetrical image,

which explains the π phase shift in the local reflection coefficient (Fig. 3.15).

This systematic investigation of the cross relations between different EM models of elementary

optical sources utilizes several innovative analytical tools, namely, the TE/TM decomposition

of the sources and the unified emission pattern expression. More than that, the formulation

procedure and the analysis of the unified emission pattern expression could, in principal, be

applied to a wider set of problems, e.g. problems where GO is applicable. In that sense, the results

of our analysis can be used to predict the origins of differences between normalized emission

patterns produced by sources with different dimensionality embedded in arbitrarily-shaped

multi-layered media (under GO approximation): the local reflection coefficient (dependent in

polarization and image symmetry), and the orientation factor, expressing the intrinsic radiation

pattern of the elementary sources.

Fundamental observations also arise from the work in Chapter 4 and Chapter 5, although

they may seem to be reports of a more applied nature. In Chapter 4, we have shown that the key

for solving the inverse problem in OLEDs and similar structures is to isolate the factor which

translates the information regarding the position of the source to the far-field via interference

with its image(s), induced by one (or more) highly reflective interface(s). In Chapter 5, we have

demonstrated the efficiency of Felsen’s concept of azimuthal perfect absorber, which may be

used to truncate other non-separable configurations. In addition, we have provided detailed

geometrical calculations regarding ray trajectories in FOLEDs and similar configurations, with

implications on, for instance, saddle point evaluations in such problems.

In summary, we have presented rigorous and analytical investigations of three problems

related to optical analysis of OLEDs, while on the same time contain aspects which are of general

scientific interest: incorporation of the statistical nature of elementary optical sources into classical

canonical electromagnetic multi-layered models from first principles, and analytical formulation

of the effects arising from this statistical nature (Chapter 3); development of analytical methods

for estimating the solution of the inverse problem for elementary optical sources embedded

in plane-parallel stratified media, namely the spatial distribution of the sources within the

active layer (Chapter 4); and rigorous analytical derivation of power relations for cylindrically-

bent multi-layered formations with embedded sources, including formulation of closed-form

approximated expressions for the curvature effects on the maximal possible viewing angle and

on light-escape efficiency of such devices (Chapter 5). Our treatment of these three problems

result in closed-form analytical expressions relating between key source and structure properties

and key optical performance parameters of the device, thus forming a novel and efficient set of

engineering tools, very useful for OLED design, optimization and verification, however gives rise

to conclusions which are of general fundamental scientific interest.

6.1 Future outlook

In this Section I would discuss several aspects of the problems considered in this dissertation

which are of interest however have not been dealt in the frame of our research; we believe that
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the foundations laid by our work forms a good opening point for approaching these issues, thus

we recommend on them as subjects of future work. In the following, we would present the issues

and the motivation to research them, as well as point out the relations between them the results

presented herein.

6.1.1 Analytical investigation of OLED outcoupling efficiency

In the context of OLEDs, our dissertation was devoted to analytical investigation of their emission

patterns. However, another performance parameter which is of great importance is the OLED

outcoupling efficiency, which captures most of the optical contributions to the EQE (Chapter 1).

In order to evaluate the outcoupling efficiency, one is required to calculate the flux of energy

through a plane situated just right to the substrate/air interface, and divide it by the sum of the

energy flux through a plane situated just right to the source and just left to the source. In case

the losses in the organic/ITO stack are small, the energy flux through the plane just right to the

source can approximate well the flux through the substrate/air interface, reducing the number of

calculations required.

Similar procedure was executed by Razansky et al. [125] and Sokolik et al. [124] for calculation

of absorption efficiency of a 2D line source or 3D dipole positioned close to a lossy half-space,

respectively. Both reports have reached analytical estimations for the limits on efficient absorption,

utilizing the typical losses of the application in mind (absorption of EM energy by human tissues).

We suggest an extension of their work by adding one more layer to the half-space configuration,

corresponding to a cathode/organic/substrate structure, which, however simplified, can shed light

on behaviour of outcoupling efficiency of realistic OLEDs. Although missing the substrate/air

interface effect, this simplified three-layer structure is relevant for OLED investigation for two

reasons3. First, many techniques have been introduced in recent years to outcouple substrate

modes effectively from OLEDs, where the modification to the standard plane-parallel structure

was made at the substrate/air interface (e.g., see Subsection 1.3.3 and partially Subsection 1.3.4).

This means that approximately, the relative fraction of the substrate modes in the three-layer

structure, would correlate automatically to the outcoupled efficiency of the realistic device,

considering the substrate mode extraction techniques are efficient enough. Second, as the

substrate is very thick with respect to the rest of the OLED, maybe a ray-optical approach

would suffice to approximate the extraction of substrate modes to air, and the transition from a

three-layer device to a more realistic four-layer device can be facilitated by this.

Following our discussion in Section 1.2, the source power in the three-layer device may couple

to waveguided modes in the organic layer, may couple to SPP modes in the metallic cathode,

may be transferred via evanescent modes to the cathode, may be absorbed in the cathode, or may

outcouple by partial (multiple) reflections to the substrate. From an analytical point of view, the

first two processes, relating to discrete WG or SPP modes, can probably be evaluated using the

residue theorem. This is also indicated by the work of Neyts et al. [44]. The continuous energy

transfer or absorption to the cathode is related to the work of Razansky et al. [125], Sokolik et

al. [124], and Penninck et al. [56], which provided analytical tools to handle them. The main

3As a first order approximation, we consider the organic stack and ITO to possess similar optical constants,
which is indeed the case for many OLEDs [88]; we do not refer to this as a part of the mismatch between the
three-layer structure and the real devices.
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challenge in the closed-form formulation of these power relations is thus the part of the spectral

integral related to the outcoupled power. We have performed preliminary trials on that integral

and have observed that it is sufficient to consider terms up to the squared absolute product of

the local reflection coefficient of the cathode/organic and organic/substrate interface; this greatly

simplifies the required calculations. Next, it seems that if the Leontovitch approximation for the

local reflection coefficient of the cathode/organic interface is considered (Subsubsection 4.2.2.5),

and the organic/substrate reflection coefficient is approximated via its Taylor expansion up to

the leading order in the longitudinal wavenumber about its value in the forward direction, the

accuracy of the approximation is not deteriorated.

Besides the terms that do not involve any phase factors (related to the emission ”inatensity”),

and can be readily evaluated in closed form, this procedure expresses the cross-term spectral

integrals which require analytical evaluation as a set of exponential integrals and their derivtives

[131] (Section 5.1 therein). Utilization of Eq. (5.1.27) and Eq. (5.1.51) of [131], facilitate the

asymptotic evaluation of these exponential integrals, which approximate well the outcoupled

emission fraction for source-cathode separations above ∼ 60nm for typical emission wavelengths

and refractive indices. As below these distances usually coupling to the metal plasma is dominant

and the EQE is very low, analytical evaluation of the EQE efficiency from this lower limit and

above would form a very relevant tool. The main observation arising from this process is that

approximating the organic/substrate reflection coefficient by the Taylor expansion with respect to

the longitudinal wavenumber at forward direction exhibits good accuracies. The physical meaning

of that observation is that as most of the outcoupled power originates in rays the trajectories of

which form small angle with the longitudinal axis (i.e., around the forward direction, yielding

smaller reflection coefficients), expansion about the zero observation angle is efficient.

The procedure described in this Subsection is a very preliminary one, and should be further

developed a great deal to be able to produce useful observations regarding the correlation between

various device design parameters and its outcoupled efficiency. As we believe that once all the

optical processes would be formulated analytically the expression for the EQE would be quite

cumbersome to provide much physical intuition, we suggest the following focused subjects, which

are more probable to yield productive observations:

• As for the outcoupled emission part of the spectral integral, that we have just described

how we suggest to approach, there is a common thumb rule which uses the concept of

escape efficiency to quantify the outcoupling efficiency via the critical angle defined by the

refractive indices of the various layers (See Subsubsection 5.1.3.2). As this approach is

approximate by definition, assuming an isotropic emitter and unity reflection coefficients,

we suggest to compare the outcoupled part of the spectral integral evaluated from the

rigorous formulation (i.e., considering both the intrinsic radiation pattern of the source and

the Fresnel formula for the reflection coefficients as in Subsubsection 3.4.2.3) and highlight

the differences between the results of the escape efficiency approach and the results of the

evaluated spectral integrals.

• A phenomenon described by many authors is the fact that the optimal position of the

excitons in the context of maximal outcoupling efficiency is different for different values of

intrinsic quantum yield (See Subsection 1.2.3). More specifically, low intrinsic quantum
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yield shifts the optimal position from the second antinode of the outcoupling efficiency

versus exciton position plot to the first antinode ( Fig. 1.5). It would be useful to reproduce

this observation from the analytical formulae.

• In the comprehensive investigation of Furno et al. [28] the authors conclude that an

optimized outcoupled efficiency would be produced for devices in which the organic/ITO

stack form a resonant cavity with respect to the θ = 0 propagation (e.g. of 3λ/4 or 5λ/4

weak microcavity thickness) and emitters located at an antinode of the cavity. It would be

useful to reproduce this observation from the analytical formulae.

• A related subject which is also of great interest is the effect of the OLED structure on

lifetime of radiating dipoles, especially near metallic interfaces [32,69]. We suggest using

the results of [56,124,125] to try and evaluate these effects with varying source-cathode

separation distances.

6.1.2 Analytical estimation of dipole orientation distribution in OLEDs from

emission pattern features

As indicated in Subsubsection 4.2.2.7, the effective orientation distribution of the radiating

excitons can be evaluated in an analytical manner by comparing the HED and VED contributions

to the TM-polarized emission pattern, after the emission zone mean position and width have

been evaluated (e.g., following Subsubsection 4.2.2.5 and Subsubsection 4.2.2.6). In order to

establish the robustness of the procedure and its usefulness, we suggest a thorough investigation

of this concept, using both simulated and measured emission patterns.

6.1.3 Equivalence of 2D and 3D sources for non-planar (e.g., cylindrical)

geometries

In contrast to the investigation conducted by us for plane-parallel stratified media in Chapter 3,

our formulation of the cylindrical shell structure in Chapter 5 has considered only radiation of 2D

line sources. We suggest to perform an examination of the relations between 2D line sources and

3D electric dipoles, analogous to Section 3.4, when embedded in concentric partial cylindrical

shells configuration. In the frame of this investigation we suggest that the formulation would

begin by an attempt to decompose the electric dipoles into TE-generating and TM-generating

components, which, if proved possible, would also form a significant fundamental contribution.

The overall equivalence investigation would also be able assess the validity of the 2D model

results for realistic FOLEDs.

6.1.4 Analogy between the configurations of OLEDs and leaky wave antennas

From a structural point of view, a typical BE-OLED configuration resembles that of a Fabry-Perot

cavity leaky wave antenna, heavily studied since the 1950s [176,177]. In view of this similarity,

it would be useful to try and formulate the equivalence in a rigorous manner, and harness

observations and optimization techniques deduced from many years of studies on leak wave

antennas to the field of OLEDs. These observations include also analytical approximations for
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performance parameters such as directivity, bandwidth, and efficiency, which may introduce new

engineering tool into OLED research and design.

6.1.5 Enhancement of outcoupling efficiency via partially-random (quasi-periodic)

gratings

In Subsection 1.3.4 and Subsection 1.3.5 we have surveyed successful attempts to enhance

OLED outcoupling efficiency by introduction of corrugated interfaces or periodic gratings to

the standard BE-OLED structure. These may be divided to two main classes: corrugation with

effective periodicity much larger than the wavelength, and corrugation with effective periodicity

comparable with the wavelength. The different effects of these two classes of modifications on

OLED outcoupling efficiency have been briefly discussed in and Subsection 1.3.5. While our

formulation of emission from cylindrically curved OLEDs may form a possible analytical approach

to analyze large-period corrugations as in Subsection 1.3.4 via ray analysis (Chapter 5), the

short-period gratings presented in Subsection 1.3.5 interact with modes (WG or SPP) that possess

wavenumbers comparable to the grating momentum, thus require a coupled-mode approach

(e.g., [178]).

However, to achieve wavelength-comparable structures sometimes it is efficient to use self-

assembly techniques or harness spontaneous buckling phenomena (e.g., [74, 77,111]), in which a

quasi-periodic structure is produced. Due to the inherent disorder in the structures resulting

from such fabrication methods, the periodic analysis is not sufficient and one is required to

include also the statistical nature of the corrugation. We suggest approaching the problem

via the modal analysis theory utilized by Tamir and co-authors to tackle periodic gratings of

arbitrary unit cells [179–181], and to incorporate, in a manner similar to what was done with the

spectral and spatial distribution of the sources in Section 3.1, the statistical nature of the grating

perturbation. According to reported experimental results [74,111], the partial randomness of the

corrugation should increase its effective bandwidth in the context of mode coupling, a prediction

which may be quantitatively formulated via the suggested methodology. It should be noted that

quasi-periodic structures now comprise essential building blocks for many novel electromagnetic

and optical applications, e.g. in the fields of metamaterials, therefore the benefit from such an

investigation would not be limited to the field of OLEDs.



Appendix A

Developed software: ”Where is my

emission zone?”

This appendix presents the software developed to enable users to evaluate the emission zone

properties of measured devices from measured emission pattern characteristics via a web applet

or a Matlab script bundle. The applet is based on Section 4.1 and enables estimation of the

emission zone mean location from a handful of parameters: optical constants of the metallic

cathode, organic stack and substrate, the wavelength of measurement, and the angles in which a

maximum or a minimum appears in the measured emission pattern (Section A.1). The Matlab

script bundle implements the method described in Section 4.2 and enables a more comprehensive

analysis of spectrally resolved emission patterns. For each wavelength in the measurement spectral

region, for which the measured emission pattern exhibits the relevant features, the software evalu-

ates the first (expectation value) and second (standard variation) moments of the exciton spatial

distribution (Section A.2). The result is a series of emission zone profiles, evaluated for each appli-

cable wavelength, from which it is also possible to assess the uncertainty in the suggested procedure.

A.1 Web applet: Where is my emission zone?

This applet is based on the simple formulae presented in [88] (Section 4.1) and prompts the

user to enter the refractive index of the active layer and substrate, and extinction coefficients

of the cathode, along with the wavelength in which the emission pattern was measured. The

angles in which maxima and minima are observed in the measurements are then translated,

using the aforementioned formulae, to estimation of the emission zone location (assuming

it is very narrow). In the following, we present the user manual, which is also accessible

online, http://webee.technion.ac.il/orgelect/EmissionZone_Files/Readme.docx, which

describes the applet and its usage.

A.1.1 Model assumptions

1. The OLED consists of a metallic cathode, one or more organic layers, and a transparent

anode (ITO), all fabricated on a thick substrate.
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2. We assume the organic layers and ITO have approximately the same refractive index in

the spectral region of interest.

3. We assume that the refractive index (the real part of the complex refractive index) of the

metallic cathode is much smaller than its extinction coefficient (the imaginary part of the

complex refractive index).

4. We assume that the absorption of the organic layers, ITO and the substrate is negligible.

5. We assume the optical properties of the materials do not vary much around the peak

luminescence wavelength.

A.1.2 User manual

1. Measure the emission pattern of your OLED around a known wavelength, λ, using a

polarizer transmitting only transverse electric (TE) polarization1.

2. Identify the angles in which local minima or maxima are observed.

3. Measure the refractive index (real part of the complex refractive index) and extinction

coefficient (imaginary part of the complex refractive index) of the various layers at the

wavelength λ.

4. Enter the wavelength λ in textbox #1.

5. Enter the refractive index of the active layer in textbox #2.

6. Enter the extinction coefficient of the cathode in textbox #3.

7. Enter the refractive index of the substrate in textbox #4.

8. In case the measurements have been performed using an index-matched half-sphere attached

to the substrate, select radio-button ”True”; otherwise, select the radio-button ”False”.

9. Enter an angle in which a local maximum has been observed (if such exists) in textbox #6.

10. Enter an angle in which a local minimum has been observed (if such exists) in textbox #7.

11. Press the button ”Submit”.

12. Read the evaluated emission zone location (distance from the cathode) from the table.

The table presents two values for each angle: one assuming the device is small, less than

half-wavelength in the active layer, and the other assuming a large device, i.e. that the

distance between the cathode and the emission zone can be longer than half-wavelength in

the active layer.

1TE polarization is when the electric field is parallel to the layer interface planes; sometimes referred to as the
s-polarization.
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A.1.3 Example

We consider the device by Mladenovski, et al. [25]. The OLED stack measured therein has the

structure Silver/Organic/ITO/Glass, and the measurements were conducted using an index-

matched half-sphere (Section 3 therein). We note the dominant wavelength in the electrolumi-

nescence spectrum is λ = 530nm (Subsection 4.1 therein), the refractive index of the organic

layers is ∼ 1.8 (Section 1 therein), the extinction coefficient of the cathode is ∼ 3.25 in that

wavelength (optical handbooks), and the substrate refractive index is ∼ 1.5 (Section 1 therein).

Fig. 4(c) therein exhibits a maximum around 30◦. According to the authors, this correspond to

a separation of ∼ 230nm between the emission zone and the cathode. Now we enter the data we

have gathered to the applet (Fig. A.1), and the evaluated emission zone location is ∼ 221nm,

suitable for a large device.

Figure A.1: Snapshot of the ”Where is my emission zone?” applet, where input data corresponds
to the device designed, fabricated and characterized by Mladenovski et al. [25]. Output fields
correspond to the estimated emission zone location ∼ 221nm.
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A.2 Matlab bundle: Where is my emission zone?++

This software bundle is based on the algorithm presented in Section 4.2 and prompts the user to

enter the device structure, refractive index and extinction coefficients as a function of wavelength

for all layers, along with the spectrally resolved emission patterns of TE polarization. The program

isolates the IS interference pattern from the measured response, evaluates automatically the

angles in which maxima and minima are observed and the fringe prominence values, and presents

visually the estimated emission zone mean position and width. In the following, we present

the user manual, which is also accessible online, http://webee.technion.ac.il/orgelect/

whereIsMyEmissionZonePP.html, which describes the software bundle and its usage.

A.2.1 Quick start

1. Download the entire directory including sub directories to YOURFOLDER

2. Open Matlab and navigate to YOURFOLDER (where you downloaded the files).

3. Within Matlab run whereIsMyEmissionZonePP.m

4. Choose the folder containing data to be YOURFOLDER/SampleData/Air

5. Accept default values for measured angular range (−85 to +85 degrees).

6. Accept the default wavelength range (400 to 800nm) and the extrapolated resolution (5nm).

7. Accept the default device structure file name ( device.xlsx).

8. Choose ”wavelength” for the refractive index files.

9. Accept all suggested file names for the refractive indices

10. For the data file choose SimulatedData 60nm 20nm Air.xslx (data that was produced

separately for emission zone that is 60nm from cathode and 20nm wide).

11. The data is loaded and analyzed and consequently Figure 3 shows the estimated position

(dashed line) and Figure 4 shows the estimated width (dashed line too).

12. Read all the below to be able to analyze your experimental data and maybe also modify

the Matlab files to suit specific needs you may have.

A.2.2 Running the program

1. The software is initiated by running the script whereIsMyEmissionZonePP.m

2. Select the device folder, where all the relevant files for the same device are stored

http://webee.technion.ac.il/orgelect/whereIsMyEmissionZonePP.html
http://webee.technion.ac.il/orgelect/whereIsMyEmissionZonePP.html
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Figure A.2: Snapshot of the ”Where is my emission zone?++” software, where device folder is
input.

3. Enter the angular range of the measurements. Enter a symmetrical range (e.g., -85 to 85)

which is a subset of your measurement angular aperture.

Figure A.3: Snapshot of the ”Where is my emission zone?++” software, where angular range is
input.

4. Enter the spectral range of the measurements. Enter a range which is a subset of your

measurement spectral range. The wavelength resolution need not be compatible with the

resolution of the measurements; the software will interpolate the data if necessary.

Figure A.4: Snapshot of the ”Where is my emission zone?++” software, where spectral range is
input.
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5. Select the device structure file that lists the layers and their thicknesses. The default

filename is device.xlsx.

Figure A.5: Snapshot of the ”Where is my emission zone?++” software, where device structure
file is input.

6. Select the unit scale for the spectral axis of the refractive index files (wavelength [nm] or

energy [eV]).

Figure A.6: Snapshot of the ”Where is my emission zone?++” software, where spectral unit
scale is input.

7. Next, you will be prompted to enter the refractive index files of the various layers. The

default names are derived from the labels in the device structure file (device.xlsx).



207

Figure A.7: Snapshot of the ”Where is my emission zone?++” software, where refractive index
file 1 is input.

Figure A.8: Snapshot of the ”Where is my emission zone?++” software, where refractive index
file 2 is input.

8. The Direct-Ray and Weak-Microcavity terms will be calculated for the given spectral and

angular range (only dependent on the device structure and material composition).

9. Select ALL the angular spectra (emission patterns as a function of wavelength) files that

you want to evaluate. The software will estimate the emission zone properties from the

measured data of each file and present them on the same figure for comparison.
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Figure A.9: Snapshot of the ”Where is my emission zone?++” software, where angular spectra
files are input.

10. The angular spectra will be loaded and processed one by one, presenting the data as

perceived by the software for control. The evaluated Image-Source term is also presented,

and must exhibit side lobes for certain wavelengths in order to enable the evaluation process

(see References for details on the algorithm).

Figure A.10: Snapshot of the ”Where is my emission zone?++” software, where spectrally
resolved IS interference pattern is output.
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11. The software output consists of 4 figures:

• Figure 1: Maxima angles Vs. wavelength

• Figure 2: Fringe prominence Vs. wavelength

• Figure 3: Evaluated emission zone mean position (1st moment)2

• Figure 4: Evaluated emission zone width (2nd moment)3

Figure A.11: Snapshot of the ”Where is my emission zone?++” software, where extrema angles
are presented Vs. wavelength.

2Measured from the cathode/active layer interface.
3Experimental Beta version.
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Figure A.12: Snapshot of the ”Where is my emission zone?++” software, where fringe prominence
values are presented Vs. wavelength.

Figure A.13: Snapshot of the ”Where is my emission zone?++” software, where estimated
emission zone mean positions are presented Vs. wavelength.
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Figure A.14: Snapshot of the ”Where is my emission zone?++” software, where estimated
emission zone widths are presented Vs. wavelength.

• The results presented are for symmetrical exponential distributions centered at 〈z′〉 = 140nm

away from the cathode, with width of W = 2nm (blue) and W = 20nm (red).

• The averaged recovered values are 〈z′〉 ≈ 141.5nm/W ≈ 3nm and 〈z′〉 ≈ 143nm/W ≈ 15nm

for the narrow and wide emission zones, respectively.

• The dashed lines can be considered to be the evaluated value of emission zone mean position

and width, while the individual values presented for each device (triangles or stars) indicate

the ”error” in the evaluation.

A.2.3 Model assumptions

1. Measured OLED consists of a metallic cathode, active layer, several organic layers (if any),

and a transparent anode, all fabricated on a (usually thick) substrate.

2. Measurements conducted with an index-matched half sphere can also be analyzed using

this software, by defining a structure in which the layer after the substrate contains the

same material (see Data preparation below).

A.2.4 Required data

1. Device structure (including layer thicknesses).

2. Refractive indices (real part of the complex refractive index) and extinction coefficients

(imaginary part of the complex refractive index) of the various layers, as a function of

wavelength.
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3. Emission patterns (angular distribution of emitted power) measured using a polarizer

transmitting only transverse electric (TE) polarization4, as a function of wavelength.

4. The optimal data range and resolution are:

(a) Wavelength: 400-800nm in 5nm resolution

(b) Angles: -85 to 85 degrees in 1 degree resolution.

A.2.5 Data preparation

1. Create a new folder for your measured device. It is recommended (however not obligatory)

that data measured for different devices would be stored in different directories.

2. Create a file named device.xlsx and enter the layers that exist in your device in successive

rows along with the thicknesses in [nm] unit. The first and last layers should be with

thickness of -1. For example:

Figure A.15: Snapshot of preparation of device file for the ”Where is my emission zone?++”
software.

If your device was measured with an index-matched half-sphere attached to the substrate,

the last layer should be identical to the substrate (see example with glass substrate).

4TE polarization is when the electric field is parallel to the layer interface planes; sometimes referred to as the
s-polarization.
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Figure A.16: Snapshot of preparation of device file (index-matched half-sphere) for the ”Where
is my emission zone?++” software.

3. For each layer, create a file named label.xlsx, where label is the label that you gave

to that layer in the file device.xlsx. This file will contain 3 columns: wavelength ([nm]

units), refractive index and extinction coefficient. For example:

Figure A.17: Snapshot of preparation of refractive index file for the ”Where is my emission
zone?++” software.

The spectral resolution of this refractive index data need not be compatible with the

spectral resolution of your emission pattern measurements, however you should include

a data point for the smallest wavelength and a data point for the highest wavelength in

your measurements, so the software will be able to interpolate between the two. It is also

possible to enter the refractive indices and extinction coefficients as a function of energy

(in [eV] units). The software will allow the user to select between these two options.

4. Create a file with some descriptive name of your choosing that will contain the measured
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TE emission pattern (MS Excel format). The data represents a table with a header line to

indicate the angle axis (in [deg] units) and a header column which indicates the wavelength

of the measurement (in [nm] units). Each cell in the table should contain the power

measured at the suitable wavelength and angle. The angle header line has the format ##

s- for negative angles and ## s for positive angles (all measured with respect to the axis

perpendicular to the OLED planes), where ## is the angle in [deg] units. For example:

Figure A.18: Snapshot of preparation of angular spectra file for the ”Where is my emission
zone?++” software.

The units of the power measurements can be arbitrary.

5. If you have performed several measurements of the same device (e.g., at different operating

conditions) you should place them all at the device directory, and the software would allow

you to process all of them at once and compare the emission zone distribution variations

between the measurements.

6. The final device directory should look similar to the following
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Figure A.19: Snapshot of device directory prepared for the ”Where is my emission zone?++”
software.

A.2.6 Package contents

1. MATLAB files used to analyze the data and determine emission zone

• whereIsMyEmissionZonePP.m - Main script

• getDataFromUser.m - Prompts the user to enter input data

• calculateDirectRayWeakMicrocavityTermTE.m - Calculates the factors of the emis-

sion pattern which are independent in source position

• estimateEmissionZoneLocationWidthImageSourceTerm.m - Estimates analytically

the emission zone location and width according the prescribed algorithm

• calculateImageSourceTermTE.m - Calculates the interference between the source

and its image induced by the reflective cathode (Image-Source term)

• calculateEvaluatedImageSourceTermTE.m - Calculates the Image-Source term pro-

duced by the estimated emission zone to compare measured and evaluated emission

patterns (option disabled in current version).

• calculateSpatialDistribution.m - Calculates the emission zone profile estimated

by the software zone to compare measured and evaluated emission patterns (option

disabled in current version).

2. Sample data files

• Folder SampleData/Air

– device.xslx - declares device structure of:

Silver/NRS-PPV(200nm)/ITO(100nm)/Glass(1mm)/Air
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– SampleData.xslx - Sample emission patterns Vs. wavelength for the range

[-85..85] degrees and [400..800]nm

– Four symmetrical emission zone profiles considered (center is measured as distance

from the cathode):

(a) Center/width = 140/20nm

(b) Center/width = 140/2nm

(c) Center/width = 60/20nm

(d) Center/width = 60/2nm

• Folder SampleData/Air

– device.xslx - declares device structure of:

Silver/NRS-PPV(200nm)/ITO(100nm)/Glass(1mm)/GlassHalfSphere

– SampleData.xslx - Sample emission patterns Vs. wavelength for the range

[-85..85] degrees and [400..800]nm

– Four symmetrical emission zone profiles considered (center is measured as distance

from the cathode):

(a) Center/width = 140/20nm

(b) Center/width = 140/2nm

(c) Center/width = 60/20nm

(d) Center/width = 60/2nm
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[47] N. Danz, R. Waldhäusl, A. Bräuer, and R. Kowarschik, “Dipole lifetime in stratified

media,” J. Opt. Soc. Am. B, vol. 19, no. 3, pp. 412–419, 2002.

[48] B. Ruhstaller, T. Beierlein, H. Riel, S. Karg, J. Scott, and W. Riess, “Simulating

electronic and optical processes in multilayer organic light-emitting devices,” IEEE

J. Sel. Topics Quantum Electron., vol. 9, no. 3, pp. 723–731, 2003.

[49] K. Celebi, T. D. Heidel, and M. A. Baldo, “Simplified calculation of dipole energy

transport in a multilayer stack using dyadic Green’s functions,” Opt. Express, vol. 15,

no. 4, pp. 1762–1772, 2007.

[50] S. P. Savaidis and N. A. Stathopoulos, “Simulation of Light Emission From Planar

Multilayer OLEDs, Using a Transmission-Line Model,” IEEE J. Quantum Electron.,

vol. 45, no. 9, p. 1089, 2009.

220



[51] Z. B. Wang, M. G. Helander, X. F. Xu, D. P. Puzzo, J. Qiu, M. T. Greiner, and Z. H.

Lu, “Optical design of organic light emitting diodes,” J. Appl. Phys., vol. 109, no. 5,

p. 053107, 2011.

[52] A. A. Shcherbakov, A. V. Tishchenko, D. S. Setz, and B. C. Krummacher, “Rigorous

S-matrix approach to the modeling of the optical properties of OLEDs,” Org. Electron.,

vol. 12, no. 4, pp. 654–659, 2011.

[53] B. Ruhstaller, S. A. Carter, S. Barth, H. Riel, W. Riess, and J. C. Scott, “Transient

and steady-state behavior of space charges in multilayer organic light-emitting diodes,”

J. Appl. Phys., vol. 89, no. 8, pp. 4575–4586, 2001.

[54] B. Perucco, N. Reinke, D. Rezzonico, E. Knapp, S. Harkema, and B. Ruhstaller, “On

the exciton profile in oleds-seamless optical and electrical modeling,” Org. Electron.,

vol. 13, no. 10, pp. 1827 – 1835, 2012.

[55] A. G. Fluxim, SETFOS: Semiconducting emissive thin film optics simulator software,

http://www.fluxim.com.

[56] L. Penninck, S. Mladenowski, and K. Neyts, “The effects of planar metallic interfaces

on the radiation of nearby electrical dipoles,” J. Opt., vol. 12, pp. 075001+, July

2010.

[57] P. A. Hobson, J. A. E. Wasey, I. Sage, and W. L. Barnes, “The role of surface

plasmons in organic light-emitting diodes,” IEEE J. Sel. Topics Quantum Electron.,

vol. 8, Mar. 2002.

[58] C.-L. Lin, T.-Y. Cho, C.-H. Chang, and C.-C. Wu, “Enhancing light outcoupling of

organic light-emitting devices by locating emitters around the second antinode of the

reflective metal electrode,” Appl. Phys. Lett., vol. 88, no. 8, p. 081114, 2006.

[59] T. Granlund, L. Pettersson, and O. Inganas, “Determination of the emission zone in

a single-layer polymer light-emitting diode through optical measurements,” J. Appl.

Phys., vol. 89, p. 5897, 2001.
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[95] T. D. Schmidt, D. S. Setz, M. Flämmich, J. Frischeisen, D. Michaelis, B. C. Krum-

macher, N. Danz, and W. Brütting, “Evidence for non-isotropic emitter orientation

in a red phosphorescent organic light-emitting diode and its implications for deter-

mining the emitter’s radiative quantum efficiency,” Appl. Phys. Lett., vol. 99, no. 16,

p. 163302, 2011.

[96] S.-Y. Kim, W.-I. Jeong, C. Mayr, Y.-S. Park, K.-H. Kim, J.-H. Lee, C.-K. Moon,

W. Brütting, and J.-J. Kim, “Organic Light-Emitting Diodes with 30% External

Quantum Efficiency Based on a Horizontally Oriented Emitter,” Adv. Funct. Mater.,

p. n/a, Mar. 2013.

[97] A. Epstein and P. D. Einziger, “On the validity of two-dimensional models for

radiation of optical sources in stratified media,” in Proceedings of the 7th European

Conference on Antennas and Propagation (EuCAP2013), pp. 1026–1030, IEEE, 2013.

224



[98] A. Epstein, N. Tessler, and P. D. Einziger, “On the relevance of two-dimensional

sources for modelling optical emission from layered media,” in Proceedings of the

URSI Commission B 2013 International Symposium on Electromagnetic Theory

(EMTS2013), pp. 1031–1034, 2013.

[99] I. Schnitzer, E. Yablonovitch, C. Caneau, and T. Gmitter, “Ultrahigh sponta-

neous emission quantum efficiency, 99.7% internally and 72% externally, from Al-

GaAs/GaAs/AlGaAs double heterostructures,” Appl. Phys. Lett., vol. 62, p. 131,

1993.

[100] C. F. Madigan, M.-H. Lu, and J. C. Sturm, “Improvement of output coupling

efficiency of organic light-emitting diodes by backside substrate modification,” Appl.

Phys. Lett., vol. 76, no. 13, pp. 1650–1652, 2000.

[101] T. Nakamura, N. Tsutsumi, N. Juni, and H. Fujii, “Thin-film waveguiding mode light

extraction in organic electroluminescent device using high refractive index substrate,”

J. Appl. Phys., vol. 97, no. 5, p. 054505, 2005.

[102] P. Melpignano, V. Biondo, S. Sinesi, M. T. Gale, S. Westenhofer, M. Murgia, S. Caria,

and R. Zamboni, “Efficient light extraction and beam shaping from flexible, optically

integrated organic light-emitting diodes,” Appl. Phys. Lett., vol. 88, no. 15, p. 153514,

2006.

[103] Y. Sun and S. R. Forrest, “Enhanced light out-coupling of organic light-emitting

devices using embedded low-index grids,” Nat. Photonics, vol. 2, pp. 483–487, Aug.

2008.

[104] T. Yamasaki, K. Sumioka, and T. Tsutsui, “Organic light-emitting device with an

ordered monolayer of silica microspheres as a scattering medium,” Appl. Phys. Lett.,

vol. 76, no. 10, pp. 1243–1245, 2000.

[105] J. J. Shiang, T. J. Faircloth, and A. R. Duggal, “Experimental demonstration of

increased organic light emitting device output via volumetric light scattering,” J.

Appl. Phys., vol. 95, no. 5, pp. 2889–2895, 2004.
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התצורה עבור חשיבות בעלי הינם כאלה מבנים קעורים). או (קמורים עקומים התקנים עבור מבוססת תיאורטית

גם תקין באופן שתפעלנה כך מתוכננות אשר אורגניים, מחומרים גמישות אור פולטות דיודות של החדשנית

מחזורית, גליות מובנית שבהם בהתקנים גם מופיעה עקמומיות לכך, בנוסף כיפוף. כגון מכניים עיוותים תחת

בעקבות הנגרם השיפור בשל לאחרונה רב עניין מרכזים הם גם כאלה מבנים השכבות. למישוריות הפרעה בתור

זאת, תחת ריגורוסי. תיאורטי מודל הוצג לא עבורם גם אולם ההתקן, מתוך האור חילוץ ליעילות ההפרעה

אינם אולם הגיאומטרית, האופטיקה בקירוב כלל בדרך משתמשים אלו מסוגים התקנים של אופטיים ניתוחים

הנבחנים. התרחישים עבור זה קירוב לישימות הצדקה כל מציגים

לעיל שהוזכרו הפערים בשלושת לטיפול מדוקדקת אנליטית גישה פיתחנו זה בחיבור המסוכם במחקרנו

פולטות הדיודות של האופטיים הפרמטרים לבין היסודיים האלקטרומגנטיים החוקים בין ישיר קשר המשרטטת

במודל האקסיטונים צבר של והתדרית המרחבית ההתפלגויות את ריגורוסי באופן שילבנו ראשית, האור.

(יכולת והנראות הצבר של הקוהרנטיות אורך בין הגומלין יחסי של כמותי ניסוח שאיפשר הליך הקאנוני,

ידי על הנוצר החלש המיקרו־מהוד דפנות בין מרובות מהחזרות הנובעת ההתאבכות תבנית של האבחנה)

אשר שרירותיים למבנים הכללנו בהמשך אשר זו, יסודית אופטית תכונה .OLEDה־ התקני של הטיפוסי המבנה

הטיפולים את מייתרת חלקית, קוהרנטיות בעלי מקורות ומכילים קרניים אופטיקת ידי על לניתוח ניתנים

ניסוח מאפשרת במודל זו תופעה של הולמת הכללה בזמן, בו לעיל. שהזכרנו העבה המצע בשכבת המלאכותיים

האופטיים התהליכים את משקפים אשר ההתקן, של הפליטה עקום עבור ופשוטים סגורים אנליטיים ביטויים

בו. המתרחשים הדומיננטיים

והרוחב הממוצע המיקום לשערוך אנליטיות שיטות פיתוח לצורך הללו הפשוטים הביטויים את ניצלנו שני, בשלב

העיקריים ההתאבכות שתהליכי האבחנה בסיס על בוצע זה פיתוח האקסיטונים. של המרחבית ההתפלגות של

ההחזרה בשל הנוצרת ודמותו, המקור בין התאבכות של תוצאה הינם מדודים פליטה בעקומי ביטוי לידי הבאים

בהן הזוויות בין אנליטי באופן לקשור ניתן יוצא, כפועל בראג. לכלל ומצייתים המתכתית, מהקתודה החזקה

הפילוג של העיקריים המאפיינים לבין שלהם, היחסית והעצמה ההתאבכות תבנית של ועמקים שיאים נצפים

פיזיקלית אינטואיציה על הנשען יעיל, הנדסי כלי ליצירת הבסיס את מהווים אלה קשרים המקורות. של המרחבי

ניסיוניות. מדידות של מצומצם מספר ודורש

מחומרים אור פולטת גמישה דיודה שמגדירה האלקטרומגנטית התצורה של מדוקדק ניתוח ביצענו שלישית,

מסוג התקנים של הפליטה לעקום סגורים אנליטיים ביטויים לגזירת שהוביל גלילית, עקמומיות בעלת אורגניים

רדיוס כאשר המישורי הקשיח להתקן הגלילי הגמיש ההתקן בין ואלגנטי רציף מעבר מייצרים אלה ביטויים זה.

שהתקבלו הביטויים ההתקן. ביצועי על העקמומיות השפעת את לכמת ומאפשרים לאינסוף, שואף העקמומיות

מציאותיים, התקנים של הפליטה עקומי נבחנים כאשר תקף אכן הגיאומטרית האופטיקה קירוב כי חושפים

יחסי על בהתבסס ההתקן של נכון תכנון המצע. ועובי העקמומיות רדיוס בין יסודיים גומלין יחסי ושקיימים

עבורם המצע, בשכבת הכלוא אור של החילוץ ביעילות ושיפור הצפיה זווית של הרחבה מאפשר אלה גומלין

התקנים של עתידיות לחקירות איתנה מסגרת מהווה שהצגנו היסודי הטיפול מקורבים. אנליטיים ביטויים הצגנו

הדגשת תוך זאת, מובנית; גליות המכילים יותר כלליים התקנים של לניתוח מנחים קווים ומשרטט אלו, חדשניים

ומגבלותיה. אלו בעיות לפתרון הגיאומטרית האופטיקה גישת של המקורות

ננומטריים התקנים עבור תיאורטי מודל בבניית סוגיות עם וריגורוסי אינטימי באופן המתמודדת עבודתנו,

לתכן אנליטיים הנדסיים כלים של ומקיפה חדשה מערכת מציגה ספונטנית, פליטה על המבוססים חדשניים

המתרחשים העיקריים האופטיים התהליכים לגבי פיזיקלית אינטואיציה מספקת בעת ובה יעילים, ואימות

זה. מסוג בהתקנים
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תקציר

מעמיק באופן נחקרו (Organic light-emitting diodes – OLED) אורגניים מחומרים אור פולטות דיודות

אופטו־ התקנים בסיסן על לבנות האפשרות על המעידות הייחודיות, תכונותיהן בשל האחרונים העשורים בשני

גבוהה, יעילות בעלי תאורה וגופי נמוכה שעלותם לייזרים וגמישים, דקים מסכים כגון חדשניים, אלקטרוניים

והזולים הפשוטים הייצור תהליכי באנרגיה. בחיסכון לצורך המודעות בשל האחרונות בשנים גברה שחשיבותם

הצפי גדול, מידה ובקנה נרחבים שטח פני בעלי מצעים על גם להחילם שניתן אלה, התקנים של יחסית

המהיר התגובה וזמן אנאורגניים, מחומרים אור פולטות לדיודות המשתווים גבוהה ובהירות רחבה צפיה לזווית

ההתקנים את הציבו ,(Liquid crystal display – LCD) נוזליים גבישים בסיס על תצוגה לאמצעי בהשוואה

אורגניים חומרים מבוססות תצוגות אכן, נרחבת. טכנולוגית עשיה של במרכזה האורגניים החומרים מבוססי

בהתקדמות להבחין וניתן סלולריים, טלפונים עבור דקים מסכים בצורת מסחרי באופן זמינות לאחרונה הפכו

זאת, עם רב. שטח בעל וטלוויזיות גמישים מסכים ייצור עבור OLEDה־ התקני של הטכנלוגיה בהתאמת מהירה

האחרונות בשנים אדיר מדעי מאמץ ומושקע אופטימליים, מלהיות רחוקים עדיין אלו התקנים של הביצועים

והחשמליות האופטיות התכונות את קובעים אשר היסודיים הפיזיקליים התהליכים את לעומק להבין במטרה

רחבה. צפיה זווית בעלי ועמידים יעילים התקנים תכנון להכווין מנת על ,OLEDה־ התקני של

מישוריות שכבות בעל מרובד בתווך הממוקמים דיפוליים מקורות של הקאנוני האלקטרומגנטי שהמודל אף על

מסייע ככלי נרחב באופן מנוצל אכן והוא כזו, טיפוסית דיודה של תיאורטי לתיאור מתאים נמצא מקבילות

התיאורטיות בגישות הקיימות עקרוניות בעיות במספר הבחנו אלו, רב־שכבתיים התקנים של וניתוח בתכן

את מהווה אשר דטרמיניסטיים, מקורות של מהתרחיש המעבר ראשית, הנוכחית. בספרות המוצגות הבסיסיות

אופי בעל שהינו מולקולריים עירורים של מצֶבֶר נובעת הקרינה בו המציאותי, לתרחיש הקאנונית, לבעיה הבסיס

אחת מפורש. באופן אליו מתייחסים אין כלל ובדרך הטוב, במקרה איכותי באופן מבוצע מובהק, סטטיסטי

הפרדה שנדרשת היא הצבר, של הסטטיסטיות לתכונות ישירה מהתייחסות הנמנעים בניתוחים הצצות הבעיות

המצע בשכבת הטיפול ובין ננומטרי, עובי בעלת שהינה בהתקן, הדקות השכבות בקבוצת הטיפול בין מלאכותית

במדידות נצפים שאינם התאבכות תהליכי החוזה הפשטני, הקאנוני במודל בכשל נעוץ זו בהפרדה הצורך העבה;

ניסיוניות.

לא סיבוכיות מכניסה בעיקרה, נומרית שהיא ,OLEDה־ התקני של האופטית הבעיה לפתרון השלטת הגישה שנית,

ההתקנים. של הפעולה שבבסיס הפיזיקליות התופעות זיהוי על להקשות ונוטה והאימות, התכנון לתהליכי רצויה

השנים בשלוש גובר עניין במוקד עומד אשר ההפכית, הבעיה ניתוח של בהקשר במיוחד בולטות הללו הסוגיות

האקסיטונים, של והכיווני המרחבי הפילוג (למשל, ההתקנים של החשמליות התכונות שערוך ומטרתו האחרונות,

גל באורכי פליטה עקומי (למשל, אופטיות מדידות מתוך זה) מסוג בהתקנים הקרינה מקורות את המהווים

סבוכות, התאמה שיטות על המתבססים נומריים כלים ורק אך מכילה הנוכחית הספרות שונים). ובקיטובים

האופטי. בהקשר חדשות פיזיקליות תובנות מספקות ואינן רב חישובי לכח הנדרשות

גישה הוצגה לא הקאנוני, המודל באמצעות מנותחים מקבילות מישוריות שכבות בעלי שההתקנים בעוד שלישית,
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